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By use of the concavity of solution for an associate boundary value problem, existence
criteria of positive solutions are given for the Dirichlet BVP (O(u'))" +Aa(t) f (t,u) = 0,
0<t<1,u(0)=0=u(l), where @ is odd and continuous with 0 < l; < ((®(x) — D(y))/
(x — y)) < h,a(t) = 0,and f may change sign and be singular along a curvein [0,1] X R*.

1. Introduction

For the Sturm-Liouville boundary value problem (BVP)

(D (') +Aa(t) f(t,u) =0,

(1.1)
a1u(0) = B1u'(0) = 0 = au(1) + Bou’ (1),

there has been much work done for some special cases in order to search the existence of
positive solutions. For example, Erbe and Wang [3] studied the case for ®(v) = v, Wang
[8] discussed the problem with boundary conditions replaced by nonlinear ones, Sun
and Ge [7] dealt with the problem for the existence of multiple positive solutions in case
o) =2 =0and B; = a, = 1, Avery et al. [2] researched the existence of twin positive
solutions for the case ®(v) = v, a1 =, = 1, 1 = az = 0, and He and Ge [6] discussed the
existence of multiple positive solutions. In all the above-mentioned articles f is supposed
to be nonnegative. When ®(v) = v, Agarwal et al. [1] as well as Ge and Ren [4] discussed
the existence of positive solutions without nonnegativity condition imposed on f. As for
the general BVP

(p(O)® () +Ap(t) f(tu) =0, 0<t<]1,

u(0) =0=u(l), (1-2)

Hai et al. [5] studied the existence of positive solutions with f = —M. When ® is odd
and ®~! is concave, they proved that there are A*, 1 >0 such that BVP (1.2) has at least
one positive solution if A € (0,A*)[A > 1] under the condition lim, .« [t u)/®d(u) =
uniformly for ¢ € [0,1]. The restriction, ®~! being concave, excludes the case ®(u) =
[ulP=2u, 1< p<2.
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In this paper, we want to give theorems for the existence of positive solutions for the
BVP

(D)) +Aa(t) f(t,u) =0, 0<t<1,A>0,

(1.3)
u(0) =0=u(l),
without the restriction f(t,u) > —M for (t,u) € [0,1] X R* and without ®~! being con-
cave.
We suppose throughout this paper that
(H1) a € C((0,1),R") and for a § € (0,(1/2)), 0 < f a(t dt < fo (t)dt < oo;
(H2) @ is odd, continuous with

DO(x) - D(y)
xX=y

0<h < <h<o, x#y. (1.4)

Obviously (H2) implies that ®~!(s) exists and

0L (@@= (@) _ LI xty (15)
2 xX—y L

2. Preliminary lemmas

LemMma 2.1. Suppose (H1)-(H2) hold. Then for AM € R,

(@) +ra()M =0, 0<t<1,

(2.1)
u(0) =0=u(1)
has a unique solution
wan(t) = Ltqu (rar(e- Josa(f)df)>ds (22)
with ¢ satisfying
Ll ot (Anr(e- Ea(r)dr))ds —0. (23)

Proof. Tt is easy to show that u = w(¢) is a solution to BVP (2.1) if and only if u(t) is ex-
pressed in (2.2) with ¢ satisfying (2.3). Now we show that there is only onec which makes
(2.3) hold. Without loss of generality, we suppose AM = 0. Let H(c fo TAM(c -
fo a(t)dr))ds. Then H : R — R is continuous and strictly increasing w1th

1

H(0)<0<H<J

0

a(T)dT), (2.4)

which implies there is a unique ¢, € (0, fO 7)d7) such that H(cy) = 0. O
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It follows that there is 0 € (0,1) such that ¢y = fog* a(t)dt and then (2.2) becomes
t o*
Wi (£) = J o (/\MJ a(r)dr)ds. (2.5)
0 s
Remark 2.2. Let ko = (1/1;) fol a(t)dr. It follows from (2.5) that

1 1
I = gax [waae(®)| = AMIT | a(o)dr < DMk

<t<1 1 1 (2.6)
Il = e [ wipe(6)] = M1 JO a(z)dr = M ks,
Remark 2.3. Tt is easy to see that
wom(t) = —wam(t), lw_inmll = llwamll,s Wl = Wil (2.7)

and @ (w),,(t)) is nonincreasing when AM = 0.

LEMMA 2.4. uy(t) and wyy(t) are solutions of BVP (1.3) and BVP (2.1), respectively, with
f replaced by f* € C([0,1] X R,R). Let

D = {(t,x) € (0,1) X (— co,wan(t)]}. (2.8)
If f*(t,x) = M(< M) holds for each (t,x) € D, then
m(t) =w(t) () <wmw(t)), telo1]. (2.9)

Proof. We prove only the case f*(t,x) = M.

Suppose the contrary. Then there is f, € (0,1) such that (ty,ur (%)), (to, wam(ty)) € D
and uy (ty) — wam (o) < 0. Without loss of generality we assume u) (fy) — wy,,(fo) < 0. The
condition 1) (1) = wam (1) = 0 implies there is f; € (fo, 1] such that

w () <win(®), te[tot));  w(h) =wm(f). (2.10)
Then for t € (ty, 1),

O (u) (1)) — D(wiy, (1))
t

= [@(u)(t0)) = D(wyp (80)) ] = A | a(D)[f* (r,ma(1)) — M]dr (2.11)

to

< O(u (b)) — D(wyy (o)) <0,



292 Singular BVP with a Laplace-like operator

and therefore u) (t) < w),,(t) which implies

uy (t1) = wam (1) = ur (o) — wanm (to) + Ll [1)(s) — wyy(s)]ds <0, (2.12)

a contradiction to (2.10). O

Remark 2.5. If f(t,x) = M(< M) is replaced by f(t,x) > M(< M), then u)(t) > wam(t)
(ur(t) < wam(t)).

LEMMA 2.6. Suppose u, v € C'([0,1],R*) and u(0) = u(1) = v(0) = v(1) = 0. If |lull =
1V || and u is concave, then

u(t) =v(t), te[0,1]. (2.13)

Proof. Suppose there is 0 € (0,1) such that u(o) = |lull = L. Then v(¢) < Lmin{t,1 — ¢},
€ [0,1]. The concavity of u implies u(¢) > u(o)min{t,1 — t}. So u(t) = v(¢) holds for
te[0,1].
For each x € C([0,1],R), f* € C([0,1] X R,R), the solution to

(@) +Aa(t) f*(t,x(t)) =0, 0<t<]l,

(2.14)
u(0) =0=u(1)
can be expressed in the form
t
u(t) =J q>-1< <C—J (0)f* (1, x( T))dT))d (2.15)
0
with c satisfying
1 s
J o1 (A(C—J a(‘r)f*(r,x(r))d‘r))ds ~0. (2.16)
0 0
Since H(c fo fg a(t) f*(1,x(1))dT))ds is strictly increasing with respect to ¢
and
t
H(c)<0 whenc< (}1<11<nlj a(t) f*(7,x(7))dT,
=t (2.17)
H(c) >0 whenc>éntax a(t) f*(7,x(7))dT,
there is only one ¢, € R,
t t
min J a(7) f* (1,5(1)) d < ¢x < maXJ a(7) f* (1,5(1)) dr (2.18)
0<t<1)g 0<t<1Jo



J.Renand W. Ge 293

such that H(c,) = 0. So the solution to BVP (2.14) is unique. At the same time, (2.18) im-
plies there is 0, € (0,1) such that [;* a(t) f*(1,x(7))dt = cr. Then (2.15) can be written
as

u(t)=LtCD_ ( j (%) F* (,x(1) )dr)d (2.19)

Furthermore, by u(1) = 0 and for ¢ > gy,

() = — Ltcp-l (A J a(z) f* (T,x(f))d‘r) ds

= fqﬂ@f a(T)f*(T’x(T))dT>d5, (2.20)

and therefore
t
J ! (AJ (1) f* (7, x( ‘r))dr)ds, 0<t<ay,
u(t)y=1"" g (221)
J o! ()LI a(T)f*(T,x(T))dT)ds, o <t<l1
t Oy
for each o, € 2 = {0 € [0,1] foa(rf*rx ))dT = ¢y} O

LemMA 2.7. The constant ¢ = ¢y determined by (2.16) is continuous with respect to x €
C([0,1], R).

Proof. Suppose the contrary. Then there are x,, € C([0, 1],R) which converge to x(¢) uni-
formly in [0,1] and ¢, determined by (2.16) with x replaced by x,,, converging to ¢y # c.
Applying Lebesgue’s dominating convergence theorem, we have

JI(I)_1</\(CO—J (1)f* (1, x( T))d‘r))ds:o (2.22)

0

as 1 — oo in

Jl o (A(cn - Ea(r) * (T,xn(r))dr))ds —0. (2.23)

0

The uniqueness of solution to (2.16) implies ¢y = ¢, a contradiction.
Take X = C([0,1],R) and define

T:X —X (2.24)
by
(Tx)(t) = thrl (A( f () f* (r,x(x )dr))ds (2.25)

with ¢, satisfying

Jl o (A(cx - Lsa(r) * (T,x(T))dr))ds —0, (2.26)
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or equivalently,

Jot(Dfl (,\J’;fx a(T)f*(‘[,X(T))dT)dS, 0<t<oy,
J:@fl( JS (7)f*(7,x(7) )dT>ds, o <t<l,

Ox

(Tx)(t) = (2.27)

where 0, € Z,. Obviously u(t) = (Tx)(¢) is the solution of (2.14). O
Lemma 2.8. T : X — X is completely continuous.

Proof. Because @1, f are both continuous, a(t) is integrable on (0,1), and ¢, is contin-
uous with respect to x, it is easy to show that T is continuous in X. Given a bounded set
Q C X, (2.25) implies TQ) is bounded. Differentiating (2.25) with respect to ¢, one has

(Tx)' () = ! ()L(cx J a(z) f* (1,x T))d‘[)) (2.28)

Obviously there is L > 0 independent of individual x € Q such that
|(Tx)'(t)] <L, x€Q,te[0,1] (2.29)
which implies TQ is equicontinuous. Then the complete continuity of T : X — X follows

from the Arzela-Ascoli theorem. O

Now we define furthermore

T*: X — X (2.30)

(T*x)(t) = wygr(t) + (T (x — wyz7) ) (1), (2.31)

where M is an arbitrary constant.
From Lemma 2.8 the following result holds.

LemMaA 2.9. T* : X — X is completely continuous.

Obviously, u(t) = x(t) — w)3;(t) is a solution to BVP (1.3) if and only if x is a fixed
point of T* : X — X.

3. Main results

Let M = (L/I)M, let A = (1/l) maxo<.<[J§ [Fa d‘rds+f f T)d‘rds] let B = (1/1,)
ming<.<1-5[[s | a(t)drds + fcl 5fc a(t)drds), and let d = (M/I,) [fo f a(t)drds + jl s
Jo a(r)dr ds], where M > 0 is a constant. Condition (H1) implies A, B > 0.
Let also X = C([0,1],R) with the norm || - || defined by |lull = maxo<;<; |u(t)|, and
={ue X:u(t) = 0is concave on [0,1]}. Then K is a cone in Banach space X.
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Suppose in addition
(H3) f(t,u) = —M is continuous for (t,u) € [0,1] X [wy(t),0), where o, M >0 are
two constants.

Then let
tu), = Wwqll),
f*(tu) = fitu) u 2 wilf) (3.1)
FEwa(t)),  u<wu(t).
Clearly f*(t,u) = —M is continuous on [0,1] X R.
Define T* : K — K as (2.31).
Lemma 3.1. T*(K) C K.
Proof. For y €K,
T*y =wyz(t)+ T (y — wyzp) (1), (3.2)

where w) 3y and T'(y — w)3;) satisfy, respectively, (2.1) and (2.14). Applying Lemma 2.4 we
get from f*(£,(y — wyz)(£)) = —M = —(L/,)M = —M that

T(y—wyp) () = w_ 57(0) = —wy7(1), 0=<t<1, (3.3)
and hence
(T*y)(t)=0, 0<t<l. (3.4)
At the same time, for t;,t, € [0,1], t; < ta,

(T*y) () — (T*y) (1)

= (T =) (12) = (T(y = wyz)) (0) + Wl (12) =W (11)

- @‘1()Lj::a(‘r)f*(% (y—wm)(f))df) (3.5)

-o! (Ajaa(r)f* (r,(y - WMVI)(T))dT)

t

(@) (AM aoa(r)dr) — (o) (AM " a(r)dr).

15} t

Since

00

(071 (/\1\7 a(r)dr) — (o7 (Aﬁ " a(r)dr) < —lMVf ; a(t)dr <0, (3.6)
b

t 2] h

one has

(T*y) () = (T*y) (1) <0 (3.7)
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if
t
| a0 - w) @)dr =0,
On the other hand, when
153
J, a0 (5. (= w2 dr <0,

it follows that

(3.8)

(3.9)

! ()LEa(T)f* (r,(y - WMT/I“)(T))dT) —o! (AJ:T a(t)f*(r,(y - WMW)(T))dT>

)

< —lar a(2) f* (1, (y — wya) (@) dr < aM [ a()dr,
ll t ll

t

and then

(T*) (8) = (T*y) (1) = llAM * aoydr - 257 [ aoydr = o
1

3] ZZ 31

Then (T* y)(t) is concave. So T*K C K.

Lemma 2.9 and Lemma 3.1 imply that T* : K — K is completely continuous.

THEOREM 3.2. Suppose (H1), (H2), and (H3) hold and
(H4) f(t,wa(t)) = aa(t), t € (0,1),
(H5) there are b > Mko and ¢ € (2Mky,2b) such that

Cc— ZMko
A b

f(tu) < (t,u) € [0,1] X [wq(1),b].
Then BVP (1.3) has at least a positive solution u = u(t) with
llu+wigll <b,  u(t) =wa(t), tel0,1],

ifA e [1,2b/c)].

(3.10)

(3.11)

(3.12)

(3.13)

Proof. Take K; = {x € K : ||x|| < b}. Then K}, is a closed convex set in X. Each y € 9K},

t o
(T*)(8) < |wyzr (1) | + L o (AJ a(z) f* (1, (y - wm)(r))dr)ds
—~ t o
< AWKy + JO o (A [ a(t) f* (1, (y - wm)(f))dr)ds,
where o is taken from X, _,, - such that

T(y = wys) (0) = max T (y = wyzp) (0).

(3.14)

(3.15)
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It follows from (2.27) that

(T*)’)(f)S/\MkoJrA(C_AM%J J a(t)dr ds,
1J0 Js

N i O (3.16)
(T*y) (1) siﬂkw(c%())llj J a(t)drds,
1Jo Jo
then
— F o o 1 ps
(T*y)(t)skﬁkwwlu J a(r)drds+J Ja(r)drds]
24~ hibtdos oo (3.17)
~  AMc—2Mky) A
</1Mko+¥=7c,
When A < (2b/c), we have
IT*yl| < b=yl (3.18)

Hence T* has a fixed point y = y(t) in Kp. Obviously u = y — w,5; is a solution to
BVP (2.14). When A = 1, one has Af*(t,x) = aa(t), (t,x) € [0,1] X (=00, w,(t)]. And
Lemma 2.4 implies u(t) = w,(t), 0 <t < 1. So u(t) is also a solution to BVP (1.3). O

CoROLLARY 3.3. In Theorem 3.2 if (H5) is replaced by
(H5)" limy—+o ((f(t,u))/u) = 0 uniformly in t € [0,1],
then BVP (1.3) has at least one solution u = u(t) with

u(t) = we(t), llull <o (3.19)

when A > 1.

Proof. For A € [1,00), take ¢ € (0,(1/AA)). Then (H5)" implies there is b > (2Mko/cA)
such that

f(Z’”) <& for (bu) € [0,1] X [wa(t),b], (3.20)
that is,
fltu)<eb= ¢ = 2Mko for (t,u) € [0,1] X [wq(t),b], (3.21)

A

where ¢ = 2Mk + ebA. Applying Theorem 3.2, we see that BVP (1.3) has a positive solu-
tion u(t) > w(t) since A < (1/eA) = (2b/2beA) < (2b/(2Mko + beA)) = (2b/c). O

THEOREM 3.4. Suppose (H1), (H2), and (H3) hold and in addition
(H6) there are b > 2ky max{a,M} andc € (4A7k0,2b) such that
Cc— Zﬂko

f(tu) < A (t,u) € [0,1] X [wqu(t),b], (3.22)
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(H7) there are a > da > b and r > (ac/b) such that

Fltu) > %, (t,u) € [0,1] X [&1 - Z—Cbmo,a]. (3.23)
Then BVP (1.3) has a solution u = v(t) with
V(1) > wy(t), b<|lv+wsll<a (3.24)

when A € [(2a/r),(2b/¢)].

Proof. It can be shown as in the proof of Theorem 3.2 that for y € 0K}, we have

2b
IT*y|[ < iyl /\6( ] (3.25)
For y € 0K,, the concavity of y implies
2b~
y(t)=ad, (y—wyz)(t)=ad— TMkO’ te[d,1-46] (3.26)

for 0 < A < (2b/c). Take o which satisfies (3.15).
(A) o€ [6,1-0].
By use of expressions (2.27) and (2.31), we get

NT* || > T (y = wyz1) (o)
- J:cp-l (A Lga(f)f* (7. (y — wiz) (T))dT)ds
> J: ot ()L Lga(r)f* (7, (y = wyp) (T))d‘[) ds

_ JS ()LMJ a(t) dT)dS (3.27)

r+d J J ‘r)d‘rds——I J a(t)drds,
1-8
|| T*y|| > r+d J J des——J J T)drds.
1-8

It follows that

2|T*y|| > A(r +d) — Ad = Ar, (3.28)
IT*yl| >a= Iyl ford= zr—“ (3.29)

(B) o €(0,8)u(1-4,1).
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Without loss of generality we suppose o € (0,9). Then

1-8
eyl > XD [ ayaras- [ [ aeyards
1-8
>AMr+d)—Ad = Ar,

(3.30)

| T*y||>2a>a ford=> 27a. (3.31)

Expression (3.25), together with (3.29) or (3.31), implies T* has a fixed point y, b <
lyll < a, when A € [(2a/r),(2b/c)]. Then v = y — w31 is a positive solution to BVP (2.14)
and

lyl >bzako+g

2b ~ 2b ~
= aky+ ——Mky > aky + — Mk
Ko 13Tk 0 > ko c 0 (3.32)

. 20 2b
> ([l +w! Ae[r,c].

Applying Lemma 2.6, we have

(1) = walt) T wizr (1), A€ [2“ zcb], (3.33)
and then
2a 2b
V(1) = y() — wygp(D) = walt), A€ [7, 7] (3.34)
which implies v(¢) is also a positive solution to (1.3) with
V(1) = we(t), b<|lv+wgll<a (3.35)
O
CoROLLARY 3.5. In Theorem 3.4, if (H7) is replaced by
(H7)" limy— 4o (f (t,u)/u) = +00 uniformly in t € [0,1],
then BVP (1.3) has at least a solution u = v(t) with
v(t) = we(t), |v] < oo, [|[v+wl > b (3.36)

when A € (0,(2b/¢)].

Proof. For each A € (0,(2b/c)], take a ¢ € (0,A) and a N > (2/¢dB). Condition (H7)" im-
plies there is ag > (Zkao/éc) such that for each a > ay,

f(tu) >Nu>N(6a— &Mk0> ue [6a—2—CbZ\N/Iko,a]. (3.37)
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Take a > ay large enough such that

N((Stl - 2—b],W](()

) . (2a/e)+d
c

, uc [&1 - %]\N/Iko,a], (3.38)

then Theorem 3.4 implies BVP (1.3) has a positive solution v(t) when A € [¢,(2b/¢)],
where v(t) = wa(t), b < [[v+ w5l < .
It is easy to show the following two theorems. O

THEOREM 3.6. Suppose (H1), (H2), (H3), (H4), (H5), and (H7)" hold. Then BVP (1.3) has
at least two positive solutions u(t) and v(t) when A € [1,(2b/c)], where

u(®),v(t) = wo(t), a<|lu+wgll <b<|lv+wll < . (3.39)

TaeoreM 3.7. Suppose (H1), (H2), (H3), (H5)', (H6), and (H7) hold. Then BVP (1.3) has
at least two positive solutions v(t) and u(t), when A € [(2a/r),(2b/c)], where

v(t),u(t) = wy(t), b<|lv+wll <a<|lu+wgll <. (3.40)
Remark 3.8. Our theorems can be applied to case that f possesses singularity along a

curve in [0,1] X R* since no restriction is imposed on f for (¢,u) € [0,1] X (0, wq(t)].

Example 3.9. Let a(t) = n’sinnt, f(t,x) = (4/(4x+ 1 —2sinnt)), and

u [ul <3
bl —_ 2)
. 3 5
®(u) =4 u(2+sinm|ul), E<|u|<5, (3.41)
5
3u, > —.
u |ul 5

Then wy(t) = sinnt is the unique solution of

(@) +n?sinmt =0, u(0) =0 = u(1),

4 4
t, t) = ——F7==->1
f( wi(D)) 1+2sinnt 3

(3.42)

I
R

Clearly limy—.o(f(t,u)/u) = lim,_(4/(4u* + u — 2usinnt)) = 0 uniformly. Applying
Corollary 3.3, we conclude that

o 4m*sinmt
(@) +/\4u+ 1-2sinmt (3.43)
u(0) =0=u(1)
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has at least a positive solution u(t) > sinzt when A > 1. Since f is singular along with
u=(1/4)(2sinnt — 1) > 1, (1/6) < t < (5/6), no previous result can be applied to obtain
the above conclusion.

Example 3.10. Let a,® be the same as those in Example 3.9 and f(t,x) = (x*/4327%) —
(4/(4x+1 —2sinmnt)). Then [, = 1, [, = 3 and for w; (t) = sinmt we have kg = 2 and

f(t,x)>—4, (t,x) €[0,1] X [sinnt, ),

x x 1 s (3.44)
A = max [I dsj ﬂzsinﬂTdT-i-I dsJ ﬂZSinT[TdT] =7
0 s X X

0=<x<1

Take ¢ = SMko = 120m, b = 1447. It follows that

=Mk iMkO > 48,
1447)? 2Mk (3.45)
f(tx) < (4322 —48< = T for (62) € (0,1]x [wi(8),b].
Based on Corollary 3.5, BVP
2
N 2 . u _ 4 ] _
(@) +An Sm”t[432n2 dut1—-2sinmt] ° (3.46)
u(0)=0=u(1)

has at least a positive solution u(t), satisfying u(t) > sinnt for t € (0,1), when A < (2b/c) =
(12/5).
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