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The problem on asymptotic of the value

m(m,n) = mlo, (p(1,n), p(2,n),...,p(n,n))

is considered, where o _(zy,%,,...,z,) is the mth elementary symmetric
function of n variables. The result is interpreted in the context of non-
equiprobable random mappings theory.
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1. Statement of the Problem

Let E
n
p(k,n) = / g(t)ydt, k=1,2,...,n, (1)
k-1
with n
1
[ atwir=1 (2)
0
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where
g(t) =af(t)" "1 >0, B0)=1, a>0, 0<y<1 (3)

and the function B(t) is continuous on the interval [0, 1].
The problem on asymptotic of the value

m(m,n) = mlo, (p(1,n), p(2,n),..., p(n,n))

is considered, where o (z{,,,...,z,) is the mth elementary symmetric function of n

variables. This problem arises in particular in the analysis of the distribution of

transient time and other combinatorial characteristics in random nonequiprobable

graphs [7] whose distributions have proved essential to the analysis of discretizations

of dynamic systems with quasi-chaotic behavior. See [3, 6] and references therein.
Theorem 1: The following relations are valid for n—oo

Y L 2
04 (t)dt)w 1
m(m,n)—e §< as sz, <y <1 (4)
) ﬁ ] 2 —_ 1
12,2 )
n(m,n)—e 2 as ——0 sz v =3; (5)
_ ’ 2
\/n(logn) =1
m(m,n)—L(y,az) as %—».’c, 0<y< % (6)

where L(7,z) is the entire analytic function defined by the infinite product

= T (k-1 | DT
s = i {1+ oo =0 o
1

k=

For0<vy<3 L and for the values |z | < 2 the following representation

SXCE ST UL F.

m(m,n)—e as -5t

is also valid.

Note a specification of the theorem above in the spirit of random mappings theory
[1]. Denote E(n) ={1,2,...,n} for a positive integer n. Let also the set =Z(n) be
endowed with a probablhty measure (i, . given by equalities y,, (k) = p(k,n), where

the function ¢ and the numbers p(k, n) are as in (1). Consider now the random
mapping Fq,n defined by

(3
P.(F =) =kH1P(f(k),n)
Generally speaking, this means that the “appeal” of a point n is proportional to its
weight p(k,n). If ¢ =1, then F ., is a completely random mapping. We emphasize
here that the completely random mapping is essentially a purely combinatorial
object. The theory of completely random mappings is quite well developed, using
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specifically combinatorial methods. See [1] and the bibliography therein.

For a mapping f:Z(n)—E(n) and for an element k € Z(n) we denote by Q(k, f)
the first recurrence time, that is Q(k,f) = min{i: f*(k)f?(k), for some j<i}.
Designate further by Q(z, f) the scaled distribution function:

Q(z, f) = 24 {k: Q(k, f) < zn?}

where #S denotes the cardinality of the finite set S. The function Q is a random
function if f is considered as realization of the random mapping F. Thus, we can
consider the mathematical expectation Q% o(x).  The theorem above implies the
following corollary immediately.

Corollary 1: The following relations are valid for n—oo
1
Q, ,(z)—=L(7,az) as 0 <y <3 (8)

Random mapping with similar asymptotic of weights of elements arises naturally,
for instance, in the analysis of discretizations of random mappings where the box
counting dimension of the invariant measure differs from its correlation dimension
[3]

To conclude this section we note that the equality (5) can be obtained also as a
corollary of Theorem 1 [2].

2. Proof

The proof of the theorem is based on the following two lemmas:

Lemma 1: Let f(z) and f,(2), n=1,2,..., be entire analytic functions of z€ C
such that

fu(2)—f(2) as n—oo

uniformly with respect to z from any bounded circle |z| < R. Let p(n) be an
integer-valued function and v(n) be a real-valued one such that

p(n)
Then I/(Tl)—>00, m—»x as n—oo.
v(n)z u(n)
F(n)= -21E —Z-mfn(z)dz = %—f(l’)(l +0(1)) as n—oo.
[z] =p

Lemma 2: Let f(n,z) be the polynomial

n

f(n,2) =[] 1+ p(k,n)2). (9)
k=1
Then, uniformly with respect to z from any bounded circle |z| < R the following
relations are valid

1 12 2
e~V T

asn—aoo,%<7§1;

— 122
f(n,/n(logn) = 1z)e = VBT T TN E g oo, y = 4
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f(n,n7z)e” "72—+£(7,az) as n—oo, 0 <y < %

where £(7, z) is the entire analytic function defined by (7).

Proof of Theorem 1: Since the proof is identical for the case 0 < v < 1 »Y= and
2,7 <1 it will be presented only for the last case.

Remark that the value of -——7r(m n) by the Viete theorem coincides with the coeffi-
cient at the term z™ in the Taylor expansion of the function f(n,z) defined by (9).
Then, by the theorem on residue of an analytic function

r(myn) = m.l/ f(n,2)

2w mt1
lz] —p
and, after substitution z = \/ﬁw,

L’L/ ‘/_w

m+1f (w)dw

lw] =%
fn(w) = f(n, \/ﬁw)e - \/;w.

From this and from Lemmas 1 and 2 the statement of Theorem 1 for the case
% < v <1 immediately follows. ]

Although Lemma 1 is in line with statements from the theory of integral’s
asymptotic proven with the help of the saddle point method (see, e.g., [4, 5]), we
failed to find the appropriate reference to the exact formulation. Because of this and
for the sake of completeness of presentation, the full proof of Lemma 1 is given
below.

Proof of Lemma 1: By the theory on residue of an analytic function

L/ SN C10)

27 u(n)+1 p(n)!
1] =p"

where

for any value of p > 0. Hence, choosing p = E ; the value of F(n) may be repre-
sented as

vin (n
Fm) =00 (”(”), ) (10)

where

én) =5 [ u(n (5 () - F@)dz.
)

v(n)

Estimate the value of |£(n)|. Let us make the substitution z = “E g “ in the
above integral. Then

L (n)(cos ¢ + isinp) [ /’l(n) . p(n) .
&) | <5 < fn( ”w) — f(2) r=iet?dyp
2n _/ ,r<u(n))”( )+1ei(u(n) el W) v(n)

v(n)
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1 [ grmcose| (pu(n)
Sﬁ/ ¢ )If (V(n).,go)—f(l‘)d(p

Zaf u(n) I—l(n| .
v(n)

_1¢€ M(") V(n))u(n)/ (n)(cos ¢ — 1)
T (™)

£ B8 ) - 50

Now, using the Stirling’s formula

=t ) (1)

Tu(n
we may write that

()PP
camnsi%gg—%mm (1)

with an appropriate constant c, where

L s A S8

In view of (10) and (11), it remains to show that

n(n)—0 as n—oo. (12)

This proof introduces auxiliary constants

2(1-
X = min ———( cos )

2
and “mSesw L

c;=sup sup |f.(2)—f(x)], e(n)=

n2llz] <2 lel <x~

()l

Clearly, x >0, ¢; < oo and €(n)—0 as n—oo in view of uniform convergence of the
sequence {f, (z)} to f(z) on any bounded circle. Hence

n(n)<\/m / KR, (Vggeﬁ,a)—f(:c) dy

and, by substitution y/u(n)xe = ¢, we obtain that

V p(n)xm ¢2 i b
n(n) < —2 / e‘ZfXEQLV“““)—ﬂm

max
Y2(u(n

)~ /4

2wy v(n) dy = I1(n) + Iy(n) + I5(n)

=/ u(n)xw

where
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(E A ( ( )i+
Iy(n) = —2 e 2| 1\ Bise VI |- (),
@(n»”“ o
= (u(m)!/* @
ww=gmf 2N (n)x) Fe
=/ u(n)x=
\/ B(n)xm
I(n) = = 7 fn(’,jg") V“(")") ey
(u(n))*/*

By definition of the value (n), we have

%
fn(u(n)e VH(n) ) f(@)| < e(n) for |9 < (u(n))'/*

v(n)
and thus
(et 2
I,(n) \/2%; / e " Ty [(n) < /Ze(n). (13)
~ (u(r))'/*
At the same time, by definition of the constant c;, we have
\/ u(n)xm 11)2
I,(n),I5(n) < + e 2dy Je; = ((n)—0 as n—oo. (14)
X
()7
From (13), (14) it follows (12) which completes the proof of the lemma. O

In the proof of Lemma 2, properties of the numbers p(k,n) play an important role.
Therefore, we establish these properties prior to proceeding to the proof of Lemma 2.
From the theorem on mean value of an integral it follows that

kY —(k—-1)7 . _
p(k,n) = af(ry ,) ')(/Tﬂ ) ,knlgrk’ng—g,kzlﬂ,...,n. (15)
Therefore
! ~ kY —(k—-1)7
p(k,n) :a(ﬂ(%)+ﬁ(k,n))%,k: 1,2,...n (16)
where

Blm<, pox Jas)-s0]
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and thus, in view of continuity of the function §(t),

B(n) = ) énka)é nﬂ (k,n)—0 as n—oo. (17)
From the continuity of the function A(t) it follows that the product of the first two
multipliers in (15) is uniformly (with respect to n and k € [1,n]) bounded. At the
same time, for a given v € (0,1] the numbers k' ~7(k” — (k — 1)") are also uniformly
bounded. Then, by (16) such a constant p, = p(a,7) can be chosen that

(kY = (k=1)") < yp k771 (18)
and simultaneously

0 < p(k,n) < n= 7. (19)

Proof of Lemma 2: Case % <7y <1 Set g(n,z) = f(n,/n2)e B \/;z, then

o(nz)=c” ‘/;Zkfl (1+ p(k,n)y/nz) :kfl {1+ plk,m)yzge " "EIVL o)
=1 =1

(Here, the second equality follows from (1) and (2).) By (19), 0 < p(k,n)\/n <

p*nl/ ~7 and so p(k,n \/-—>0 as n—oo uniformly with respect to k Hence, for any
R < oo such a value n(R) can be chosen that |p(k,n)\/nz| <l 3 for n>n(R),
| z| < R uniformly with respect to k. Then, for such n and z, the representatlon

1+ p(k,n)\/nz = n(1 4 p(kn)y/m2)

_ e n)y/nz = 3(p(k,n)/nz)? + 6(k, n, 2)(p(k, n)/nz)® (21)
is valid where

|0(k,n,2)| <Oy<oo,n>n(R),1<k<n, |z| <R. (22)
By substituting (21) in (20) we obtain

~ A2 1PP k)P 4T (n,2)

g(n,z) =e (23)

where

k=1

b (n, z)_n2<29 ,n, 2)pS(k, n)) (24)

From (1) it is seen that p(k,n)= q(t,c n) with an appropriate ¢} ne[kﬁl,ﬁ]

Thus, given arbitrary € > 0, we can write

n
B 2 1k = Si(em) + Sylern)
=1

where
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Syen)=2 7 pkn), Sy(en) = % ST Lt )
1<k<en en<k<n
From (19) it follows that

_ 2(v -1 -2 2(v—-1)+1
S,(e,m) < %pinl 2y Z K2 =1 < %copinl Y(en) (v=1+
1<k<en
with an appropriate constant c;, and thus

S,(eyn) < %c0p3527 1.0 as e—0. (25)

On the other hand, in view of the summability of the function ¢2(t) on the interval

(e, 1],
1

52(€,n)—>%/ ¢*(t)dt as n—oo.

€

From this and from (25) it follows that
1

n
121. Z pz(k,n)—%/ ¢*(t)dt as n—oo. (26)
k=1 0
At the same time from (19), (22) and (24) it follows that

~ 3/ @
|6 (n,z)| <n? (kz | 0(k,n, z) | P3(k,n))23
=1

1 1
< 901’3”3(5 ) 7)( En: 0 1))z3 < ¢9061Pi713(§ - 7)n3(7 —h+1,3
k=1

with an appropriate constant ¢;. Thus,

Nl

18 (n,2)] < foc pon (27)

From (23), (26), (27) and from the definition of the function g(n,z) the statement
of the lemma for the case —é— < v <1 follows:

Case y =1. Set g(n,z) = f(n,1/n(logn) ~'z)e ™ V n(log")_lz, then by (1) and (2)

g(n,z) = ln—[ {(1 + p(k,n)4/n(logn) ~ lz)e_ p(k,n)y/ n(logn) = 12}' (28)

By (19), 0 < p(k,n)y/n(logn) = < p, (log n)_l/2 and so p(k,n)y/n(logn) ~1—0 as
n—oo uniformly with respect to k. Hence, for any R < oo such a value n(R) can be

chosen that | p(k,n)y/n(logn) = 'z| S% for n>n(R), |z| <R uniformly with
respect to k. Then, for such n and z the representation

14 p(k,n)y/n(logn) 1z = 1+ ek n)y/n(logn) ')
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_ ep(k, n)y/n(logn) ~ L —%(p(k,n)\/ n(logn) ~ lz)2 +0(k,n,z)(p(k,n)\/n(logn) ~ lz)3

(29)
is valid where

|0(k,n,2)| <fy<o0, n>n(R),1<k<n, |z| <R. (30)
By substituting (29) in (28) we obtain that

k,n))z 0 n,z
o) =c e Xk = 1P2 (k)" 46 (n,2) (31)

] (n,2) = (l gn) (kglﬂ(k,n,z)pS(k,n))z3

Estimation of § (n,2) is done analogously to the previous case. From (19) and
(30) it follows that

3 n
|0 (n,2) | <(logn) ( Z | 6(kyn,z2) | p3(k,n))z3
=1
3/ 3
o (£

where

<Ogcyp3n 2(log n) 2z —0 as n—oo. (32)
Before estimating the first summand in the power of the number e in (31), we
recall Euler’s formula: n,
Ji( 30 hemewn )=
m=1
from which it immediately follows

1<k<n, (33)

m=k+1

with an appropriate constant C.
Now, fix an € > 0 and choose such a real number 6 > 0 that

[1=%1) | = [8%(0) - B*(1)| <&, 0< <. (34)
(This can be done by continuity of the function 8(t).) Then, we can write
n
21:gn kE pz(k"n) = 51(6,11) + 52(6,71) (35)
=1

where

S1(6,n) = pi(kyn),  Sy(é,m) =
1<k<én 2l°g" n<k<n

From (19) and (33) it follows that

1 2 1 1 2 n
S,(8,n) < 5——p5 =< pi C, + log—
2logn Sn <zk:§ nk 2logn ( 6n>

210g n

< 2log (C + |logé | )—0 as n—oo. (36)
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At the same time by (15)

1(6 n) 210gn 4 2(Tk,n)(\/E_ Vk— 1)2 with Tk,n <.
<6
Thus )
S1(8,n) =G+ S11(8,n) + S15(6,n) + S13(8,m)
where 9 ]
511(8,n) = 55— +—logn,
2logn X S%:S Enk
2 2
Sualtin) =g D 4<ﬂ2(‘rk,n)—— 1)(\/E~ VE=1),
1<k<én
S13(8im) = 2logn {4 V= ) }
From (33) it follows that
o®(c, + |logé |)
|512(8m) | < 2logn
From (34) it follows that
I 4
|512(6m) | < ~21 gn ; (V- ) —210gn L <K sk
< 9a% C,+ |logé]| +logn
Finally, since logn
1 R ‘o1
+<4AVEk—-VEk < ,
psalVe 1) = (\[+\/k_1) SE-T
then \/_
| $13(8,n) | < go— vk )2‘"‘
2logn | < 5n

2 2
a 1 1\\_ 2a
S210gn (3+k>2( -1 k)>_logn'

From (37), (38), (39) and (40) it follows that

2 2
limsup| S,(8,n) —%l < 2a%,
n—oo

and thus in view of (35) and (36)

lim Sup) 5 < 2a €.

n—oo

Zp (k, n)——

Since € is arbitrary, then

: n " 2 _a’
nh—>rr<§o2logn kzlp (k) =

(37)

(38)

(39)

(40)

From this and from (31), (32) the statement of the lemma in the case y = % follows.

Case 0 < v < % Set g(n,z) = f(n,nY2)e~ ”72, then
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g(n,z) =€~ n’z H (14 p(k,n)n"z)
k=1
(1

H {(1 4+ p(k,n)n"z)e p(k’")"’yz}. (41)

(Here the latter equality follows from (1) and (2).) Set also

g(m,n,z) = ﬁ {(1 + p(k,n)n"2)e ~ p(k’")n‘/z}, (42)
k=1

m Y _(fk—1)" kY= (k=1)7
L(m,'y,z):]:[{[1+$)_z]e_ 5 z}. (43)

k=1

Now, using the evident inequality
2
|(1+2)e™ 7| <etl”]

and inequalities (18), (19) we can estimate the values | g(m,n,z)| and | L(m,v,az) |
as follows

2 m 2(v-1) 2
Lg(m,n,2) |, | L(m,y,0z) | < Pe(Zk=1E"" 70 1=]

< AT 0T 22

Since the power series Y 2°_ lkz('y =1 is summable for 0 < 'y <3 7y then
Lgmm2) 1 | £0m,702) | <11 (44)

with an appropriate constant w uniformly with respect to all possible combinations of
n and m. Analogously, for the functions

g(myn,z) = H {(1 +p(k.’n)n’7’z)e—l’(k,n)n"/z}, (45)
k=m+1
kY — (k-1)"
~ 0 Y (k=-1)" | - =— " 7
L(m,y,az) = H {[1 +k(#z:le v z} (46)
k=m+1
we can get the following estimates
~ 2
|G(myn,2) =11, | E(m,v,a2) | <e(M 12171 (47)
where
o0
w(m) = 4p? Z k2= )50 as m—oo.
k=m+1

Represent the difference g(n,z) — £(y, @z) in the form
g(n,z) — L(y,z) = g(m,n,z)g(m,n, z) — L(m,~, az)i(m, ¥, az)
= (9(m,n, z) = £(m, 7, z))
+ g(m,n, 2)(g(m,n,z) — 1) + L(m, v, az)(z(m, y,az) —1)
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where the integer m will be chosen later. Then, by (44) and (47)

2 2
| 9(n,2) — L(1,02) | < | g(m,n,2) — 2(m,y,az) | +2e° 1217 |2 (M =17 _q )

(48)
Now, fix a number R > 0, € > 0 and choose such a big integer m = m(R, €) that
2 2
2e“B | e (MEB" 1| <.
Then by (48)
| g(n,2) — L(v,az) | < | g(m,n,z) —&(m,y,az)| +¢
| 2| < R,n>m(R,e). (49)

But, in view of (16), (17)
g(m,n,z)—L(m,~y,az) as n—oo

for any fixed m uniformly with respect to z from any bounded circle. From here and
from (49) we get that

limsup | g(n,2) - £(y,az)| <¢, [z| <R
n—00

and thus, since ¢ is arbitrary,
g(n, 2)—L(y,az) as n—oo

uniformly with respect to |z | < R.
The lemma is completely proved and so is the theorem. |
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