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In this paper we study the local and global existence of mild solutions to a
class of integro-differential equations in an arbitrary Banach space associat-
ed with the operators generating compact semigroups on the Banach
space.
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1. Introduction

In this paper we are concerned with the following integro-differential equation

considered in a Banach space X:
t

D+ au(t) = 18,0+ [[alt=s)glsue)ds, 0<tg<Ty<oo, (1)
to

where — A is assumed to be an infinitesimal generator of a compact semigroup T'(t),
t >0, on X, the nonlinear maps f,g:J xU—X, J =[t,,T,), t; < Ty < 0o, are contin-
uous where U is an open subset of X, a € L'(J) and ug is in U.

The problem (1.1) for a particular case in which g =0 has been considered by
Pazy [4], Pavel [3] and others. The existence of a unique mild solution to (1.1) with
g = 0 is assured under the conditions that — A is the infinitesimal generator of a com-
pact semigroup in X, f(¢,u) is continuous in both the variables and uniformly locally
Lipschitz continuous in u. If the Lipschitz continuity of f in u is dropped, then the
existence of a mild solution is no more guaranteed. Examples, in which A =0 and f
is continuous and the differential equations do not have solutions are given in
Dieudonne [1] and Yorke [6].
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Heard and Rankin [2] considered the following integro-differential equation in a

Banach space X:
¢

%—;‘+ A(t)u(t) = / a(t,s)g(s,u(s))ds + f(t,u(t)), t>1t,>0, (1.2)

t
0
u(tg) = ug,

where for each ¢t > 0, the linear operator — A(¢) is the infinitesimal generator of an
analytic semigroup in X, the nonlinear operator f is defined from [0,00) x X into X
and satisfies a Holder condition of the form

I F(ty) = F(Ey) Il SCUIE=s17+ Hlyy — v ll 2,

0<m, v, p<1, || || is the norm on X and || ||, is the graph norm on X, =
D(A*(0)), the nonlinear map g is assumed to satisfy a local Lipschitz condition with
respect to the norm of X (cf. (A6) in [2]). Also, the uniqueness of solutions is
proved under the restriction that the space X is a Hilbert space and v = 1.

We also consider the global existence of mild solutions to (1.1). Further assump-
tions are required for global existence of mild solutions as global existence fails quite
frequently. We first prove a result related to maximal interval of existence [t,, T, ..)
and show that, if T, < oo, then the solution blows up in a finite time. Then we
establish the global existence under certain growth conditions of the maps f and g.

2. Preliminaries

In this section we mention some relevant notions and collect some results associated
with the following initial value problem considered in a Banach space X:

94 Au(t) = f(tu(®)), 0<ty<t<Ty<ox, (2.1)

u(tg) = ug,

where — A is the infinitesimal generator of a compact semigroup T'(t), t >0 and f is
continuous from J xU into X, J = [ty,Ty), ty < Ty < oo, U is an open subset of X
and u; is in U.

Let X be a Banach space. A one parameter family T'(t), 0 <t < oo, of bounded
linear operators from X into X is called a semigroup of bounded linear operators on
X if (i) T(0) = I, I is the identity operator on X and (it) T(t+s)=T(t)T(s) for
every t, s > 0. The linear operator A defined by

D(A) = {:L' € X:limm exists}
tlo t

and

T(t)x —

Az =lim “forz € D(4),
t10 t

is called the infinitesimal generator of the semigroup T'(t). Here D(A) denotes the
domain of A. A semigroup T'(¢) is called uniformly continuous if
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b | ()~ I| = 0.

A semigroup T'(t), 0 < ¢ < oo, of bounded linear operators on X is called a strongly
continuous semigroup of bounded linear operators if

ltilrgT(t)x =z for every z € X.

A strongly continuous semigroup T'(¢) is also called as a C semigroup. A C|
semigroup T'(t) is called compact for t >t if for every t > t,, T(t) is a compact
operator. T'(t) is called compact if it is compact for ¢t > 0. We note that, if T'(¢) is
compact for t > 0, then in particular the identity operator is compact and therefore
X in this case is finite dimensional. Also, if T'(¢,) is compact for some t; > 0, then
T'(t) is compact for every t > t, since T(t) = T(t — t,)T'(t,) and T(t —t;) is bounded.

We shall use the following result on the compact semigroups.

Theorem 2.1: Let T(t) be a C semigroup. If T(t) is compact for t >y, then
T'(t) is uniformly continuous for t > t,.

We have the following characterization of a compact semigroup in terms of the
resolvent operators R(\: A) of its generator A.

Theorem 2.2: Let T(t) be a C, semigroup and let A be its infinitesimal
generator. T(t) is a compact semigroup if and only if T(t) is uniformly continuous
for t >0 and R(A: A) is compact for A € p(A).

By a miuld solution to (1.1) on J we mean a function u € C(J: X) satisfying the

integral equation
t s

u(t) = T(t —ty)ug + / T(t—s)[f(s,u(s)) + / a(s —)g(r,u(r))dr]ds. (2.2)
to to

For the problem (2.1) we have the following existence theorem due to Pazy [4, 5].

Theorem 2.3: Let X be Banach space and U be an open subset of X. Let — A
be the infinitesimal generator of a compact semigroup T(t), t > 0. If f1JxU—X is
continuous then for every ug in U, there exists a t;,ty <ty < T, such that (2.1) has
a mild solution u on Jy = [ty t;).

The following result is due to Pavel [3] which extends the results of Theorem 2.3.

Theorem 2.4: Suppose that D is a locally closed subset of X,f:JxD—X 1is
continuous where J =[ty,T,), and the C, semigroup T(t), t >0 is compact for
t>0. A necessary and sufficient condition for the existence of a local mild solution
u:[tg, T(tg,ug))—=D, to < T(tg,ug) < Ty to (2.1) for ug € D 1s

Jim h = Ydist(S(h)z 4 hf(t,2): D) =0

for all t € [ty, T) and z € D.

3. Local Existence

Our aim is to extend the results of Theorem 2.3 to the initial value problem (1.1).
Below we state and prove the following existence result for (1.1).

Theorem 3.1: Let X be ¢ Banach space, U be an open subset of X and J =
[tg,Ty), tg<Tg<oo. Let —A be the infinitesimal generator of a compact semi-
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group T(t), t > 0. If the nonlinear maps f,g9:J xU—X are continuous and a is local-
ly integrable in J, then for every uy € X there exists a t,ty <t; <T,, such that
(2.1) has a mild solution u on [ty,t,).
Proof: Let T be such that t) < T < Tj < oco. Let M be a positive constant such
that
|T(@)|| <Mfor0<t<T.
Let p > 0 be such that
B,(up) = {ve X: [v—uy || <p}CU.

Choose t' > t, such that

Il f(t0) | < Ny,

I 9(t,0) | < Ny,

for tg <t < t', v € B,(up) with positive constants Ny and N,. Again choose t" > ¢,
such that

[Tt = to)ug—ug || <§for g <t <.

Let

_ . 141 L
t _mm{T,t,t ’t0+2M(N1+aTN2)},

T
where ap = [ |a(s)|ds. Now we set
¢
0
Y = C([tg, 14 ]: X)

and
S ={u€Y:u(ty) = up,u(t) € B,(up) for t; <t <t}

We note that S is a bounded, closed and convex subset of Y. We define a map
F:S-Y given by

t s
(Fu)(t) = T(t — tg)ug + / T(t—s)[f(s,u(s)) + / a(s — 7)g(r,u(r))dr]ds. (3.1)
t

t
For u € S, we have 0

| (Fu)(t) —ug || < || T(t—to)ug—ug |
+ | / T(t—s)[f(s,u(s)) + / a(s —7)g(r,u(r))dr]ds ||
to to

p
<5+t —t)M(Ny +aph,)
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<p.
Thus F:5—S. Now we show that F' is continuous from S into §. To show this, we
first observe that since f and g are continuous in [ty, T]x U, it follows that any € >0
andhfor a fixed u € B,(uy) there exist 6;(u), 6,(u) > 0 such that for any v € Bp(uo),
we have

“ u—v ” Y < 61(“): ” f(ta u(t)) - f(t>v(t)) ” < QTCIM
and
lu—vlly <é(w)= |l 9(t,u(?)) — g(t,v(t) || < m
Let
6(u) = min{é; (u), 6,(u)}.

Then for any v € S, ||u—v||y < é(u) implies that

t
| (Fu)(t) = (Fv)@) |l S/ T —s) Il | f(s;u(s)) — f(s,0(s)) [ ds

to

t s
+ [1re=alf [ lats-n1laue)-omomllar jas @2
t t
Thus, F:5—S is continuous. Let

S = F(S),
and for fixed t € [y, t,], let
S(t) = {(Fu)(t):u € S}.

Since S(ty) = {ug}, S(ty) is precompact in X. For t >ty and 0 < e <t—tg, let

t—e€ s

PO =T~ 1w+ [ T(=s)Fu(e) + [ als = aru(r)drlds

to to
t—e¢
= T(t—thuo+7() [ Tlt=s5- Ol (s,u(s)
to

+ / a(s —7)g(r,u(r))dr]ds. (3.3)

tg
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The compactness of the semigroup T'(¢t) for every t > 0 and (3.3) imply that for every
€, 0 <e<t—1p, the set

S(t) = {(Fu)(t):ueS}

is precompact in X. Now, for any u € S, we have

t s
| PO - FaWI < [ 1TE=s)Fsu)+ [ as=rgtr,u(r)ar] | ds

t—e o
<eM(N,y +agpN,). (3.4)

From (3.4) it follows that the set S(t) is precompact. Now we show that S is
equicontinuous. For r,r, € [ty,t;] with r; < r,y, we have

| (Fu)(rg) = (Fu)(ry) || < [ (T(ry—10) = T(ry = to))uo |l

"1
(Vy+ariy) [ 170 = 9) =Ty = ) | ds
t
+(rg = )M(Ny+apN,). (3.5)

Since T'(t) is compact, Theorem 2.1 implies that 7'(¢) is continuous in the uniform
operator topology for ¢t > 0. Therefore, the right-hand side of (3.5) tends to zero as
ro—ry tends to zero. Thus S is equicontinuous. Also, S is bounded. It follows
from the Arzela-Ascoli theorem (cf. see Dieudonne [1]), that S is precompact. The
existence of a fixed point of F in S is a consequence of Schauder’s fixed point
theorem and any fixed point of F in S is a mild solution to (1.1) on [y, ;).

4. Global Existence

In this section we consider the global existence of mild solution to (1.1). For (2.1) we
have the following result.

Theorem 4.1: Suppose — A 1is the infinitesimal generator of a compact semi-
group T(t), t >0 on X. If f:[t;,00)x X—X is continuous and maps bounded subsets
of [tg,00) x X into bounded subsets in X, then for every uy € X the equation (2.1) has

a mild solution u on a mazimal interval of existence [ty, T, ,.) and, if T < oo,
then
lim u(t) || = oo.
i )|

In the following theorem we extend the results of Theorem 4.1 to the problem
(1.1).

Theorem 4.2: Suppose — A is the infinitesimal generator of a compact semi-
group T(t), t >0 on X. If f,g:[ty,00) x X—X are continuous and map bounded sub-
sets of [ty,00) x X into bounded subsets in X and a is locally integrable in [ty,00),
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then for every uy € X the equation (1.1) has a mild solution u on a mazimal interval

of existence [ty, T, ..) and, if T < oo, then
lim || u(t) || = oo.
max

Proof: From Theorem 3.1 we have the existence of a local mild solution u €
C([ty, t,): X) for some ty < t; to (1.1) given by

t s
u(t) = T(t — ty)ug + / [f(s,u(s)) + / a(s — 7)g(r,u(r))dr]ds.
to to
Suppose that u(t;) < co. Consider the problem

t
9y 1 Au(t) = f(1,0(1)) + / a(t — s)g(s, v(s0)ds, (4.1)
t

u(ty) = u(ty).

From Theorem 3.1 we have that there exists a mild solution v € C([ty,t,): X) for
some t,,t; < t, < 0o to (4.1) given by

t s
o(t) =T(t—ty)u(ty) + / T(t—s)[f(s,v(s)) + / a(s — 7)g(r,v(r))dr]ds

ty t

tl s

=T(t—1t,) T(t; —ty)ug+ / T(t; —s)[f(s,u(s)) + / a(s — 7)g(7,u(r))dr]ds

to to

t s
+ / T(t—s)f(s,v(s))+ / a(s — 7)g(r,v(r))dr]ds
4 b

tl s

=T(t—ty)uy+ / T(t—s)[f(s,u(s)) + / a(s —)g(r,u(r))dr]ds

t t

0 0

t s
+ [ 1=+ [ ats=ratr,otr)drlds
4 t
We define % :[t(,t,)—X by
u(t)’ te [tO’ tl)a

u(t) =
) u(t), tE [ty ty).
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Then U € C([ty,15): X) and for ¢, <t < t,, we have
tl 8
U(t)=T(t—ty)uy+ / T(t—s)f(s,%(s))+ / a(s —1)g(7,u (7))dr]ds

to )

t s
+ / T(t—s)[f(s,u(s)) + / a(s — 1)g(7,u (r))dr]ds
31 t
t

=T(t—ty)ug+ / T(t—s)f(s,u(s))ds

to
tl s
+ / / T(t—s)a(s —1)g(r,% (7))drds
)
t s
+ / / T(t—s)a(s —7)g(r,u (7))drds. (4.2)
h o4

Changing the order of integration in (4.2), we get

t
U () =T(t—ty)ug+ / T(t—s)f(s,u(s))ds

to

t 4
+ / / T(t—s)a(s —7)g(r,% (7))dsdr
ty T
t
+ / / T(t—s)a(s —7)g(r,u (7))dsdT
t, T

t s
=T(t—ty)ug+ / T(t—s)f(s,u(s))+ / a(s —7)g(r,u (r))dr]ds. (4.3)
t t
From (4.3) we have that % is a mild solution to (1.1) on [ty,t,). Now, suppose that
[t0s T 1nae) is the maximal interval to which the solution u of (1.1) can be extended.

If T, .o <00, then we show that || u(t)| —oco as tIT,, ... It suffices to show that
lim [|u(t) || —oo. If lim || u(t) || < oo, then there exists a sequence
tTTmaﬂ'-‘ tTTmax

t 1T 0z Such that || u(t,)|| < K for some constant K and for all n. Suppose that
|T(t)|| <Mfort<t<T,,. and let

Ny =sup{|| f(t,v) ||:tg <t <T 0m lv] < M(K+1)}
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and

Ny = sup{ | 9(t,0) [l 1t <t < T [l 01| < M(K +1)}.

max’

Using the continuity of u and the assumption that mnT lu(t) || < oo, we can
max

find a sequence {h,} such that h_ —0, ||u(t)| < M(K+1)fort, <t<t +h, and
|| u(t,, +h,) || = M(K +1). But then we have

M(K+1)= || T(t, +h,) |l

< TR )u() |l

w0 T b= + / afs = T)g(r, u(r))dr] | ds

<MK+h, (N,+ aTmaa;Nz)M

which gives a contradiction as h,—0. Hence,

Ty JJu(t)]] = oo

This completes the proof.

Finally, we prove the following global existence result for (1.1).

Theorem 4.3: Let — A be the infinitesimal generator of a compact semigroup,
T(t), t>0 on X. Let f,g:[ty,00)x X—X be continuous functions mapping bounded
subsets [ty;,00) x X into bounded subsets of X and a be locally integrable in [ty,00),
then any one of the following two conditions is sufficient for the global existence of a
mild solution u to (1.1):

(7) There exist a continuous function ky:[t,00)—[0,00) such that ||u(t)|| <

ko(t) for every t in the interval of existence of u.
(79)  There exist functions k;:[ty,00)—[0,00), i =1,2,3,4; such that ky, k,, axks,
and axk, are locally integrable on [ty,00), and for t; <t < oo, vE€ X

1 F@ )N <k @ [[v ] + o), (4.4)
1 9(t,0) | < ka(@) [l vl + k(D) (4.5)
where
¢
axk,(t) = [ a(t—s)k,(s)ds
!
fori=3,4.

Proof: (i) Since for any ty,t5<t; <oo || u(t;)| <ky(t;) < oo, from Theorem
4.2, it follows that the solution u can be extended beyond t;, hence the solution u
exists globally.

(7¢) The mild solution u to (1.1) is given by
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t s
u(t) = T(t —ty)ug + / T(t—s)[f(s,u(s))+ / a(s — 7)g(r,u(r))dr]ds.
to to

Let || T(t)|| < Me“t. Multiplying the above equation by e —<(t=to) 5pq taking the
norm, we have

CO o) < M|+ / ~e ) ps,uls) |
/ (s =) llg(r,u(r) || drlds (4.6)

For t € [ty,00), set

L

t
60y =Mllugll +M [ &7 ko) [ Ja(s =) | ky(r)arlds
t tO

From (4.6) we have

“IE=to) |y |

t
<e@+M [« T us) | + [ (s =) ky(o) 1 ulr | drlas
to to

For t; <r <t, we have
—w(t—t,)
e Ol u(r) |l

L]

<er)+ M [ 7Tk ) |+ [ Tals= ) ko) I u(r | drlds
to

to

<&+ M / =10k

# [ lato=n) k@) | sup_ fjut) s (@)

0_
to

Taking the supremum over [t,,t] on both the sides of (4.7), we get

~e(t=to) swp_ W)l < sup_ g)+ M / (4= t0)[k (s)
tg<r tg < o
+ / |a(s — 1) | kg(T)dT] t sup || u(r) || ds. (4.8)

<r s
osSTs
tO
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Gronwall’s inequality implies that

e

—w(t—tg)

sup || u(r) ||
tg<r<t

s t
< sup &(r)+ M/ e w(s = to)[kl(s) + / |a(s — 1) | k3(7)dT]exp {/ [ky(u)
< to ;

tg<r<t o
+ / |a(u—7)| kg(r)dT]du sup &(7)ds. (4.9)
/ tg<r<s
0

Inequality (4.9) implies that || u(t)|| is bounded by a continuous function and from
(7) we get the global existence of the mild solution u to (1.1). This completes the
proof.
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