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ABSTRACT

The method of generalized quasilinearization [4] is applied to
study semilinear parabolic equation u,— Lu = f(¢,z,u) with nonlocal

boundary conditions u(t,z) = [ ¢(z,y)u(t,y)dy in this paper. The

convexity of f in u is relaxed by requiring f(¢,z,u) + M u? to be convex
for some M >0. The quadratic convergence of monotone sequence is
obtained.
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1. INTRODUCTION

In this paper, we consider the nonlocal boundary value problem (NBVP for short):

u, — Lu = f(t,z,u) in Dp=(0,T]xQ, (1.1)
u(0,z) = uy(z) Vz €Q, (1.2)
wte)= [ vultn)dy V(o) €Ty, (13)
Q
where Q is a bounded domain in R", 89 € C?, T'r = (0,T) x 99,
n 2 n
L =‘ Z a‘J(t,x)bi’;f'*‘ Zb.(t,x)aa—x, am,b‘ € CO,G’ 0 <a< 1.

,7=1 i=1

up(z) € C(Q), fe€C[DrxR,R] and satisfies Lipschitz condition in u. ¢ e C[0QxQ,R]
satisfies ¢(z,y) >0, [é(z,y)dy #0,V z € 0Q and [ ¢(z,y)dy < p <1, Yz € 0Q.
Q Q
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It is shown in [5] that, if v,w are lower and upper solutions of NBVP such that v < w,
then there exist monotone sequences which converge uniformly to the unique solution of
NBVP. The method of upper and lower solutions and monotone iterative techniques played

most important roles in constructing monotone sequences.

Consider the following ordinary differential equation with initial condition :
u' = g(t,u), u(0) =uy t€J =[0,T]. (1.4)

It is well known [1, 2] that the method of quasilinearization provides not only the
monotone sequence but also quadratic convergence of the sequence for (1.4) if requiring more
on ¢(t,u), namely, g(t,u) to be convex in u for ¢t € J. The result is of computational interest.
In [4], this method has been extended to more general cases, namely, without demanding the
convexity of g(t,u), by requiring g(t, u)+Mu2 to be convex for some M >0 and the same

results have been obtained [4].

Our purpose, in this paper, is to apply the method used in [4] to study nonlocal
problem (1.1) —(1.3).

2. PRELIMINARIES

Consider NBVP (1.1)-(1.3). A function vy € CV'*(D;)NC(Dy) is called a lower

solution of NBVP if
(vo)t - L"Uo < f(t, T, vo) in DT,
v5(0,2) S ug(z) Vz €Q,
w(t,2)< [ 6@ v(tu)dy oy
Q

An upper solution wy is defined analogously by reversing the above inequalities with

respect to wy. It is shown(5] that vy < wy on Q.

We first state two lemmas which we need in the proof of the main result. Define
Qr ={(t,z,u)ivyg <u<L wy(t,z) € Dp}.  If the existence of upper and lower solutions of
NBVP is known, then we can prove the existence of solutions of NBVP in the closed set Qp

which is the statement of Lemma 2.1. For proof, see [5].

Lemma 2.1: Consider

u, — Lu = G(t,z,n(t,z),u(t,z)) in Dr, (2.1)
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with (1.2) and (1.3), where n(t,z) is a given function on Dp. Suppose that
(1)  vg,wy are lower solutions of (2.1), (1.2) and (1.3),
(1)  G(t,z,n,u) satisfies Lipschilz condilion in u, i.e., IN > 0 such that
— N(uy —uy) < G(t,z,m,uy) — G(t, 2,1, ug) < N(u; — uy), (2.2)

whenever u; > uy, for (t,2,uy), (t,2,uy) € Qp. Then there exists a unique solution u of NBVP
such that u € Cl’2(DT) NC(Dr) and vy < u < wy on Dr.

Lemma 2.2: Assume that p € C1'%(D7)NC(Dy) satisfies

p(Lp+Kp+C)<0 in Dy,
r(0,z) <0 VzeQ,

p(t,2) < / 8(zv)p(t,y)dy V(t,z) € Ty,
Q

where K >0, C > 0 are constants. Then, p(t,z) < CelK+1)t 4y Drp.

Proof: Let ¥ = Ce(K + l)t, then ¥ verifies

¥, — (LY + KV +C)=C(e®*+*V _1)>0 in Dy,
¥(0,z) >0 VreQ,

Y(t,z) > /qb(z‘,y)\ll(t,y)dy on I'p.
Q
By Theorem 2.1 of [5], p(t,z) < ¥ on Dp. This completes the proof of the lemma.

3. MAIN RESULTS

In this section, we shall apply the method of quasilinearization generalized in 3] to
NBVP in order to obtain the monotone sequence and quadratic convergence of the sequence.
Suppose now, f€C? in u and f+ Mu? is uniformly convex for (t,z,u) € Q. Define
F(t,z,u) = f(t,z,u) + Mu?, then
F u=Fyut+2M>0. (3.1)
If u; > u,, it follows
F (t,z,uy) = f (t,z,u)) + 2Muy > F (8, 7,uy) + 2Muy;

F(t,z,u)) = Fy(t, 2,up)uy 2 F(4 2, u9) = F (82, u9)uy. (3.2)
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We also assume that there exist constants K; > 0, C; > 0 such that

| F,| £K;and F,, <C,, for (t,z,u) € Qp.

Now, we are in the position to prove the main results.

Theorem 3.1: Suppose that

(?) vy, Wy are lower and upper solutions of NBVP such that vy < wy on DT;

(#)  F(t,z,u) = f(t,z,u) + Mu? is uniformly convez in Qr-

Then, there ezists a monotone sequence {v,,} which converges uniformly to the unique solution

of NBVP and moreover, the convergence is quadratic.

Proof: Consider the modified nonlocal problem (P*):

u, — Lu = f(t,2,7) + (f(t,2,1) + 2Mn)(u — n) — M(u® — n?)
= F(t,z,n) + F,(t,2,0)(u — ) — Mu?,
with (1.2) and (1.3), where n € CV'%(Dy) N (D7) is such that
vo(t,z) < n(t,z) < wy(t,z) on Dy
Define
G(t,z,n,u) = F(t,z,n) + F (t,2,7)(u — ) — Mu>.
Since vy is a lower solution of NBVP and if n = v, because of (3.4), we have
(vo)s — Lyg £ f(t,z,vy) = G(t,x,v9,v9) in Dp,
From (3.3) and (3.4),
u, — Lu = G(t,z,vg,u) in D.

Similarly,

(wg); — Lwy > f(t,z,wp)

> F(t,z,v) + F ,(t,2,v5)(wg — vg) — ng = G(t,z,v9,wy) in Dr.

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

From (3.5), (3.6) and (3.7) together with the initial and boundary conditions, we conclude that

vg(t,z) and wg(t,z) are lower and upper solutions of (P*) with n =wv,. It is easy to see that

G(t,z,vy,u) satisfies Lipschitz condition (2.2) for (t,z,u) € Qp since F(t,z,u) is convex in u

and vy(t,z) is a given function. Therefore, by Lemma 2.1, there exists a unique solution u of
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(P*) with 1) = vy such that v € C1'%(Dy) N C(Dy) and vy < u < wy on D

Now, we construct the sequence {v, } by

("n+1)t -Lv, 1= f(tzyv,) + (f (b 2,v,) +2Mo, )(v, +1~ v,) - M(”?;-H - ”3;)
= F(tz,0,)+ F(tz,0,)(v, 11— v,) — Mv? +1 in Dp, (3.8)
v, +1(0,2) = yy(z) Vz €Q,
Uy 41(t ) = /¢(x,y)vn+1(t,y)dy on I'r,
forn=0,1,2,.... @

Clearly, from the above discussion, we obtain that (P*) has a unique solution v; with

n =g and vy < v; < wy on DT'
Assume that for some n, (P*) has a unique solution v, with p=wv,_; and
v, _1 < v, <wyon Dp, by (3.2) and (3.8)
(vn)e = Lo = F(t,2,0, 1) + F (62,9, - 1) (v = v, - 1) = MV},
< F(t,z,v,) — Mv2 = f(t,2,v,) in Dr. (3.9)
On the other hand,

(”n+1)t“L”n+1 = F(t,z,vn)+Fu(t,:c,vn)(vn+1 ——vn)—Mv?H_1

= G(t,2,v,,v, 4 1) in Dp. (3.10)
Now, (3.9) becomes
(v,), — Lv,, < f(t,z,v,) = G(t,z,v,,v,) in Drp. (3.11)
Similarly,
(wg); — Lwg > f(t,z,wy) = G(t, z,v,,wy) in Dp. (3.12)

Applying the same arguments as above, we claim that (3.10), (3.11) and (3.12) together with
the initial and boundary conditions yield the unique solution v, of (P*) with n =v, and

v, v, 41 S Wpon DT' Thus, by induction, we conclude that for all n,

v, <vy <Ly, <--- on Dy,

and {v,} is bounded above by wy on Dp. Therefore, we obtain a sequence {v,} which is
monotone increasing and uniformly bounded in C1'%(D;)NC(Dy). By standard arguments

(3, 5], {v,,} converges uniformly to the unique solution of NBVP.
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It remains to show that convergence of {v,} to the solution u of NBVP is quadratic.
Observe that, for all n>0, v,<u. Set p, =u(t,z)—v,(t,z) on Dp. Define

lp Il =sup _ |u(t,z)—v,(t,z)|. Then,
(ty-'l')eDT

(Pp)i = Lpp = (b2, u) = [F(t,2,v, _ 1)+ Fy(2,v, _1)(vp — v _1) ‘M”i]
=F (t,z,0)(u—v,_1)—F (t,z,v, _)u—v, _1)+F,(t,z,v, _)(u—v,)+ M(v? —u?)
= Fuu(t2,)(u = v, _1)(0 = v, 1)+ F(t,8,0, _1)(u=v,) + M(v} ~v?) in D,
where v, _; <€ <0< ufor(t,z)€ Dp.

Since0< F,,<Cyq, | F,| <K on Qp and vy < v, u < w,, we have

(pn)t—Lpn S Cl(u—vn—1)2+Kpn—M(vn+u)pn
< (Ky=2Muvy)p, +Cy || Pn—-1 ”2 <Kp,+C in Dr,

where K = K, +2MV and |vy| <V on Dy, C=C,||p,_,|l% Therefore, by Lemma 2.2,

we get

K+1 K+1 K +1 R
pa(tyz) <Ce KTV 0 K+DT )y 1220 B+ VT gyp  Ju—v, _;|%on Dy,
(t,x)GDT
which yields
sup |u—v,| <asup _ lu=—v, _,]% a=C’le(K+1)T.

(t,z) € Dp (t,z) € Dp

The proof of Theorem 3.1 is therefore complete.
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