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ABSTRACT

The aim of the paper is to prove a theorem about a weak
impulsive nonlinear parabolic differential inequality together with weak
impulsive nonlocal nonlinear inequalities. A weak maximum principle
for an impulsive nonlinear parabolic differential inequality together with
weak impulsive nonlocal nonlinear inequalities and an uniqueness
criterion for the existence of the classical solution of an impulsive
nonlocal nonlinear parabolic differential problem are obtained as a
consequence of the theorem about the weak impulsive nonlinear parabolic
differential inequality together with weak impulsive nonlocal nonlinear
inequalities.
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1. INTRODUCTION

In this paper we prove a theorem about a weak impulsive nonlinear para-

bolic differential inequality together with weak impulsive nonlocal nonlinear in-

equalities. The impulsive inequality, studied here, is of the form

ut—f(t1x7u)ux7uzx) Svt_f(t’*’l:av Vg U )>

R AR & g e

where (t,z) € ( fL_JlDﬂ[(t,-,t,-H)xR"])U(Dﬂ[(ts,to—}-T]XR"]), s is a fixed

natural number, D 1s one of two relatively arbitrary sets more general than the

cylindrical domain (ty,ty+ T']x Dy C R**?! and
o<t <t <...<t,<t+T.
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The impulsive nonlocal inequalities, considered here, are of the form
u(t;, ) + Z hi, {2)G; f(x,u) S vty z) + ) by (2)G 4(x,v),
Jert jerr
where I7 (i=0,1,..,,s) are subsets of countable sets I; (i=0,1,...,s), res-
pectively, ti<T,',2j_1<T,"2j<t,'+1 (]EI’:,z:O,l,,s—l), t3<T,’2J‘_1
< T.s,2j S tO + T (J [ I:), hi,j:Sti—_)( - 00,0] and Gi'j:St" X C([Ti,Zj—l’Ti,2j] X Sti)

—-R (€I, 1=0,1,...3) are given functions satisfying some assumptions and
Sii = int{z € R™:(¢;,z) € D} (t=0,1,...,9).

As a consequence of the theorem about the weak impulsive nonlinear
parabolic differential inequality together with weak impulsive nonlocal nonlinear
inequalities we obtain a weak maximum principle for an impulsive nonlinear
parabolic differential inequality together with weak impulsive nonlocal nonlinear
inequalities and an uniqueness criterion for the existence of the classical solution

of an impulsive nonlocal nonlinear parabolic differential problem.

Many processes in the theories of heat conduction and diffusion are
characterized by the fact that at certain moments ¢,,t,,...,t, of time they
experience changes of temperatures of a heated substance or changes of amounts
of a diffused substance. Moreover, for many above processes we know the
relations between the temperatures of the heated substance and we know the
relations between the amounts of the diffused substance at the points ¢;, T; 55 _1,
T, (j€It,i=0,1,...,s—1) and t,T, 5, _1,T,,; (Jj€I;). Consequently, it is
natural to assume that these changes act in the form of impulses at the points

t5,ts,...,t, and that the following impulsive nonlocal conditions are considered

u(t,z)+ Y b (2)G; j(z,u) = ¢(z) for z € S;, (=0,1,..,9), (1.1)

JjerI;

where ¢; (i =0,1,...,5) are given real functions defined on S, (:=0,1,...s),

respectively.

It is easy to see from (1.1) that these conditions are more general than the

standard initial conditions. Moreover, if

G; j(z,u): = u(T; o) for z € 5,,, (jeI,1=0,1,...,s)

or
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T; 25
o u(r,z)dr forz€S, (jelIfi—0,1,...5)
4,27 7 +4,25-1 ‘

§,25 -1

G,-’j(:z:, u): = T

then conditions (1.1) are reduced to the impulsive periodic conditions and to the
impulsive antiperiodic conditions, or to the impulsive average periodic conditions

and to the impulsive average antiperiodic conditions for suitable functions k; ;
(€It i=0,1,...5s).

To obtain physical interpretations of the impulsive nonlocal problems
considered in the paper it is enough to join the physical interpretations of the
nonlocal problems and of the impulsive problems. For this purpose, compare
papers [2] and [3], where physical interpretations of the nonlocal problems and of

the impulsive problems were given separately.

The paper is a continuation and a generalization of papers [1]-[3].
Moreover, the paper generalizes some theorems from [4] and [5]. To prove the
main result of this paper a strong maximum principle from the author

publication [1] is used.

2. PRELIMINARIES

The notation, definitions and assumptions given in this section are valid

throughout the paper.

Let t, be real finite number, 0 <T < oo and let z = (zy,...,z,) ER". A
bounded or unbounded set D contained in (ty,t,+ 7] xR" and satisfying the
conditions:

(a) The projection of the interior of D on the t-axis is the interval
(th tO + T)
(b)) For any (¢ ,%) € D there exists a positive number r such that
{(t,x):(t=7) Z 2<r, t<t}CD,
is said to be a set of type (P).

For any t € [to,t, + T'] we define the following sets:

5. = int{z € R™:(t,,2) € D} for t = t,,
" {z e R™(t,z) € D} for t # ¢,
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and
L int[ DN ({tx} xR™)] for t = t,,
" Dn({t} xR") for t # t,.

It is easy to see, by condition (b) of the definition of a set of type (P), that S,
and o,, where t € [to,t, + T, are open sets in R™ and R"*?, respectively.
By s we denote a fixed number belonging to N or N,,.

Let t,,t5,...,t, (s €N) be given real numbers such that

o<t <ty <...<t,<ty+T (s€N).
We introduce the following sets:
D;=DnN{(t;,t; 1) xR (i=0,1,..,s—1;s€N),
D;: =DnN|(t,,to+T)xR"] (s€Ny),
D(s): = ) Di (s€No)

1=0

0 if s=0,
o(s): = s )
Uag, ifseN.
i=1 ¢

and

It is easy to see that D(0) = Dy = D.

Let

where
Fa=TN(t,t; ) xRY)  (=0,1,..,s—1; seN),
Ip=TN(t,t+TIxR") (s €Ny
and

I: = (D\D)\oy,.

For an arbitrary fixed point G ,Z) € D we denote by S ’G ,T) the set of
points (¢,z) € D that can be joined with (7 ,% ) by a polygonal line contained in D

along which the ¢-coordinate is weakly increasing from (t,z) to (7 ,%).

By PC(D) we denote the space of functions
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w:D 3 (t,z)—w(t,z) €R

such that w is continuous in D\o(s) (s € Ny), the finite limits w(t;,z), w(t;",z)
(¢=1,..,,8) exist for all admissible z€R" if s€N and w(t;,z): =w(tt,z)
(t=1,...,s) for all admissible z € R" if s € N.

We say that w € PCY%D) if w € PC(D) and wy,w,,w,, = [w,j,k]nx,, are
continuous in D(s) (s € Ny).

The symbol M, .(R) is used for the space of real square symmetric

matrices r =[], x -

By f we denote a function

F:D(s)xRXR*x M, . .(R) 3 (¢,z,2,9,7)—f(t,2,2,q,7) ER (s €Ny),

where ¢ = (q;,...,¢,) and 7 =[r;; ], xn, and by P we denote an operator given by
the formula

(Pw)(t,z): = w,(t,x) — f(t,z,w(t,z),w,(t,z),w,,(t,z)),w € PC**D),(t,z) € D.

Functions u and v belonging to PCY“?%(D) are called solutions of the
differential inequality

(Pu)(t,z) < (Pv)(t,z), (tz)€D(s) (s€N) (2.1)

in D(s) (s €Ny), if they satisfy (2.1) for all (¢,z) € D(s) (s €Ny).
The function f is said to be wuniformly parabolic in a subset E C D(s)
(s €Ny) with respect to a function w € PC¥*(D) if there exists a contact x>0

(depending on E) such that for any two matrices ¥ = [F;], 7 = [F;1] € M, «o(R)
and for (¢,z) € E we have

¥ <P (3, w(t, @), w,(t,2),F) — f(t o, u(t,2), w,(t ), F)

2K zn: (T — ), (2:2)

1=1
where ¥ <7 means that Y. (), — ;)M <0 for every (Ay,..,A,) €R™
k=1
If (2.2) is satisfied with k = 0 for ¥ = w,,(¢,z) and ¥ = w,(t,z) + r, where

r >0, then f is called parabolic with respect to w in FE.
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Let us define the sets:

9, =j EJI,-(GT" 251907, 2j) (1=0,1,..,8 s€eN,),

where I; (1 =0,1,...,s; s € Ny) are countable sets of all mutually different natural
numbers such that

(1) ti<Ti3;-1<Tigi<tiyy for j€I; and T, 1#Tin-1
T2 #Ti o

for jkel,, j#k (1=0,1,..,s—1;s€N),
(i) 7Te=mfT,;,;_1>t and Ty =supT;,;<t;,; if cardl;=¥,
JEI; jEI.

3

(t=0,1,..,8s=1; s€N),
(43) $:D S foreveryt€ U [T;4;-1,Ti2;] (1=0,1,..,5—1;s€N),
! j€l;
() S;D S, for every t € [r;,T;]if cardI; =%, (:=0,1,...,s—1; s€eN),
(31) ts<Ta,2j—l <T:,2jStO+T for jEIs and Ts,2j—-1 #Ts,ﬂc—l’
T.s,2j # Ts,2lc fOI‘ ]vk € I.v .7 7é k (S € NO)a
(89) 7o =inf T,q;_1>t,if cardl, =R, (s €Ny),
e,
(s5) S¢D S, foreveryte UI [T4,25-1:T4,25] (s €No),
y JEI,
(s4) S:D .S',s for every t € [1,,to+ T]if cardI, =R, (s €Ny).

An unbounded set D of type (P) is called a set of type (P;gr) if

(a) 9, #0 (z=0,1,...,8 seN),
(b) Ine, #0  (1=0,1,...5 s€N)
Let 97 (:=0,1,..,55 s€N,) denote nonempty subsets of Y,

(t=0,1,...,s; s € Ny), respectively. We define the following sets:

I={jelzor,, Uor CH} (i=01..,5 seN)

1

A bounded set D of type (P) satisfying condition (a) of the definition of a
set of type (Psr) is called a set of type (P;sp)-

It is easy to see that if D is a set of type (P;sg), then D satisfies
condition (b) of the definition of a set of type (P;gr). Moreover, it is obvious
that if D, is a bounded subset [D; is an unbounded essential subset] of R", then
D = (ty,to + T)x Dy is a set of type (P;5p) [(Prsr), respectively].
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Assumption (G): We say that the functions

Gi,j: St.- X C([Ti,2j—l’Ti,2j] X St‘-)—’R (] € I:) = 0,1,...,3,’ s€E NO)

satisfy Assumption (G) if for every fized points T;€ S, (1=0,1,..,,s; s€N)
the inequalities

G; {(T,u)—G; {Z,v) < [u(t, Z;) — v(t,Z;)]

ma
t€(T; 251 Ti 24
(jeIi=0,1,...,s; s€Ny)
are satisfied, where u,v € PC(D).

3. A THEOREM ABOUT A WEAK INEQUALITY
Now, we shall prove Theorem 3.1 which is the main result of this paper.

Theorem 3.1:  Assume that
1. D is a set of type (Pysr)-
2. The function f is weakly decreasing with respect to z. Moreover,

there ezists a positive constant L such that the inequality

f(t,:c,z,q,r)——f(t,x,%','(}',?")
n n
SL(|z=Z |+ 12| > 1g; =G| + 121®>] |rjp—Ful)
: . 1

=1 Ik =

is satisfied for all (t,z) € D(s) (s €Ny), 2,Z €R, ¢,7 €R", n,7 € M, .(R).
3. The functions u and v belonging to PCY*(D) satisfy the inequalities

u(t,z) < v(t,z) for (t,z) € I'(s) (s €Ny) (3.1)
and
u(t;,z)+ ) ki j(2)G; (z,u)
jerr

<uo(t,z)+ Y hi [(2)G; [(z,v) forze S,‘ (t=0,1,..,8; s€N,),
jer;

(3.2)

'U)he're Gi,j:St,' X C([T,"zj _ lﬁTi,2j] X St‘_)—*R (] € I:, 1= 0, 1,. c9S S8 € NO) are
gwen functions satisfying Assumption (G) and h; ; Sti—>( —00,0] (j eI,
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i=0,1,...s; s €Ny) are given functions such that —1< ¥ h; () <0 forz €S,
JEI? !

(t=0,1,..,s; s€N,) and, additionally, if cardI} =R, (1=0,1,...,s; s€EN)
then the series Y h; J(z)G; {(z,u), T h; ;(z)G; j(z,v) (1=0,1,...,8; s€N) are
JeIt jelIr!
convergent for x € S'.‘ (z=0,1,..,s; s€EN,).
4. The mazima of u - v are attained on DN([t;,t;,,)XR")
(:=0,1,...,s—1; seN)and on D, (s€N,). Moreover

M; = _maz [u(t,z) —v(t,z)] (:=0,1,..,s—1; s€N)
(t,z)eD n([ti,ti_*_l)an)

and
M, = maz_[u(t,z)—v(t,z)] (s€Ny).
(t,z) € Dy

5.  f is parabolic with respect to u in D(s) (s€Ny) and uniformly
parabolic with respect to v+ M; (:=0,1,...,s; s€N,) in any compact subset of
D; (:=0,1,...,8 s€N,), respectively.

6. u and v are solutions of the differential inequality (2.1) in D(s)
(s €Np).

Then
u(t,z) <v(t,z) for (¢,z) € D. (3.3)

Proof: = To prove Theorem 3.1 we shall consider two cases: (z) s=0

and (%) s > 1. For this purpose assume that s = 0 and suppose that

u(t,z) > v(t,7), (3.4)
where (£,%) is a point belonging to D. From assumption 4 and from (3.4), there
exists

(t*,z*)€ D (3.5)
such that
My = u(t*,z*) — v(t*,2%) = (tr?)aexb[u(t, z) —v(t,z)] > 0. (3.6)

Inequalities (3.1) and (3.6) imply that

(t*,z*) ¢ T. (3.7)
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Assume, so, that (¢*,z*) € D. Consequently, by assumptions 6, 2 and by formula
(3.6), the following conditions hold:

(Pu)(t,z) = (P(v+ My))(¢,2)
< (Pu)(t,z) — (Pv)(t,z) £ 0 for (t,z) € D,
u(t,z) < v(t,z)+ M, for (¢,z) € D,
u(t*, z*) = v(t*,z*) + M,

(3.8)

\

Applying the strong maximum principle from [1] to (3.8) we obtain, by
assumptions 1, 2, 5, that

u(t,z) = v(t,z) + My for (t,z) €S~ (t*z). (3.9)
Since u€ C(D) if s=0 and since My>0 then (3.1) contradicts to (3.9).

Consequently,
(t*,z*) ¢ D. (3.10)
Formulas (3.5), (3.7) and (3.10) imply that

(t",2") € oy (3.11)

From the assumption that u € C(D), for every j € I} it follows that there
is To,j € [To,2j-1,To,2;] such that

w(To, ;2%) =T ja*) = [u(t, z*) — v(t, z")]. (3.12)

ma
t€(Ty 95 -1To,2;
Consider now two possible cases:

(A) Zho'j(w)zzo, :L'EStO; (B) —]-S.Zho,j(x)<0’ -'L'EStO-

jely el
In case (A) condition (3.11) leads to a contradiction of (3.2) with (3.6).

In case (B) we shall study two possible cases:
(a) Ij is a finite set, i.e., without loss of generality, there is a number
p € N such that I§ = {1,2,...,p}.
(b) cardIy =1,

First, we shall consider case (a). And so, by (3.2), by Assumption (G)
and by the inequality

p
u(t, ) — v(t,z*) < u(ty, «*) — v(tg,z*) for te€ U (To,2;-1:T0,2;];
1=1
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being a consequence of (3.6), (3.11) and of (a) (sy), (a)(s3) of the definition of a
set of type (Prsr), we have

02 [ultea”) + 3 ho,,(a7)Go,(a",u)]

j=1

= [v(to, 2" +Zho {(z)Go, (27, v)]

= [u(to, z*) — v(to, z*)] + Zlho j )[Go G yu) — Go,j(m', v)]
2 [“(to,x )" v(tO’x )] [1 + ZlhO J(x
Hence T
Uty 2) S vltya™) i 14 by (a7) > 0, (3.13)

Then, from (3.11), we obtain a contradiction of (3.13) with (3.6). Assume now
that

Y ho ja7) = — 1. (3.14)

1=1
Since there exists a number ! € {1,..., p} such that

u(Fopa?) oo ) = maz [y 07) =) (315)

j=1

then we obtain, by (3.14), (3.15), (3.12), by Assumption (G) and by (3.2), that
[“(to,w*) - v(t07 1"*)] - [u(TO,h :I}*) - U(To,b :l?*)]

= [“(tm - th TO T ) - v(TO,l? :L‘*)]

.‘;

S [u(t07 -V t07 [u TO 11 )— ”(710,1', xi)]
< [ulteye”) — v(tgy 2" 5': 2*)(Go, (", u) = Go, (", v)] < 0.
Hence i
u(tg, o) — v(tg, ) < u(To b)) = (T 1, z") if Z ho, (z*) = —1.  (3.16)

j=1

Since, by (a)(i,) of the definition of a set of type (P;sr), TO’, > tg, we get, from
(3.11) that condition (3.16) contradicts condition (3.6). This completes the proof
of inequality (3.3) if I is a finite set.
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It remains to investigate case (b). Analogously, as in the proof of (3.3) in
case (a), by (3.2) and by the inequality

U(t, 1'*) - U(t, :c*) < u(to, 1’*) — (o, 1'*) fort e U [TO,2j—17 To,zj],
JeI

being a consequence of (3.6), (3.11), and of (a)(s,), (a)(s3) of the definition of a
set of type (P;sr), we have

02> [u(to, -"3*) + Z ho,j(l'*)Go,j(m*» ”)] - [”(tm 33*) + 2 ho,j(w*)Go,j(m*, ”)]
j€l; ierny
= [u(to, .7)*) - ”(to, 117*)] + ZI hO,j(x*)[GO,j(x*,u) - GO,j(x*av)}
JEI
> [u(to, =) — v(tg, 2*)] - [1 + Z ho,j(w

JeI
Hence

u(ty, %) < v(t,x*) i 14 Y by ;(z*) > 0. (3.17)
JeI]

Then, from (3.11), we obtain a contradiction of (3.17) with (3.6). Assume now
that

> kg j(z¥)= -1 (3.18)
JEI)
and let 75 = infjelaTO,j' Since u € C(D) if s =0 and since, by (a)(s,) of the
definition of a set of type (P;sr), 2* € S, for every t € [1o,to + T if cardI, =X,
then there exists a number ¥ € [¥},t, + T such that
ut,z*)—v(t,z*)=  maz [u(t,z*) —o(t,z¥)]. (3.19)

t € [¥0.tg+ T]
Consequently, by (3.18), (3.19), (3.12), by Assumption (G) and by (3.2),

(
[u(to, 2") — v(t,27)) - [u(’t\v ") — v(? )]

= [u(tg, *) — v(tg, z*)] + Z ho,j(:z:*)[u(t ,T¥) — v(?, z*)]

JeI
< [“(thm ) = v(tg, 7)) + Z ho AT )[u To T ) - (To,j,x*)]
]eIO
< [u(ty, z*) — v(tg, z*)] + Z ho, {2*)[Go, ;(z*,u) — Gy ;(z*,v)] < 0.
JGIO

Hence
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u(to, z%) — v(te, z%) < u(f,z*) — v(€,z*) if Y ko j(a*) = — 1. (3:20)
Jjelg
Since, by (a)(s;) of the definition of a set of type (Pjsr), t > ty, we get, from
(3.11), that condition (3.20) contradicts condition (3.6). This completes the
proof of inequality (3.3) for s = 0.

To prove Theorem 3.1 in case (i) assume that s >1 and consider the

following nonlocal parabolic problems:

(Pu)(t,z) < (Pv)(t,z) for (t,z) € DN|[(ty,a,] x R"],

u(to, ) + Z ho,j(x)Go,j(xaU)
JEI]
{ S v(to, il?) + Z hO,j(x)GO,j(x, ’U) fOI' zE Stoa (321)
ier
u(t,z) < v(t, ) for (t,z) € I' N ([ty,a,] X R™),

a, is an arbitrary fixed number such that ¢, < Ty < @, < t;,

\

(Pu)(t,z) < (Pv)(t,x) for (t,2) € D N[(t;a; 1] xR"]
(t=1,...,s-1),

u(t, ) + Y hi (2)Gij(x,u)
jerIr
¢ So(tua)+ )k f(2)G j(zv)forze S, (i=1,..,s-1), (3.22)
JeI}
u(t,z) < v(t,z) for (t,z) € TN ([t;,a; 4 1) xR (e =1,..,s—1),

a; +1(1 =1,...,5s—1) are arbitrary fixed numbers such that

t<Ti<a; 1<ty (=1,..,s-1),
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(Pu)(t,z) < (Po)(t, ) for (¢,7) € D,,

u(ta’ IB) + Z hs,j(m)Ga,j(m’ u’)
. JEl; (3:23)
<oftya)+ Y by [2)G, (a0) for 2 €S, ,
el ’
u(t,z) < v(t,z) for (t,z) €T,.

L

Applying to problems (3.21)-(3.23) the same argument as in case (z) of the proof
of Theorem 3.1, we obtain the inequality

u(t,2) < o(t,2) for (1,2) € [D N (tyan) X))
VU DAt a4 ) xRYUID N oty + T) RO (3:24)

Since a,,a,,...,a, are arbitrary numbers such that
ti<T;<a; 1<ty (=0,1,..,s-1)
and since u,v € PC(D) then from (3.24),
u(t,2) < o(t,2) for (1,2) € [D N (ftoyt) xRIU DN ([t 1) X RY)]

1=1
U[D N([t,,to + T)xR™)] = D N ([t to + T]x R™) = D.
Therefore, the proof of Theorem 3.1 is complete.

Remark 3.1: If function v from Theorem 3.1 is equal to a constant
function then Theorem 3.1 is reduced to the theorem about a weak maximum
principle for an impulsive nonlinear parabolic differential inequality together

with weak impulsive nonlocal nonlinear inequalities.

Remark 3.2: Theorem 3.1 can also be formulated for a set D of type

(P;sp)- For this purpose it is enough to modify only assumption 4 from
Theorem 3.1.

4. UNIQUENESS CRITERION

As a consequence of Theorem 3.1 we obtain Theorem 4.1 about an
uniqueness criterion for the existence of the classical solution of an impulsive

nonlocal nonlinear parabolic differential problem.
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Theorem 4.1: Suppose that assumptions 1, 2 of Theorem 8.1 are
satisfied. Then in the class of bounded functions w belonging to PC*D) and
such that for all real constants C the function f is uniformly parabolic with
respect to w + C in any compact subset of D(s) (s € Ny), there ezists at most one

function u satisfying the following impulsive nonlocal parabolic problem

(Pu)(t,z) =0 for (t,z) € D(s) (s €Ny),

u(ti) .’II) + Z hi,j(x)Gi,j(x,u) = ¢t(x) for S St.- (Z = 0’ 17' -85S € NO))
JEIT

’U.(t, IE) = Q/)i(t, IL‘) fO'I“ (tax) € Fi (l = 0, 1a' 988 € NO)’

where ¢;, ¥; (1=0,1,...,88€N,) are given functions defined on S,._, T;
(Z = O, 1,. 985 S € No), respectively, G,-'J-:S,i X C([T,‘Jj _ l')Ti,2j] X St'_)‘—)l}-\b (] € I’:,
i=0,1,..,8, s€N,) are given functions satisfying Assumption (G) and
h,-'j:Sti——>( —00,0] (J€Ifi=0,1,..,5; s€N,) are given functions such that
-1<¥ . phii(#) 0 for z € S‘.’ (t=0,1,...,s; s€Ny) and, additionally, if
cardI? =R, (:=0,1,...55s €N,) then the series e I;h,-'j(m)G;'j(a:, w)
(t=0,1,...,8s €Ny) are convergent for z € S,‘_ (t=0,1,...,8s €Ny).

Remark 4.1:  Theorem 4.1 can be also formulated for a set D of type
(Prss).
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