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1. Introduction and Preliminaries

If X is a non-empty set, we denote by 2% the family of all subsets of X, by (X) or by
F(X) the family of all non-empty finite subsets of X, and by | X | the cardinality of
X. If X is a subset of a vector space, co(X) denotes the conver hull of X. A, de-
notes the standard n-simplex co{eg,ey,... €.}, where e; is the (i + 1)th unit vector in
R"*1 If X is a topological space, then cl x(A) denotes the closure of A in X and
int x(A) denotes the interior of A in X.

Let X be a topological space and D be a non-empty subset of X. Suppose that
I:(D)—2%\{0} is a mapping such that (a) for each A,Be (D), AC B implies
I'(A) CT(B) and (b) for each A € (D), say A = {ay,...,a;,...,a,} there exists a con-

tinuous function ¢: A, —T'(A) such that for each 0 <ij<...< i <n, ¢(co{ei0,...,
eik}) C F({aio,...,aik}). Then (X, D;T) is called a G-convez space [12]. When D =

X, we shall write (X;T) in place of (X, X;T).
Let (X, D;T) be a G-convex space and K C X. Then (i) K is G-convez [12] if for
each A € (D), A C K implies I'(4) C K; (ii) the G-convez hull [12] of K, denoted by
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G-co(K), is the set N{B C X: B is a G-convex subset of X containing K}.

As noted in [12], the concept of a G-convex space is a generalization of convexity
in vector spaces, Horvath’s pseudo-convex spaces [8] and c-structure [9], H-spaces [1-
3] and many others.

The following definition is a slight modification of Park’s definition in [11].

Let X and Y be subsets of a G-convex space (F,T') such that G-co(X) CY, and
suppose for each z € E, {z} is G-convex, i.e., I'({z}) = {z}. Suppose that for each
A € (E), G-co(A) is compact and T'(A) = G-co(A). Then F:X—2Y is called a G-
K K M-map if for each A € (X), G-co(A) C U, ¢ 4F(x).

Note that if F' is a G-KKM-map, then z € F(z) for all z € X, since G-co({z}) =
[({e}) = {z} C F(z).

Theorem 1.1: Let (E,T) be a G-convez space such that, for each z € E, {z} is G-
convez (i.c., T{z} = {z}), and for each A € (E), G-co(A) is compact and T'(A) = G-
co(A). Let X and Y be non-empty subsets of E such that X CY and Y is G-convez.
Suppose F: X—2Y is such that

(a) F is a G-KKM-map;

(b) for each x € X, F(z) is closed in Y;

(c) there exists ¢y € X such that F(x;) is compact.

Then N, ¢ xF(z) #0.

Proof: We shall first show that the family {F(z):z € X} has the finite intersection
property. For any n € N, consider any finite subset A = {yg,yy,...,y,} of X. Since
(E,T) is a G-convex space, there is a continuous function #: A, —I'(A) such that for
each 0 <4y <...< i <m, ¢(co{ei0,. . eik}) C I‘({yio,. - y‘k})' Since F is a G-KKM-

map, F(A) = G—co({yo, Y1roe9 yn}) cu ?: OF(yi)'

Let G; = w'l(F(yi)) for all i =0,1,...,n. Then each G, is closed in A, as F(y,)
is closed and v is continuous.

Now, for each 0<i;<...<i<n, co({eio,..., eik}) cy~ 1(I‘({yio,..., yik})) =

¥ UG o({yi a5, ) € ¥ (U 2P ) = U o9 1P )) = UL oG

Therefore, by the KKM theorem [10], N7_ (G, # 0.

Let '€ N}'_ 4G;. Then z' € G, for all i =0,1,...,n. But G; =9~ 1(F(yi)), S0
that ¥(z') € F(y,) for all i=0,1,...,n. Hence ¥(z') € N}_F(y;). Thus {F(z):
z € X} has the finite intersection property. Therefore, {F(zy) N F(x):z € X} has the
finite intersection property.  Consequently, N, . x(F(zg)NF(z))#0. Hence

The following result is Lemma 2.1 of Tan and Zhang in [16].

Lemma A: Let (E,T) be a G-convezr space and X be a non-empty subset of E.
Then

(1) G-co(X) is a G-convez subset of E;

(2) G-co(X) is the smallest G-convez subset of E containing X;

(3) G-co(X) = U{G-co(A): A € (X)}.

We now state the following generalized version of the celebrated 1972 Ky Fan’s
minimax inequality {7, Theorem 1] due to Chowdhury and Tan [5, Theorem 1].

Theorem A: Let E be a topological vector space, X be a non-empty convexr subset
of E, h: X—R be lower semicontinuous on co(A) for each A€ F(X). Let f: X x
X—-RU{— 00, + 00} be such that

(a) for each A € F(X) and each fized x € co(A), y—f(x,y) is lower semicontin-

uous on co(A);
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(b) for each A € F(X) and each y € co(A), min, ¢ 4[f(z,y) + h(y) — h(z)] < 0;
(¢) for each A € F(X) and each z,y € co(A) and every net {y,}, cp in X
converging to y with

fltz +(1-t)y,y,) + h(y,) —h(te + (1 —t)y) <0 for all « €T and all t € [0,1],

we have f(z,y)+ h(y) — h(z) < 0;
(d) there exist a non-empty closed and compact subset K of X and zy€ K
such that f(xy,y)+ h(y) — h(zy) > 0 for all y € X\K.
Then there exists ¥ € K such that f(z,§) < h(x) — h(Y) for all z € X.

The purpose of this paper is to present a further generalization of Theorem A into
G-convex spaces. In Section 2 of this paper, we shall obtain a G-KKM type theorem
which is a generalization of Lemma 2 in [5] into G-convex spaces. Thus our G-KKM
type theorem will also extend and improve the classical KKM theorem [10] into G-
convex spaces. In Section 3, we shall apply the G-KKM type theorem to generalize
Theorem A [5, Theorem 1] and other minimax inequalities in [5] and, in turn, to gen-
eralize Ky Fan’s minimax inequality [7, Theorem 1] into G-convex spaces. In Section
4, we shall obtain four equivalent formulations of the second minimax inequality in
Section 3. Four fixed point theorems will also be formulated, each of which either
will be equivalent to this second minimax inequality or will follow from it.

2. A G-KKM Type Theorem on G-Convex Spaces

In this section we shall prove the following result of G-KKM type, which generalizes
Lemma 2 in [5] into G-convex spaces.

Theorem 2.1: Let (E,T) be a G-convez space such that, for each z € E, {z} is G-
convez (i.e., I'({x}) = {z}), and for each A € (E), G-co(A) is compact and I'(A) =
G-co(A). Let X be a non-empty G-conves subset of E. Let F: X—2%X be a G-KKM-
map such that

(a) clxF(zy) is compact for some zy € X;

(b) for each A€ (X) with zy € A and for each & € G-co(A), F(z)NG-co(A) is

closed in G-co(A); and

(c) for each A € (X) with zj € A,

(clx ( N F(X))) nG-co(A):< N F(m))ﬂG-co(A).

z € G-co(A) z € G-co(A)

Then (), ¢ xF(z) #0.

Proof: Fix an A € (X) with z; € A. Define GA:G—co(A)—ﬁ2G'c°(A) by G 4(z) =
F(z)N G-co(A) for each z € G-co(A).

Now, for each z € G-co(A), G 4(x) is non-empty, since F' is a G-KKM map, and
closed in G-co(A) by (b). Note that G-co(A) =T'(A) is compact. Thus each G 4(z)
is also compact. For each B € (G-co(A)) we have B € (X) as G-co(4) C X, and so
G-co(B) C U, ¢ gF(z). But G-co(B) C G-co(A). 1t follows that

G-co(B) C ( U F(m))ﬂG—co(A) = (F(2)nG-co(4)) = | G(z).

z€B z € B z€B
Thus G 4 is a G-KKM-map on G-co(A). Hence, by Theorem 1.1, we have

[\ Gax)#0,ie, [ F(z)NG-co(A) #0. (2.1)

z € G-co(A) z € G-co(A)
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Let {E;}; ¢ 1 be the family of all G-convex hulls of finite subsets of X containing
the point z,, partially ordered by C.

Now, for each i € I, let E; = G-co(A;), where A; € (X), and (X), is the family of
all non-empty finite subsets of X containing the point x.

By (2.1), for each i€ I, ﬂerF( £)NE;#0. For each i€, fix any u, €
ﬂer F(z)NE; and let

@, ={u;|j>4,jel}

Clearly, (i) {®,;|i € I} has the finite intersection property and (ii) ®; C F(z,) for all
i€l. Then cly®, CclyF(zy) for all i€1. By compactness of clyF(z,),
Nierclx®; #0. Choose any z € [); ¢ jclx®;. Note that for any i € I and all j € I

with j > 1,
u; € () F(m)nEj<C N F(z)NE; ) c ) F(=).
z € EJ zeE,
Therefore,
o, ) Fla). (2.2)
z€E,;

Now, for any z € X, there exists iy € I such that z, Z € E, o Therefore, for all 1 >
ig, we have 2,7 € E; CE and

TeE;Ncly®, C Eiﬂ<dxn F(z))

zeEi

=( N F(z))nEi (by (c))

zEEi

= ( F(z) ﬂE,—) C F(z).
z€E;

Thus, Z € F(z) for all z € X. Hence [, ¢ ,F(z) #0. g

3. Applications of the G-KKM Type Theorem to Minimax Inequalities
in G-Convex Spaces

In this section we shall obtain several minimax inequalities as applications of the G-
KKM type theorem.

We shall first establish the following minimax inequality.

Theorem 3.1:  Let (E,A) be a G-convez space such that, for each z € E, {z} is
G-conver (i.e., I'({z})={x}), and for each A€ (E), G-co(A) is compact and
['(A) = G-co(A). Let X be a non-empty G-convez subset of E and h: X—R be lower
semicontinuous on G-co(A) for each A€ (X). Let f: Xx X—RU{—o0, + 00} be
such that

(a) for each A€ (X) and each fized x € G-co(A), y—f(z,y) ts lower semi-

continuous on G-co(A);

(b) for each A € (X) and each y € G-co(A), min, ¢ 4[f(z,y) + h(y) — h(x)] < 0;

(c) for each A €(X) and each z,y € G-co(A) and every net {y,}, cp in X con-

verging to y with
f(z,y4) +h(y,) —h(2) <0 for all « €T and all z € G-co({z,y}),
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we have f(z,y) + h(y) - h(z) < 0;
(d) there exist a non-empty closed and compact subset K of X and xy € K such
that f(z, y) + h(y) — h(xy) > 0 for ally € X\K.
Then there exists § € K such that f(z,y) < h(z) — h(g) for all z € X.
Proof: Define F: X—2% by

F(z) = {y € X: f(z,y) + h(y) — h(z) < 0} for each z € X.

If F is not a G-KKM map, then for some finite subset A = {xz,,...,z,} of X, there
exists § € G-co(A) = A(A), such that 7 ¢ U?_F(z;). Thus f(z,;,7)+h(7y)—
h(z;) > 0 for i = 1,...,n. Therefore,
iy (@) +h(E) A=) >
which contradicts the assumption (b). Hence F: X —2% is a G-KKM map. Moreover
we have

(1) F(zy) CK by (d), so that clyF(zy) CclyK =K and hence clyF(zg) is

compact in X;
(#) for each A € (X) with z; € A and each z € G-co(4),

F(z)NG-co(A) ={y € G-co(A): f(z,y) + h(y) — h(z) <0}
= {y € G-co(A): f(z,y) + h(y) < h(z)}

is closed in G-co(A) by (a) and the fact that h is lower semicontinuous on G-
co(A);

(117) for each A€ (X) with zj€ A, if ye (CIX(na: e G-co(4)F (@) N G-co(A),

then y € G-co(A) and there is a net {ya acr in G-co(A F(:c) such that
Y,—y. For each € G-co(A), since G-co {x,ySCG-co(A), we have
Yo € F(z) for all a €Tl and all z€G-co({z,y}). This implies that

f(z,y,) + h(yy) —h(z) <0 for all o €T and all z € G-co({x,y}) so that by
(¢), f(z,y)+h(y)—h(z) <0; it follows that y€ ([, ¢ co(a)F (@) N G-
co(A).  Hence, (elx((, ¢ G-co(a)F(@)NGC-co(4) = (1, ¢ reo(arF (@)
N G-co(A).

Hence by Theorem 2.1 we have [),c xF(z)#0. Then there exists §€
Nz e xF(x), so that f(z,7) + h(F) — h(z) <0 for all x € X, i.e., f(z,¥) < h(z) - h(Y)
for all z € X. O

Theorem 3.1 generalizes Theorem 1 of Chowdhury and Tan in [5] into G-convex
spaces.

When h = 0, Theorem 3.1 reduces to the following.

Theorem 3.2: Let (E,T) be a G-convez space such that, for each x € E, {z} is G-
convez (i.e., I({z}) = {z}), and for each A € (E), G-co(A) is compact and T'(A) =
G-co(A). Let X be a non-emply G-conver subset of E. Let f:XxX—-RU
{— 00, + 0} be such that

(a) for each A € (X) and each fized x € G-co(A), y—f(z,y) is lower semicon-
tinwous on G-co(A);

(b) for each A € (X) and each y € G-co(A), min, . 4f(z,y) <0;

(¢) for each A €(X) and each z,y € G-co(A) and every net {y,},cr in X con-
verging to y with f(z,y,) <0 for all a €T and all z € G-co({z,y}), we have
f(z,y) <0;

(d) there ezist a non-empty closed and compact subset K of X and z,€ K such
that f(zy,y) >0 for ally € X\K.
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Then there exists § € K such that f(z,7) <0 for allz € X.

Theorem 3.2 generalizes Theorem 2 of Chowdhury and Tan in [5] into G-convex
spaces.

Note that Theorem 3.2 implicitly implies the following minimax inequality.

Theorem 3.3: Let (E,T') be a G-convez space such that, for each x € E, {z} is G-
convez (i.e., ['({z}) = {x}), and for each A € (E), G-co(A) is compact and T'(A) =
G-co(A). Let X be a non-empty G-conver subset of E. Let f: X xX—-RU
{— 00, + 00} be such that

(a) for each A€ (X) and each fized z € G-co(A), y—f(x,y) is lower semicon-

tinuous on G-co(A);

(b) for each A € (X) and each y € G-co(A), min, . 4f(z,y) < 0;

(c) for each A € (X) and each x,y € G-co(A) and every net {y,},cr in X con-

verging to y with f(z,y,) <0 for all « €T and all z € G-co({x,y}), we have
f(z, y) <0
(d) there exist a non-empty closed and compact subset K of X and xy€ K such

that, whenever sup, . xf(z,z) <oo, f(zg,y)>sup, ¢ xf(z,z) for all
y € X\K.

Then the minimaz inequality,

min_ sup f(z,y) <sup f(z,z),

holds. veK sex z€X

Proof: Let t =sup, . xf(z,2). Clearly, we may assume that t < + co. Define for
any z,y € X, g(z,y) = f(z,y) —t. Then g satisfies all the hypotheses of Theorem 3.2
when f is replaced by g. Hence, by Theorem 3.2, there exists a ¥ € K such that
9(z,y) <0 for all z€ X. This implies f(z,§)<t for all z€ X, so that
sup, ¢ xf(z,¥) <t and, therefore,

min  sup £(z,y) <sup £(z,§) <t =sup f(z,z),
ie., YEK zeX z€X z€X
1 < .
ynélr]l{ zsg%(f(z, Y) _zsgg(f(x,x) O

Theorem 3.3 generalizes Theorem 3 of Chowdhury and Tan in [5] into G-convex
spaces. Theorem 3.3 also generalizes Theorem 1 in [7] in several ways.

Theorem 3.4: Let (E,T) be a G-convez space such that, for each x € E, {z} 1s G-
convez (i.e., ({z}) = {z}), and for each A € (E), G-co(A) is compact and T'(A) =
G-co(A). Let X be a non-empty G-convex subset of E and let f,g: X x X—RU
{— 00, + 00} be such that

(a) f(z,y) < g(z,y) for all z,y € X and g(z,z) <0 for all z € X;

(b) for each A€ (X) and each fized z € G-co(A), y—f(z,y) is lower semicon-

tinuous on G-co(A);

(¢) for each y € X, the set {z € X:g(x,y) >0} is G-conveg;

(d) for each A €(X) and each z,y € G-co(A) and every net {y,}, cr in X con-

verging to y with f(z,y,) <0 for all « €T and all z € G-co({x,y}), we have
f(z, y) <0;
(e) there exist a mon-empty closed and compact subset K of X and zy € K such
that f(xg,y) >0 for ally € X\K.
Then there exists ¥ € K such that f(z,y) <0 for all z € X.

Proof: It is easy to see that the conditions (a) and (c) here imply the condition (b)
of Theorem 3.2, so that the conclusions follows. O

Note that Theorem 3.4 generalizes Theorem 4 of Chowdhury and Tan in [5] into
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G-convex spaces and, in turn, generalizes Theorem 1 of Shih and Tan in [13, pp. 280-
282].

Theorem 3.5: Let (E,T) be a G-convez space such that, for each z € E, {z} is G-
convez (i.e., I'({z}) = {z}), and for each A € (E), G-co(A) is compact and T'(A) =
G-co(A). Let C be a non-empty closed and G-convez subset of E and let f:C x C—R
be such that

(a) f(z,2) <0 forallzeC;

(b) for each A €(C) and each fized x € G-co(A), y—f(z,y) is lower semicon-
tinuous on G-co(A);

(¢c) for each y € C, the set {x € C: f(z,y) > 0} is G-convez;

(d) for each A €(C) and each z,y € G-co(A) and every net {y,}, cr in C con-
verging to y with f(z,y,) <0 for all €T and all z € G-co({z,y}), we have
f(z,y) <0;

(e) there exist a non-empty closed and compact subset L of E and zy € C' N L such
that f(zy,y) >0 for ally € C\L.

Then there exists § € C N L such that f(z,y) <0 for allz € C.
Proof: Let f =9, K=CNLand X =C in Theorem 3.4. The conclusion follows.
O

Theorem 3.5 generalizes Theorem 5 of Chowdhury and Tan in [5] into G-convex
spaces and, in turn, improves and generalizes Theorem 1 of Brézis-Nirenburg-Stam-
pacchia in [4]. Note that if the compact set L is a subset of C, C' is not required to
be closed in E in Theorem 3.5. Note also that in Theorem 1 of [4], the set C' was not
assumed to be closed inE. However, this is false in general as is observed by the
Example 1.3.14 in [14].

It is important to be noted here that, as applications to Theorem 3.2, we may
obtain results on existence theorems of equilibria in G-convex spaces. The author
plans to continue work on this topic in the near future.

4. Equivalent Formulations of Theorem 3.2

Following the ideas of Ky Fan [7, pp. 103-113], Ding and Tan [6, pp. 237-239] and
Tan and Yuan [15, pp. 486-489], we shall obtain several equivalent formulations of
Theorem 3.2 and fixed point theorems. For ready reference, we shall now state and
prove four equivalent formulations of Theorem 3.2 and four fixed point theorems.
Theorem 3.2-A: (First Geometric Form) Let (E,T) be a G-convex space such
that, for each z € E, {z} is G-convez (i.e., I'({z}) = {z}), and for each A € (E), G-
co(A) is compact and I'(A) = G-co(A). Suppose that X is a non-empty G-convexr sub-
set of E and N C X x X 1is such that
(a;) for each A€(X) and each fized x € G-co(A), the set {y € G-co(A):
(z,y) € N} is open in G-co(A);
(by) for each A€ (X) and each y€ G-co(A), there exists r€ A such that
(z,y) € N;
(cq) for each A € (X) and each z,y € G-co(A) and every net {y,}, ¢ in X con-
verging to y such that (z,y,) ¢ N for all « €T and for all z € G-co({z,y}),
we have (z,y) ¢ N;
(dy) there exist a non-empty closed and compact subset K of X and zy€ K such
that (zy,y) € N, for all y € X\K.
Then there exists § € K such that the set {zx € X:(z,§) € N} =0.
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Theorem 3.2-B: (Second Geometric Form) Let (E,T') be a G-convez space such
that, for each x € E, {z} is G-convez (i.e., T({z}) = {z}), and for each A € (E), G-
co(A) is compact and T'(A) = G-co(A). Suppose that X is a non-empty G-convez sub-
set of E and M C X x X is such that
(ay) for each A€ (X) and each fized x € G-co(A), the set {y € G-co(A):
(z,y) € M} is closed in G-co(A);

(by) for each A€ (X) and each y€ G-co(A), there exists ©€ A such that
(z,y) € M;

(cg) for each A € (X) and each z,y € G-co(A) and every net {y,}, c in X con-
verging to y such that (z,y,) € M for all « €T and for all z € G-co({x,y}),
we have (z,y) € M;

(dy) there exist a non-empty closed and compact subset K of X and zy € K such
that (zy,y) € M, for all y € X\K.

Then there ezists a point § € K such that X x {g} C M.

Theorem 3.2-C: (Maximal Element Version) Let (E,I') be a G-convezr space such
that, for each x € E, {z} is G-convez (i.e., I'({z}) = {z}), and for each A € (E), G-
co(A) is compact and I'(A) = G-co(A). Suppose that X is a non-empty G-convez sub-
set of E and G: X—2% is a set-valued map such that

(a3) for each A€ (X) and each fized x € G-co(A), G~ (z)N G-co(A) = {y € G-

co(A):x € G(y)} is open in G-co(A);

(b3) for each A€ (X) and each y € G-co(A), there exzists z € A such that

z ¢ G(y);
(c3) for each A € (X) and each z,y € G-co(A) and every net {y,}, c in X con-
verging to y such that 2 ¢ G(y,), for all a« €T and for all z € G-co({x,y}),
we have & G(y);
(d3) there exist a non-empty closed and compact subset K of X and xy € K such
that o € G(y), for ally € X\K.
Then there exists a point § € K such that G(§) = 0.
Theorem 3.2-D: (Fixed Point Version) Let (E,T') be a G-convez space such that,
for each z € E, {z} is G-convez (i.e., [({z}) = {z}), and for each A € (E), G-co(A)
is compact and I'(A) = G-co(A). Suppose that X is a non-empty G-convez subset of
E and G: X—2% is a set-valued map such that
(ay) for each A € (X) and each fized x € G-co(A), G ~1(z) N G-co(A) is open in
G-co(A);

(by) for each A € (X) and each z,y € G-co(A) and every net {y,}, c in X con-
verging to y such that 2 ¢ G(y,), for all a €T and for all z € G-co({z,y}),
we have & G(y);

(cq) there exist a non-empty closed and compact subset K of X and zy € K such
that o € G(y), for ally € X\K;

(dy) for each y € K, G(y) # 0.

Then there exists yy € X such that yy € G-co(G(y,))-

Theorem 3.2-D implies the following fixed point theorem.

Theorem 3.6-A: (Second Fixed Point Theorem) Let (E,T') be a G-conver space
such that, for each xz€ E, {z} is G-convez (i.e., T({z}) = {z}), and for each
A€ (E), G-co(A) is compact and T'(A) = G-co(A). Suppose that X is a non-empty
G-convez subset of E and G: X—2% is a set-valued map such that

(ag) for each A € (X) and each fized x € G-co(A), G~ 1(z) N G-co(A) is open in

G-co(A);
(bs) for each y € X, G(y) is G-convez;
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(c5) for each A €(X) and z,y € G-co(A) and every net {y,},cr in X con-
verging to y such that z ¢ G(y,), for all « €T and for all z € G-co({z,y}),
we have ¢ ¢ G(y);

(dg) there exist a non-empty closed and compact subset K of X and zy € K such
that o € G(y), for ally € X\K;

(e5) for cach y € K, G(y) #0.

Then there exists a point y, € X such that y, € G(y,)-

The following fixed point theorem is equivalent to Theorem 3.6-A.

Theorem 3.6-B: (Third Fixed Point Theorem) Let (E,I') be a G-convez space
such that, for each z € E, {z} is G-convez (i.e., ['({z}) = {z}), and for each A€
(E), G-co(A) is compact and T'(A) = G-co(A). Suppose that X is a non-empty G-
convez subset of E and Q: X—2* is a set-valued map such that

(ag) for each A € (X) and each fized x € G-co(A), Q(z) N G-co(A) is open in G-
co(A);

(bg) for each y € X, Q ~(y) is G-convez;

(cg) for each a € (X) and each z,y € G-co(A) and every net {y,}, cp in X con-
verging to y such that 2 ¢ Q~ 1(ya), for all « €T and for all z € G-co({z,y}),
we have ¢ ¢ Q ~(y);

(dg) there exist a non-empty closed and compact subset K of X and x5 € K such
that zy € Q™ Yy), for ally € X\K;

(eg) for eachy € K, Q@ '(y) #0.

Then there exists a point yo € X such that yo € Q(y)-

The following fixed point theorem follows from Theorem 3.6-A.

Theorem 3.7: (Fourth Fixed Point Theorem) Let (E,T') be a G-convez space such
that, for each x € E, {z} is G-convez (i.e., I'({z}) = {z}), and for each A € (E), G-
co(A) is compact and T'(A) = G-co(A). Suppose that X is a non-empty G-convex sub-
set of £ and G X—2% is a set-valued map such that

(a;) for each A€ (X) and each fizred = € G-co(A), G~ 1(X)NG-co(A) is open
in G-co(A);

(b7) for each A € (X) and each z,y € G-co(A) and every net {y,}, cr in X con-
verging to y such that z ¢ G-co(G(y,)), for all « €T and for all z € G-
co({z,y}), we have z ¢ G-co(G(y));

(cq) there exist a non-empty closed and compact subset K of X and zy € K such
that xy € G-co(G(y)), for ally € X\K;

(dy) for eachy € K, G(y) # 0.

Then there exists yo € X such that yy € G-co(G(y,))-
Proof Theorem 3.2 =>Theorem 3.2-A: Let f: X x X—R be such that

1, if (z,y) €N

f@v=1 if (z,4) ¢ N.

Then we have the following.
(a) For each A €RR, each A € (X) and each fixed z € G-co(A), the set

0, ifA<0
{y € G-co(A): f(z,y) <A} =4 {y € G-co(A):(z,y) ¢ N}, ifo<i<l
G-co(A), ifA>1

is closed in G-co(A4). Thus for each A € (X) and each fixed z € G-co(A),
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y—f(z,y) is lower semicontinuous on G-co(A).

(b) For each A€ (X) and each y € G-co(A), there exists z € A such that
(z,y) ¢ N. Thus f(z,y) = 0. Hence min, . 4f(z,y) <0.

(c) By hypothesis (cq), for each A € (X) and each z,y € G-co(A) and every net
{¥a}a e In X converging to y such that f(z,y,) <0 for all « € T and for all
z € G-co({z,y}), we have f(z,y) <0.

(d) There exist a non-empty closed and compact subset K of X and ry € K such
that (zy,y) € N, i.e., f(zg,y) >0 for all y € X\K.

Hence, all the hypotheses of Theorem 3.2 are satisfied. Therefore, by Theorem 3.2,
there exists ¥ € K such that f(z,7) <0 for all z € X; i.e., there exists ¥ € K such
that {z € X:(z,7) € N} =0. a

Proof Theorem 3.2-A=>Theorem 3.2: Let N = {(z,y) € X x X: f(z,y) > 0}. Then
we have the following.

(a;) For each A€(X) and each fixed z € G-co(A4), the set {y € G-co(A):
f(x,y) >0} is open in G-co(A). Hence the set {y € G-co(A):(z,y) € N} is
open in G-co(A).

(by) For each A €(X) and each y € G-co(A), min, ¢ 4f(2,y) <0. Thus there
exists £ € A such that f(z,y) <0, i.e., (z,y) ¢ N.

(cq) By condition (c), for each A € (X) and each z,y € G-co(A) and every net
{Ya}a er in X converging to y such that (z,y,) ¢ N for all « € I' and for all
z € G-co({z,y}), we have (z,y) ¢ N.

(dy) By condition (d), there exist a non-empty closed and compact subset K of X
and z, € K such that (zy,y) € N for all y € X\K.

Hence, all the hypotheses of Theorem 3.2-A are satisfied. Therefore, by Theorem
3.2-A, there exists ¥ € K such that {x € X:(z,y) € N} =0. Thus (z,9) ¢ N for all
z € X. Hence, f(z,7) <0 for all z € X. O

Proof Theorem 3.2-A=>Theorem 3.2-B: Let N = X x X\M. Then we have the
following.

(a;) For each A€ (X) and each fixed z € G-co(A4), the set {y € G-co(A):

(z,y) € N} is open in G-co(A).

(by) For each A€ (X) and each y € G-co(A), there exists z € A such that
(z,y) ¢ N.

(¢1) For each A € (X) and each z,y € G-co(A) and every net{y,}, ¢ in X con-
verging to y such that (z,y,) ¢ N for all « €T and for all z € G-co({z,y}),
we have (z,y) ¢ N.

(dy) There exist a non-empty closed and compact subset K of X and zy € K such
that (zy,y) € N, for all y € X\K.

Hence, all the hypotheses of Theorem 3.2-A are satisfied. Therefore, by Theorem
3.2-A, there exists ¥ € K such that (z,7) ¢ N for all z € X. Thus (z,9) € M for all
z € X. Hence X x{y} C M. O

Proof Theorem 3.2-B=>Theorem 3.2-A: Let M = X x X\N. Then the proof is
similar to the above proof and, therefore, by Theorem 3.2-B, there exists § € K such
that X x {y} C M. Hence, (z,5) ¢ N for all z € X, i.e., the set {zx € X: (z,7) €
N} =0. O

Proof Theorem 3.2-B=>Theorem 3.2-C: Let M = {(z,y) € X x X:z € G(y)}. Then
we have the following.

(ag) For each A€ (X) and each fixed z € G-co(A), the set {y € G-co(A):z ¢

G(y)} = {y € G-co(A):(z,y) € M} is closed in G-co(A).
(by) For each A €(X) and each y € G-co(A), there exists z € A such that z ¢
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G(y) so that (z,y) € M.

(cy) By condition (cg), for each A € (X) and each x,y € G-co(A) and every net
{¥a}a er In X converging to y such that (z,y,) € M for all € T' and for all
z € G-co({z,y}), we have (z,y) € M.

(dy) By condition (dg), there exist a non-empty closed and compact subset K of
X and xy € K such that (zy,y) ¢ M for all y € X\K.
Hence, all the hypotheses of Theorem 3.2-B are satisfied. Therefore, by Theorem
3.2-B, there exists ¥ € K such that X x{y} C M. Thus z ¢ G(y) for all z € X.
Hence G(y) = 0. a
Proof Theorem 3.2-C=>Theorem 3.2-B: Let G:X—2%X be defined by G(y)=
{z € X: (z,y) ¢ M} for all y € X. Then we have the following.
(a3) For each A € (X) and each fixed z € G-co(A), the set {y € G-co(A): (z,y) ¢
M} = {y € G-co(A):z € G(y)} is open in G-co(A).

(b3) For each A€ (X) and each ye€ G-co(A), there exists z € A such that
(z,y) € M so that z ¢ G(y).

(c3) By condition (c,), for each A € (X) and each z,y € G-co(A) and every net
{Yata er in X converging to y such that z ¢ G(y,) for all « €T and for all
z € G-co({z,y}), we have z ¢ G(y).

(d3) There exist a non-empty closed and compact subset K of X and x, € K such
that (zy,y) ¢ M for all y € X\ K, so that z;, € G(y) for all y € X\K.

Hence, all the hypotheses of Theorem 3.2-C are satisfied. Therefore, by Theorem
3.2-C, there exists a point ¥ € K such that G(y) = 0. Thus z ¢ G(y) for all z € X.
Hence, (z,y) € M for all z € X, i.e., X x{y} C M. a

Proof Theorem 3.2-C=Theorem 3.2-D: By Theorem 3.2-C, there exist A € (X)
and y, € G-co(A) such that z € G(yy) for all z€ A. Thus y, € G-co(A) C G-
co(Glyy): 0

Proof Theorem 3.2-D=>Theorem 3.2-C: From the hypotheses of Theorem 3.2-C,
we see that the conditions (ay), (by) and (c,) follow from the conditions (a3), (¢3) and
(d3) respectively. Suppose for each y € K, G(y)#0. Then condition (d4) of
Theorem 3.2-D is satisfied. Hence, all the hypotheses of Theorem 3.2-D are satisfied.
Therefore, by Theorem 3.2-D, there exists y, € X such that yo € G-co(G(y,)). Thus,
by Lemma A, there exist A = {z,,...,z,} € (G(y,)) such that y, € G-co(4). Now,
A € (X) and y, € G-co(A). Hence, by condition (b3) of Theorem 3.2-C, there exists
x; € A such that z; ¢ G(y,), which is a contradiction. Hence, there exists § € K such
that G(y) = 0. a

Proof Theorem 3.2-D=>Theorem 3.6-A: This is obvious, because by Theorem 3.2-
D there exists y, € X such that y, € G-co(G(yy)). But by (b;) of Theorem 3.6-A,
G(yp) is G-convex. Hence y, € G(y,). a

Proof Theorem 3.6-A<>Theorem 3.6-B:

(=) Let G= Q~'; then G~ ! =(Q. Therefore, by Theorem 3.6-A, there exists

Yo € X such that yo € G(y,) = Q@ ~ 1(y). Hence yy € Q(y,)-
(<) Let Q= G~ 1; then Q! =G. Therefore, by Theorem 3.6-B, there exists
Yo € X such that y € Q(y) = G ~(y,). Hence y, € G(y,). 0

Proof Theorem 3.6-A=>Theorem 3.7: Let F(y) = G-coG(y). Then we have the
following.

(ag) For each A € (X) and each fixed z € G-co(A), F ~(z) N G-co(A) is open in

G-co(A). Let y € (G-coG) ™ Yz)NG-co(A). Then y € G-co(A) and z € G-
co(G(y)). Thus, by Lemma A, there exists C = {yy,...,y,} € (G(y)) such
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that € G-co(C). Now, for each i = 1,...,n, G_l(yi) N G-co(A) is open in
G-co(A); and yEG_l(yi)ﬂG—co(A) for all i. Let U :'ﬁ (G_l(yi) N G-

co(A)). Then U is an open neighborhood of y in G-co(,A).1 If z€ U, then
2€G-co(A) and y,€G(z) for all i=1,..,n. So z€G-co(C)CG-
co(G(2)) = F(z) and, hence, z€ (G-coG)~ }(z)NG-co(A)=F ~}z)NG-
co(A) for all 2€U. Hence yeUCF~Y(z)NG-co(A).  Therefore,
F~(z) N G-co(A) is open in G-co(A).

(bs) For each y € X, F(y) = G-co(G(y)) is G-convex.
Conditions (c;) and (ds) are obvious. But for each y € K, G(y) # 0 implies
F(y) # 0. Thus (e5) holds.
Therefore, by Theorem 3.6-A, there exists y, € X such that y, € F(y,) = G-
O

co(G(yo))-
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