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1. Introduction

Probabilistic functional analysis has come out as one of the momentous mathematical
disciplines in view of its requirements in dealing with probabilistic models in applied
problems. The study of random fixed points forms a central topic in this area. Random
fixed point theorems for random contraction mappings on separable complete metric
spaces were first proven by Spacek [1]. Subsequently, Bharucha-Reid [2] has given suffi-
cient conditions for a stochastic analog of Schauder’s fixed point theorem for a random
operator. The study of random fixed point theorems was initiated by Spacek [1] and Hans
[3, 4]. In an attempt to construct iterations for finding fixed points of random operators
defined on linear spaces, random Ishikawa scheme was introduced in [5]. This iteration
and also some other random iterations based on the same ideas have been applied for
finding solutions of random operator equations and fixed points of random operators
(see [5]).

Recently, Beg [6], Choudhury [7], Duan and Li [8], Li and Duan [9], Itoh [10], and
many others have studied the fixed point of random operators. Beg and Abbas [11] stud-
ied the different random iterative algorithms for weakly contractive and asymptotically
nonexpansive random operators on arbitrary Banach spaces. They also established the
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convergence of an implicit random iterative process to a common random fixed point for
a finite family of asymptotically quasi-nonexpansive operators.

More recently, Plubtieng et al. [12] studied weak and strong convergence theorems es-
tablished for a modified Noor iterative scheme with errors for three asymptotically non-
expansive mappings in Banach spaces.

In this paper, we study the convergence of three-step random iterative processes with
errors for three asymptotically nonexpansive random operators in Banach spaces. Our
results extend and improve the corresponding ones announced by Beg and Abbas [11],
and many others.

2. Preliminaries

Let (€,%) be a measurable space with £ a sigma-algebra of subsets of Q and let C be a
nonempty subset of a Banach space X. A mapping & : Q — X is measurableif E-1(U) € =
for each open subset U of X. The mapping T : QO X C — C is a random map if for each
fixed x € C, the mapping T(-,x) : QO — C is measurable, and it is continuous if for each
w € Q, the mapping T(w,-) : C — X is continuous. A measurable mapping §: Q — X is
the random fixed point of the random map T: Q X C — X if T(w,&(w)) = &(w), for each
w € Q. We denote by RF(T') the set of all random fixed points of a random map T and by
T"(w,x) the nth iterate T(w, T(w, T(,..., T(w,x)))) of T. The letter I denotes the random
mapping I : Q x C — C defined by I(w,x) = x and T° = I.

Definition 2.1. Let C be a nonempty subset of a separable Banach space X and let T :
Q x C — Cbe arandom map. The map T is said to be
(a) a nonexpansive random operator if arbitrary x, y € C, one has

| T(w,x) = T(w, )| < llx = yll, (2.1)

for each w € Q;

(b) an asymptotically nonexpansive random operator if there exists a sequence of mea-
surable mappings r,, : Q — [0, 00) with lim, .. r,(w) = 0, for each w € Q, such
that for arbitrary x,y € C,

|| T"(w,x) — T"(w, y)|| < (1+r,(w))llx—yll, foreachwe Q; (2.2)

(c) a uniformly L-Lipschitzian random operator if arbitrary x, y € C, one has

|| T"(w,x) — T"(w, y)|| < Lllx - yll, (2.3)

where n =1,2,..., and L is a positive constant;
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(d) a semicompact random operator if for a sequence of measurable mappings {&,}
from Q to C, with lim,,—« [|€,(w) — T(w,&,(w))]l =0, for every w € Q, one has a
subsequence {,,} of {{,} and a measurable mapping & : QO — C such that {,,}
converges pointwisely to & as k — oo.

Definition 2.2 (three-step random iterative process, cf. [11]). Let T: Qx C — Cis a ran-
dom operator, where C is a nonempty convex subset of a separable Banach space X. Let
& : Q — C be a measurable mapping from Q to C. Define sequence of functions {{,},
{#n}, and {&,}, as given below:

(n(w) = “;’Tn(w:fn(w)) +ﬁ;1,€n(w)>
n(w) = a, T (w,((w)) + & (w), (2.4)
&1 (0) = a, T (w, 1y (w)) + Brén(w) foreach w € Q,

n=0,1,2,..., where {a,}, {a,}, {a} }, {Bn}, {B,}, and {B;/} are sequences of real num-
bers in [0, 1]. Obviously {{,}, {#.}, and {&,} are sequences of measurable functions from
QtoC.

Definition 2.3. Let T1,T>, T3 : QO X C — C be three random operators, where C is a
nonempty convex subset of a separable Banach space X. Let &, : QO — C be a measurable
mapping from Q to C, let {f,}, {f,}, {f,'} be bounded sequences of measurable func-
tions from Q to C. Define sequences of functions {{,}, {#,}, and {&,}, as given below:

Gn(w) = o) T3 (w, & (w)) + B En(w) + 9, f) (w),
Hn(w) = o, T3 (w, (@) + & (w) + y, [ (@), (2.5)
& (W) = a, T} (w0, (@) + Buén(w) + yufu(w) foreach w € Q,

n=0,1,2,..., where {a,}, {o,}, {o/}, {Bu}, {0}, (B} {ynds {yn}, and {y;} are se-
quences of real numbers in [0,1] with a, + B, +y, = &, + B, + v, + B, + 7y, = 1.

Remark 2.4. If we take Ty = T, = T3 = T, and y, = y;, = y,/ = 0, then (2.5) reduces to
(2.4).

The purpose of this paper is to establish several convergence results of the three-step
random iterative process with errors given in (2.5) for three asymptotically nonexpansive
random operators.

In the sequel, we will need the following lemma.

LEmMa 2.5 [13, Lemma 1.3]. Let X be a uniformly convex Banach space with x,, y, € X,
real numbers a = 0, o, € (0,1), and let {a,,} be a real sequence of numbers which satisfies
(i) 0<a<a, <f<1,foralln=nyand for some ng € N;
(ii) limsup,,_ , Ix,41l < a and limsup,_., |yl < a;
(iii) limy- oo [l@pxn + (1 = &) yull = a.
Then lim,, .« ||, — yull = 0.
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3. Main results

In this section, we investigate the convergence of three-step random iterative process with
errors for three asymptotically nonexpansive random operators to obtain the random
solution of the common random fixed point. This iterative process includes three-step
random iterative process for a random operator T as special case. Note that the proof
given below is different form the method of the proof proved by Beg and Abbas [11]. In
order to prove our main results, we need the following two lemmas.

LemMa 3.1. Let X be a uniformly convex separable Banach space, and let C be a nonempty
closed and convex subset of X. Let Ty, T, T5 be asymptotically nonexpansive random op-
erators from Q x C to C with sequence of measurable mappings r;,(w) : Q — [0,00) satis-
fying S 7i (w) < oo, for each w € Q and for all i = 1,2,3, and F = (\,_, RE(T}) # @. Let
{&1(w)} be the sequence as defined by (2.5) with > yp<o00, > ° | yn< oo, and >.° |y, < oo,
Then limy .« |1, (w) — &(w) || exists for all (w) € F and for each w € Q.

Proof. Let&:Q — Cbe the random common fixed point of { Ty, T5, T5}. Since { f,.}, { f,/},
and {f,'} are bounded sequences of measurable functions from Q to C, we can put

M(w) = sullallfn(w) —&w)|| v Sullallfn'(w) —&w)|| v Sur;llfn"(w) -&w)l.  3BD)

Then M(w) is a finite number for each w € Q. For each n > 1, let r,(w) =max{r;, (w) | i =
1,2,3}. Thus, we have r,(w) = 0, lim,—¢ i, (w) = 0, and
1§41 (@) = &(@)]] = [|otn TT (@, 72 (@)) + Br&n(@) + yu fu(w) — &(w)]

= || T} (@, 7 (@)) = E(@) ||+ Bal[En(@) = E(@)|| + yul | fu(w) — E(w)]|

=< an(l +rn(w))||77n(w)_E(w)||+ﬁn||fn(w)_f(w)|| +)’n||fn(w) - f(w)H
(3.2)

Similarly, we have
[[70(@) = E()]| < g, (1470 (0)) [[Gn(@) = E@)]| + B[ (w) = E(@)|[ + 3l /i (@) = E ()],
(3.3)

[16n(@) = E(@)]| < o) (1474 () [[En(@) = E(@)|[+B; |[En (@) = §(@)[[+y5 || £ (@) = §(w)]].
(3.4)
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Substituting (3.4) in (3.3), we get

[7n(@) = &(w)]]

< 0] (14 1(0)*[1E0(w) — E(@)]| + By (1+ (@) [[E4(w) — E(w)|
+agyy (L4 ra(w) || £y (@) = (@) + Byl & (@) = E(w)][ + y,l | £ (@) = E(w)]|
= (1= By = ya)a (14 14(0)) ] [En(@) = E(@)]| + Byl [En(@) — E (@)
+ (1= B = yu) By (1 (@) [[€n(@) = E(@)]] + ma(w)

< (1= B ) (14 1(@))*[[En(@) = E(@)]] + B, (1 + (@) || (@) — E()|

+ (1= BBy (1+12(0)[[60(@) = E(@)]| + ()

< (1-B,) (14 7a(@))]|En(@) — E(w)]|

B3 (14 1(@))[[En(@) = E(@)]| + ma(w)

= (1+72(@))*|&n (@) = E(@)|| + ma(w),

(3.5)
where
ma(w) =y, (1+ra(w))[| £, (@) = E(@)||+y, ][ £ (@) = &) (3.6)
Note that >, m,(w) < co. Substituting (3.5) in (3.2), we have
[En1 (@) = E@)]] < atn (14 70(@))’[[En(@) = E (@) |+t (14 14 (@) 110 (@)
+ Balln(@) = E(@)| +ynl[ fol@) = E(w)|
(3.7)
< (o +Ba) (14 12(@))[[En(@) = E(@)]| + bu(@)
= (1+7(@))’[|En(@) = E(@)]| + bu(w)
where
bu(@) = an (1+7(@) My (@) + yul| fu(w) = §(w)]]. (3.8)
Since
i rn(w) < oo, i bn(w) < oo, (3.9)
a1 -1

it follows from [10, Lemma 2] that lim,, .« [|€,41(w) — &(w) ]| exists for all w € Q. O
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LemMa 3.2. Let X be a uniformly convex separable Banach space, and let C be a nonempty
closed and convex subset of X. Let Ty, T, Ts be asymptotically nonexpansive random op-
erators from Q to C with sequence of measurable mappings r; (w) : Q — [0,00) satisfy-
ing 3% 1, (w) < oo, for each w € Q and for all i = 1,2,3, and F = ();_,RE(T;) # @. Let
{&(w)} be the sequence defined as in (2.5) with the following restrictions:

(1) 0<a=<ay, ay,a;, <1—a, for some a € (0,1), for all n = ng, Ing € N,

(2) Do yn <00, X yn <o, and Y.y, < oo.
Then

%@C}OHT{‘(a),nn(w)) —&(w)|| = ilijl}oHTf(w;Cn(w)) —&u(w)|
(3.10)
= lim [ 75 (@, & (@) = &n(@) | = 0,

forallw € Q.

Proof. Let £(w) € F. It follows from Lemma 3.1 that lim,—c [|€4+1(w) — &(w)]| exists, for
all w € Q. Let lim,— [|€,(w) — ()| = a for some a = 0. For each n > 1, let r,(w) =
max{r; (w) | i =1,2,3}. Taking the upper limit in inequality (3.5), we obtain that

limsup [1s () = §(@)[| = limsup [[&,(w) — §(w)]| = a. (3.11)
So

limsup || T (w,7n(w)) — &(w)|| < limsup (1+ r,(w)) |72 (w) — E(w)]| < a. (3.12)

n—oo n—oo

Next, consider

limsup || T} (0, (@) = E(@) + yn (fu(@) = Ex(@))]|

o (3.13)
< lirisgpllT?(w,nn(w)) = &)+ lyn (ful@) = &u(@))]I-
It follows from (3.12) that
limsup||T (w,17:(@)) = §(@) +yu (fo(@) = &u(@))]] = a. (3.14)
By the triangle inequality,
limsup[[&,(@) = &(w) + ya (fu(@) = &u(w)) || < a. (3.15)

n—oo
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Moreover, we note that

a = lim [|&1 () = ()|
= lim ||y T} (@, 710 (@) + Bu€n(@) + yu (fulw) = (1 = an) §(w) — an (w))
= lim |0t T1 (@, 10 (@) = € (@) + ety fu(@) — & n(w)

+(1_“n)fn(w)_ (l_‘xn)g(w)_)’nfn(w)"')/nfn(w (xn)’nfn +‘annEn ||
= %1_{1;10”0%(’1—‘{’(“):’%(“))) - f(w) +Yn(fn(w) - gn(w)))

+ (1= ay) (En(w) = E(w) + yu (fu(w) = En(w))) |-
(3.16)

It follows by (3.14), (3.15), and Lemma3 2 thatlim,,—.o || T (@, 10 (w)) — &, (w) || = 0. Next,
we prove that lim,_.« || T (0, {,(w)) — &, (w) ]l = 0. For each n > 1,

18(@) = &(@)|| < (| T} (@, 712(@)) = &u(@)][ + [| T} (@, 11a(w)) = &(w)]|
(3.17)
S||T{1(w)’1(w))_fﬂ(w)H"'(1+rn(w))|{77n(w)_fn(w)H-

Since limy— o [| T} (@, 74 (@)) — & (w) 1] =0 =lim, . 74 (w), it follows from (3.11) and (3.17)
that

a = lim |[:(w) = §(@)|| < liminf [, (@) = &x(@)]| < limsup||r,(w) = &u(@)]| < a.
(3.18)

Hence, lim,—« [, (w) — £(w)|| = a. Observe that {,(w) — &(w)ll < (1 + r,(0)I1&,(w) —
E()l+y,) I £/ (w)—&(w). By boundedness of { f," (w)} and limy,—.co 74 (@) =0 =lim,,— 0y},
we have limsup,_ I{(w) — &(w)ll < limsup, . 1§,(w) — E(w)ll < a and so
limsup,, ., [IT5 (@, (w)) = &(w)]l <limsup, ., (1+7,(0)) (@, {u(w)) — §(w) || <a. Next,
we consider

||Tg(wr(n(w)) —&(w) +Yt,1(fn,(w) - fn(w))”
(3.19)
< (|73 (@, $u(w)) = &(@)[| +yul[ (£ (@) = &u(@))]].

Taking limsup,,_ ., in both sides, we have limsup,_ ,, | T3 (w,(u(w)) — E(w) + y;, (f, (w) —
&1(w)) |l < a. By the triangle inequality, we see thatlimsup,,_, [1,(w) — &(w) +y,,(f, (w) —
&n(w)|l < a. Since lim,,— [|77,(w) — £(w)|| = a, we obtain

a = lim [[&, (@) = &(w)|| = lim ||, T5 (@, u (@) + Brén(@) + ;. £ (@) = € ()|
= lim [|a, (T3 (@, {a(@)) = E(0) +y,, (£ (@) = &u(w))) (3.20)

+ (1= o) (§ulw) = &) +y,,(f (@) = &u(@)))]]-
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By Lemma 2.5, we obtain lim,,—.« | T3 (w, {,(w)) — &, (w) || = 0. Similarly, by using the same
argument as in the proof above, we have lim,,—.« | T} (@, &, (w)) — &,(w) [ =0, forallw € Q.
This completes the proof. O

TueoreM 3.3. Let C be a nonempty closed and convex subset of a uniformly convex sepa-
rable Banach space X. Let Ty, T>, T3 : Q) X C — C be semicompact asymptotically nonexpan-
sive random operators with sequence of measurable mappings r; (w) : Q — [0, co) satisfying
Sy 1i, () < oo, for each w € Q and for eachi=1,2,3 and F = ﬂf=1 RE(T;) # @. Let &, be
a measurable mapping from Q to C. Define the sequence of functions {&,}, {n,}, and {{,}

by (2.5) with {a,,}, {e,}, {0}, {Bad, {Brds AButs {yads {yi}, and {y,) } satisfying
(1) 0<a < oy, ;) < 1 — @, for some a € (0,1), for all n = ny, Ing € N,

(2) i1 yn <00, ol yp < oo, and 37y, < oo,
Then sequences {&,}, {n,}, and {{,} converge to a common random fixed point of F.

Proof. Let&:Q — Cbe the common random fixed point in F. By Lemma 3.2, we have

%i_{rc)lo||T1"(w,(n(w)) —&(w)]
(3.21)
= lim || T (0, 74(©)) = &u(@)|] = lim || T§ (,&,(@)) = & (@)]| = 0

for each w € Q. This implies that [[£41(w) — &(w)ll < anll TT (w,70(w)) — E(@) Il +
Yull fu(w) — &y (w)]l — 0, as n — oo, for each w € Q. We note that

||T{l ((4),{”4.1((0)) - En+l(w)~|
<|IT7 (@, &1 (@) = T (@, Ex(@)) || + ]| TTE(w) — En(@)|| +[|En(w) — Epr (w))]]
< (L4 yu) [[En (@) = Eu(@)|| + ]| T (@, &0 (@) — En(w)]]

+|[En(w) = Epi (@)|] — 0, asn — oo,

(3.22)
for each @ € Q. Using (3.22), we have
T2 (0,81 (@) = & ()|
< |IT1 (@, &1 (@) = T (@,& (@) [+ [ T (0,801 (@) = &nr ()|
(3.23)

< (1 +Y1)||En+1(w) - Tlngnﬂ(w)”
+||TH (0,801 (0)) = Eps1(@)]| — 0, asn — oo,

for each w € Q. Thus, we have lim,, ., [| T} (w,&,(w)) — &,(w)|| = 0 for each w € Q. Simi-
larly, we can show that

lim [| T (@,&,(@)) — & (@)|] lim [|Ts (@, &4(0)) — &u(@)]| = 0. (3.24)
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Since T is a semicompact continuous random operator and lim,_.« || T} (w,&,(w)) —
Ei(w)]l =0 for each w € Q, there exist a subsequence {&,,} of {{,} and a measurable
mapping & : Q — C such that &, converges pointwisely to &. The mapping & : Q — C,
being a pointwise limit of measurable mappings {&,, }, is measurable. Now,

%ir?o"f”k(w) — Ty (@0,&, (w))]] = &0 (w) = Ty (w,&(w)) || =0 (3.25)

for each w € Q. Hence, &)(w) is a random fixed point of T}. Since lim, . [|&,(w) — & ()l
exists, limy,— & (w) = & (w) for each w € Q. Similarly, we can show that & (w) is also
a random fixed point of T, and T3. Observe that ||7,(w) — &,(w) ]l < ), | T5 (0, (w)) —
fn( ) +Yn||fn(w) &n(w)ll = 0, and [|(y(w) = &)l < ay) I T (w,&n(w)) — Eu(w) || +

£ ( (w)ll = 0, as n — oo, for each w € Q. Hence, lim,_« 7,(w) = &(w) and
hmn_,oc Cn(w fo ) for each w € Q. Therefore {&,}, {#,}, and {{,} converge to a com-
mon random fixed p01nt in F. O

IfTy=T,=T;:=Tandy, =y, =7, =0, then Theorem 3.3 reduces to the following
known result.

CorOLLARY 3.4 (see Beg and Abbas [11, Theorem 3.3]). Let C be a nonempty closed
bounded and convex subset of a uniformly convex separable Banach space X. Let T : Q x C —
C be completely continuous asymptotically nonexpansive random operator with sequence of
measurable mappings r,(w) : Q — [0, 00) satisfying >, rs(w) < oo, for each w € Q. Let &
be a measurable mapping from Q to C. Define the sequence of functions {&,}, {n,}, and
{(} by (2.4) with {a,} and {B,} satisfying 0 < liminf, . a, < limsup,_ &, < 1, and
0 <liminf, . B, < limsup,_ ., B < 1. Then sequences {&,}, {n}, and {{,} converge to a
random fixed point of T.

Proof. By Xu [14] and Ramirez [15], F(T) # &. Hence it follows from Theorem 3.3 that
the sequences {&,}, {#,}, and {{,,} converge to a random fixed point of T. O

Remark 3.5. Theorem 3.3 is a generalized stochastic version of the result due to Plubtieng
etal. [12].
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