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This paper is concerned with elementary methods for evaluating the distri-
bution of the time to system failure, following a particular sequence of
events from a Markov chain. After discussing a simple example in which
a specific sequence from a two-state Markov chain leads to failure, the
method is generalized to a sequence from a (k > 2)-state chain. The ex-
pectation and variance of the time T to failure can be obtained from the
probability generating function (p.g.f.) of 7. The method can be extended
to the case of continuous time.
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1. Introduction

In many processes arising in reliability theory, a system may at any time ¢ =
0,1,2,..., be in one of k >2 states A;,A,,..., Ay, the sequence of which forms a
Markov chain. While this chain can be simple or of order r > 2, we restrict ourselves
here to simple Markov chains; any chain of higher order can be reduced to a simple
chain by redefining the states.

A system usually fails after it has passed through a particular sequence
Ail,Aiz,...,A- of m states (m >k, or <k) at the times T—m+1, T—m+2,

lm
..., T, with possible repetitions of states, before failure at 7' > m. We wish to study
the distribution of the failure time 7.

In order to formulate the problem clearly and solve it, we rely on the approaches
of Blom and Thorburn [1], Fu and Koutras [3], and Gani [4]. In a sense, the methods
used are an extension of the theory of runs first studied by Mood [6] and Feller [2,
Chapter 2]. These methods have been considered by Guibas and Odlyzko [5], and are
applied here to Markov chains rather than independent trials. While our results can-
not claim great originality, they have the virtue of being elementary, thus making
them readily accessible to engineers and operations researchers.
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2. The Case of the 2-State Chain

When k = 2, we may for simplicity label the states A,, A, as 0,1, forming the simple
Markov chain with transition probability matrix

Xop1=0 1

(2.1)

Poo  Po1
P10 Pu
and initial probabilities [py, p;] where P{X, = 0} = py, P{Xy =1} = p;.
Let us assume that failure occurs when the sequence 010 arises for the first time.

We now form an augmented transition probability matrix for the states 0, 1, 01, 010,
this last being an absorbing state:

Xpp1= O 1 01 010

1 Poo 0 Po1 0
e Ul me om0 0| &'Q o)
01| 0 py 0| ppo 0

010 0 0o ol 1

If we denote the initial probability vector by p’ =[p0 P, 0 ], we can readily see that

the failure time T';;, will have the probability distribution

P{Tgo=n}=p'P"~ 2Q: n>2, (2.3)
where in fact this probability is 0 for n < 3.
The probability generating function (p.g.f.) of T, is
o0
for00) =Y p'O(PO)"~%Q8, 0<6<1. (2.4)
n=2
This can be derived explicitly as
for0(8) = p'O[I — P8} ~1Q0 = pgf p,0 0 ]-I-I—_lﬁl—
1-pyy 0 PorP119° Po10(1 — py40) 0
X P1of 1 = pood PorP1of” 0
P1oP118? (1= poof)p110 (1= Poof)(1 —p110) || P1of
_ 8[poPo1 P10+ 6(P1P01PEo — Popmplopn)]. (2.5)

1—(poo+ P11)0 + 1’001’11‘92 - 1’011’10171193
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One can easily find the expectation and variance of T'y,, from (2.5) as

E(To10) = Fo10(1), V(To10) = F10(1) + For0(1) = (Foro(1))* (2.6)

Such calculations can be tedious if the full notation is retained, but become simpler if
specific values are used for the probabilities, as in the following example.

Example 2.1: Let py = p; = 0.5, pyg = 0.7 and py; = 0.3, p;p =0.4 and p;; =
0.6; we then find from (2.5) that

63[0.06 — 0.126]

9) = ,
To10) = 12139 4 04207 - 0.0728°
£1.0(0) = 620.18 — 0.2040 + 0.0726% — 0.010086° + 0.0008646*) o
oo [1—1.36 + 04202 — 0.0726° ’ :
1 (0) = 9[0.36 — 0.6126 + 0.4026% — 0.100086° + 0.0004326* — 0.00185926°)
010 - .

[1-1.30 4 0.426% — 0.0726°]

It follows that
E(To10) = fo10(1) = 16.8333,
(2.8)
V(Tg10) = F10(1) + Foro(1) = (Fo10(1))® = 205.5788,

so that o(T;q) = 14.3380.

This indicates how large the variation can be in the time T;, until failure
occurs; the range of E(T,q) £ 0(Tg0) is 2.4953 to 31.1713, with Ty, > 3. It should
be pointed out that if the sequence required for failure had been 000, the augmented
transition probability matrix would have been

Xo4p1= 0 1 00 000

0 i 0 Po1  Poo 0
1 0 0
X, = o Pu _| E™ (2.9)
00 0 Po1 0 Poo 011
ool o o ol 1

with the same transition probabilities as in (2.1), and the same initial probabilities p,
and p;. The submatrices P,Q of (2.9) are now different from those in (2.2), with the
result that the p.g.f. fo0(0) of Tyqq differs from f,,(f) of (2.5), as do also the
relevant expectation and standard deviation.

3. An m-Sequence of States for k > 2

Let us now suppose that the sequence of states leading to failure is AilAi2"'Ai

m
where these m states (m >k, or < k) are selected from among the k > 2 states A,
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Ay,...,Ay. These form a Markov chain with transition probability matrix

Xop1= A A, .. A
Aq P11 Pi2 P1k
A p p p

x,= ' o 0 (3.1)
Ap | Pr1 P2 Pkk

and initial probabilities p, = P{X,=1}, i =1,...,k. We consider the augmented
transition probability matrix for the states Al’Az’“"Ak’AilAinAilAizAi3""v

AilAiz' ..A; , this last being an absorbing state:
m
.Xn +1 = Al' . .Ail. . .Aiz. . .A"3. . 'Ak Ai] AiZ Ail Ai2 Al'3' . .Ail. . .Alm
_ ]
X,=%4 Pui Puiy Puiy Priy; Pk 0 0 ...; 0
i Pix Pijip O Pijig Pijk Piji, 0 ...] 0
i Pij1 Piji) Piyiy Piyiz Pigk 0
Ay Pk, Pkiy Prkiy Priy Pkk 0 0 0
AilAiZ 0 pi2i3 0
AilAiZAis (See text for positioning of probabilities) :
: 0
A. ... A, . .
'1 ‘m -1 Py 1im
A LA 0 0...0...0 0 0 1
1 m

- fl? . (3.2)

Aiz, .oy Ais, .oy Ak’ all

probabilities except p; i, are positioned as in (3.1), but P{Ai1—>Ai1Ai2} is p, i posi-
1

tioned at (iy,i4;) so that P{Ail_’Aiz} =0 at (iy,7y). Next, P{AilAiz—’

AilAi2Ai3} = Piyig is positioned at (i;ig,4;i573) so that P{AilAiz—-»Ais} =0 at

(4199,15). Also, if AilAiz is AilAil and the next state is also Ail’ then AilAz’2Ai1 =

We note that in the submatrix for the states A4;,..., 4

FERRRY)
1

A; A; A, with the last 2 states overlapping the first two. In this case
11"
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is positioned at (i,4;,4,4;) with P{AilAil—_)Ail} =0.
We outline a general method for allocating the transition probabilities in the

lower part of the matrix (3.2) for the states AilAi2""’A' LA e Suppose we are
m—

11 1

in the state X, = Ai1"°Aij’ then X . ; will be one of Ail"'Az’jAl’ Ail...A,-jAz,...,
A, A A L A LA A C ,
i iAo i i learly

P{A. ... A. —-A. ... A A. =p. 4

{Al1 A’j A11 A’j i l} pijlj . (3.4)

will be positioned at (iy...i;4y...45i;4) with P{A' A —>Aij+l} =0 at

(ig--i5p85 4 1)- For all other states of X, | ; not ending Wlth A , we have in the
position (ii,...1;,1) the probability +7

P{Ail. . 'AIJ—)AI} = p"]l (l # 'LJ +1), (3-5)
with the following exceptions. For some values of r (2 <r < j) there may be an
overlap between the first and last j + 2 — r states of AilAiz' A, L A; A, so that

r J

AilAiZ’ . .AlJ to-r = Air. . 'Al]Al' (3-6)

In this case, the probability p, , is allocated to the position (3;...1 5 iy j+2- ,) with
J
the consequence that P{A' LA "’Al} =0.

Once the matrix (3.2) is fully defined, we have that the time to failure T
follows the distribution

P{T; iy

9+ i

=n}=p'P""%Q, n>2. (3.7)

Here p' =[p; py ... pg 0...0]is the 1x (k+ m —2) vector of initial probabilities, P is
the (k +m —2) x (k 4+ m — 2) matrix in (3.2) and @ the (k+m —2)x 1 column vector
with zero components, except for the last row whose entry is p, ; - Note that
T. . >m. m-—1'm

Tqe04l
1 m

The p.g.f. fil"'im(a) of Til" - is

i (0)=p'0lI - PO]'Q0 (3.8)

which can, in principle, be evaluated if the structure of P is known. But it is clearly
not possible to give an explicit result which will hold generally.

Perhaps the procedure is best illustrated by an example for a Markov chain with
k=3 states A;, Ay, A3, and a sequence of m =3 states, say A,A4,A3, leading to
failure. The basic transition probability matrix is

Xn+1= A, A Az

44 P11 P12 P13
X,= Ay Py1 P2 Pz |5 (3.9)
Az P31 P3z P33
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with initial probabilities P{X, = A;} = p;, i = 1,2,3. The augmented matrix for the
states A}, Ay, A3, Ay Ay, Ay A, Ag is given by

Xn+1= % A, As  AjA, AjAy A4

4, P11 P12 P13 0 0
A, Pxn 0 P23 P22 0
X, = A P31 P3g P33 0 0 = 103_1_? . (3.10)
Ax4, Py 0 0 P22 | P23
AyA,Ag 0 0 0 0 1

Note that P{A,—A,A,} = p,, with the consequence that P{A,—A,} = 0; also, in
going from X, = A,A4, to X, ., = AyA,A,, since the last 4,4, of X, | overlap
the AyA, of X, we have P{A,4,—A,A,} = p,, with P{A,A,—A,} =0.

Exactly as in (3.7), the distribution of the failure time T'5y4 is

P{Tyy5=n}=[p; p, p3 0] P"~2Q, n>2, (3.11)

where this probability is 0 for n < 3. The p.g.f. of Tyy4 is

0

F223(6) =D [p10 Py p4f 0)(PO)" ~2Q0,
n=22
(3.12)
=p'0[I-P0]~'Qs, 0<6<1.
In its explicit form, this is r ar n
ALl o
F2250) = [p10 po Py O) i | Ao ) 0 (3.13)
223 1 2 3 |I"'P0| . . . A34 0 ’ .
Pa3f

where the dots indicate that the values of these elements are irrelevant to our calcula-
tions. We find that

Ary = 0%[P13 Py P3g 0+ Prg Pag (1— P330)],
Agq = 0[pyy(1 = p110) (1= p33) — P13 Pag P316°),
Azy = 0%[p13 Pyy P36 + Pag P3y(1 = pyy0)), (3.14)
[T—-P6| =(1-pyf)[(1-p110)(1-p3s0)
~6%{p13 P31+ P1z Poa(l - P33f) + Pa3psa(l — py16)}

3 3
—0°(pyg P23 P31+ P13 Poy P3g)l — Pag P210°[P13 P390 + pio(1 — p330)].
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This finally yields

Po3P102 A1y + Pospa02 Ay + Pasps0A
f223(9) 23471 14 IZZ} 2P6|24 2383 34 (315)

where the numerator is 62 times a quadratic polynomial, and | I - PO| is a quartic
polynomial. Once again, we use specific values of the probabilities to illustrate our
procedure by an example.

Example 3.1: Let p; = p, = p3 = 0.3333, and the matrix (3.7) be

0.4 0.3 0.3
0.6 0.3 0.1 |. (3.16)
0.5 0.2 0.3

It follows from (3.13) that

0.0099963[1 — 0.20 + 0.016?]

) = . 3.17
Tas0) = 1250 0247 4 0.0260° 1 0.00216° (3.17)
By differentiating f,,5(6) and its first derivative, we obtain
E(Ty,3) = f493(1) = 120.3857,
(3.18)

V(T293) = fa3(1) + fo93(1) — (f'223(1))2 = 13960.5636,

so that o(Tyy3) = 118.1548.
Once again, as in Example 2.1, the variation in Tyy4 is very large; the range of
E(Ty93) & 0(T443) is 2.2309 to 238.5405, with T'5y5 > 3.

4. The Continuous Time Case

In most reliability problems, events occur in continuous time ¢ > 0, with changes of
state arising at points arriving in a Poisson process with parameter A. The discrete
time process of Section 3 may be regarded as one embedded in the Poisson process.
In this case, the probability that the failure time T~1~ lies in (¢,t+ 8t) after

fige ey,
states AilAiz' ..A; have occurred in this sequence for the first time, will be
m
(1)t = P{t<T <t+6t) = i S CL)
g = St —n=2e (n—1)
where p' =[p; py...px 0 0...0] is a 1 x (k+ m —2) vector of initial probabilities, P is
the (k+m—2)x(k+m—2) matrix in (3.2) and Q the (k+m—2)x1 column

vector whose single non-zero entry is p; ; in the last row.
m-1m

L AP PMTQlst,  (4.1)

It is simpler to deal with the Laplace transform in (4.1); this is given by

9(s) = / —-stz —/\t( t) —1)! )‘[pIPn_2Q]dta Re s > 0,

n=2

(4.2)
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_Z(/\+s> P2 = (x2) p(1-525P)

We proceed to illustrate its use by an example.

Example 4.1: We refer to the Example 2.1, which we now reconsider in contin-
uous time, the changes of state occurring at the points of a Poisson process with
parameter A. The Laplace transform of the failure time Ty, in this case is

. ( )3 0.06 —0.01252—
3 .
g X+s 1-13.% +042(A+s) —0072(“3)3

Thus, the distribution of Ty, is an infinite sum of gamma type variables starting
with those having Laplace transforms

o8 (] o0 (k).

or probability density functions

(4.3)

0.06 ,\( ) -0.012 /\(—3,—— —AL (4.4)
The next set of terms will be
3 4
0.078 ’\(/\E’,tl) —0.0156 )\(/\ ) t (4.5)

as we begin to expand the denominator of (4.3). While the method is simple to des-
cribe, it is rather intractable when k and m are large.
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