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We introduce and study a new class of generalized nonlinear implicit quasivariational
inclusions involving relaxed Lipschitzian mappings. We prove the existence of solution
for the generalized nonlinear implicit quasivariational inclusions and construct some new
stable perturbed iterative algorithms with errors. We also give an application to a class of
generalized nonlinear implicit variational inequalities.

1. Introduction

Variational inequality theory and complementarity problem theory are very powerful
tools of the current mathematical technology. In recent years, classical variational in-
equality and complementarity problems have been extended and generalized to study a
wide class of problems generated in mechanics, physics, optimization and control, non-
linear programming, economics and transportation equilibrium, and engineering sci-
ences, and so forth. A useful and important generalization of variational inequalities is a
variational inclusion. Using the resolvent operator technique, many authors have studied
various variational inequalities and inclusions with applications (see [1, 2, 5, 6, 8, 9, 10,
11, 12,13, 14, 16, 18, 19, 20, 21] and the references therein).

In 1997, Verma [19] studied the solvability, based on an iterative algorithm, of a class
of generalized nonlinear variational inequalities involving relaxed Lipschitz and relaxed
monotone operators. Recently, Huang [9, 10] introduced and studied the Mann- and Ish-
ikawa-type perturbed iterative sequence with errors for the generalized nonlinear implicit
quasivariational inequalities and inclusions. On the other hand, Huang et al. [12] and
Shim et al. [16] proved some existence theorems of solutions for the generalized non-
linear mixed quasivariational inequalities (inclusions) and convergence theorems of the
iterative sequences generated by the perturbed algorithms with errors.

Inspired and motivated by the recent papers [1, 9, 10, 11, 12, 16, 19], in this paper, we
introduce and study a new class of generalized nonlinear implicit quasivariational inclu-
sions involving relaxed Lipschitz mappings and construct some new perturbed iterative
algorithms with errors. We discuss the convergence and stability of perturbed iterative
sequences with errors generated by the algorithms for solving the generalized nonlinear
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implicit quasivariational inclusions. We also give an application to a class of generalized
nonlinear implicit variational inequalities.

2. Preliminaries

Let H be a real Hilbert space endowed with a norm || - || and an inner product (-, -), re-
spectively. For given mappings f,g,p:H — H,and N: HxH — H.Let M : H x H — 21
be a set-valued mapping such that, for each fixed t € H, M(-,t) : H — 2H is a maximal
monotone mapping and Range(p) (N Dom(M(-,t)) # &. We consider the following prob-
lem. Find u € H such that

p(u) € Dom (M (-,g(u))),

(2.1)
0€ f(u) — N(u,u) + M(p(u),g(u)),

which is called the generalized nonlinear implicit quasivariational inclusion.

Some special cases of the problem (2.1) are as follows.

(1) If M(x,t) = M(x) for all x,t € H, then the problem (2.1) is equivalent to finding
u € H such that

p(u) € Dom(M),

0€ f(u)— N(uu)+ M(p(w)), (2.2)

where M : H — 2H is a maximal monotone mapping. The problem (2.2) was considered
by Adly [1] and Huang [10], respectively.

(2) If M(-,t) = 0¢(-,t) for each t € H, then the problem (2.1) is equivalent to finding
u € H such that

p(u) € Dom (d¢(-,g(u))),

2.3
(F) — Ny — p()) = p(p(u)rg(w)) - 9(v,g(u)) (29

forallv € H,where ¢ : HXH — R|J{+o0} such that foreacht € H, ¢(-,#) : H — R|{J{+c0}
is a proper convex lower semicontinuous function with

Range(p)ﬂDom(ago(-,t)) + Q. (2.4)

When g is the identity mapping, the problem (2.3) was considered by Ding [6].
(3) If f =0 and g is the identity mapping, then the problem (2.1) is equivalent to
finding u € H such that

p(u) € Dom (M(-,u)),

0€ —N(u,u)+M(p(u),u) 2

which is called the generalized strongly nonlinear implicit quasivariational inclusion con-
sidered by Shim et al. [16].
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(4) If f = p and M(-,t) = d¢ for all t € H, then the problem (2.1) is equivalent to
finding u € H such that

p(u) € Dom(dg),
(2.6)
(p(u) = N(u,u),v— p(u)) = ¢(p(u)) —o(v)

for all v € H, where d¢ denotes the subdifferential of a proper convex lower semicontin-
uous function ¢ : H — RJ{+0c0}.

(5)If f = p,N(x,y) =Sx— Ty for all x,y € H and M(-,t) = 8k for all t € H, then
the problem (2.1) is equivalent to finding u € H such that

p(u) € K(g(u)),

(2.7)
(p(w) — (Su—Tu),v—p(u)) =0

for all v € K(g(u)), where S,T : H — H are two single-valued mappings, K : H — 2 is a
set-valued mapping with nonempty closed convex values, and 8k ;) denotes the indicator
function of K(t) for each fixed t € H.

Remark 2.1. For a suitable choice of f, p, g, N, M, and the space H, a number of classes
of variational inequalities, complementarity problems, and variational inclusions can be
obtained as special cases of the generalized nonlinear implicit quasivariational inclusion
(2.1).

In the sequel, we give some concepts and lemmas.

Definition 2.2. A mapping f : H — H is said to be
(i) strongly monotone if there exists a constant > 0 such that

(fw) = fv)u—v) =rllu—vl? (2.8)

forall u,v € H,
(ii) Lipschitzian continuous if there exists a constant s > 0 such that

1f () = fD)] < sllu—vll (2.9)

forall u,v € H.

Definition 2.3. A mapping N : H X H — H is said to be relaxed Lipschitzian with respect
to the first argument if there exists a constant ¢ > 0 such that

(N(t,-) =N, -),u—v) < —tllu—v|? (2.10)

forall u,v € H.
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Definition 2.4. A mapping N : H Xx H — H is said to be Lipschitzian continuous with
respect to the first argument if there exists a constant & > 0 such that

IIN(u,-) = N(v,")|| < allu—vll (2.11)

for all u,v € H.

In a similar way, we can define the Lipschitzian continuity of the mapping N (-, -) with
respect to the second argument.

Definition 2.5. Let {M"} and M be maximal monotone mappings for n =0,1,2,.... The

sequence {M"} is said to be graph-convergence to M (write M" S M) if, for every (x,y) €
Graph(M), there exists a sequence (xy, ¥,) € Graph(M") such that x, — x and y, — y as

n— oo,
LEMMA 2.6 [4]. Let {M"} and M be maximal monotone mappings for n = 0,1,2,.... Then
M S M if and only if

I (%) — J(x) (2.12)

for every x € H and A > 0, where J{* = (I+AM)~".

LeEMMaA 2.7. Let {an},{bn}, and {c,} be three sequences of nonnegative numbers satisfying
the following conditions: there exists a positive integer ny such that

An1 < (1 —ty)a, +but, +cy (2.13)
for n = ny, where
t, € [0,1], zotn = +o00, lim b, =0, Zocn < +oo. (2.14)
n= n=

Then a, — 0asn — +o.

Proof. Let 0 = inf{a, : n = ny}. Then ¢ = 0. Suppose that ¢ > 0. Then a, = ¢ > 0 for all
n > ny. It follows from (2.7) that

1 1
Api1l < ap — 0ty +t,by+c, = a, — (EG - bn) ty — Eal‘,1 +c, (2.15)

for all n = ny. Since b,, — 0 as n — oo, there exists n; = ng such that
1
—o=>b, (2.16)
2

for all n = n;. Combining (2.13) and (2.15), we have

1
Api1 < Ay — EGt" + ¢y, (2.17)
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for all n > n;, which implies that

l 00 (o]
50 Z ty < ay, + Z Cp < 00, (2.18)

n=n; n=n;

This is a contradiction. Therefore, 0 = 0 and so there exists a subsequence {a, 3 C {an}
such that a,; — 0 as j — oo. It follows from (2.7) that

Anj+1 < An; +byty; +Cnys (2.19)

and so a,;+1 — 0 as j — 0. A simple induction leads to a,,+x — 0 as j — forallk>1
and this means that a, — 0 as n — co. This completes the proof. O

LemMa 2.8 (see [11, 12]). u € H is a solution of the problem (2.1) if and only if

p() = 15" [ p(w) = p f(u) + pN (1)), (2.20)

where p >0 is a constant and

1

];VI(.,g(u)) = (I+pM(-gw))) . (2.21)

3. Existence and uniqueness theorems

In this section, we show the existence and uniqueness of solution for the generalized
nonlinear implicit quasivariational inclusion problem (2.1) in terms of Lemma 2.8.

TaeoreM 3.1. Let N : H X H — H be Lipschitzian continuous with respect to the first and
second arguments with constants a, 3, respectively, and let it be relaxed Lipschitzian with
respect to the first argument with a constant t > 0. Let f,p,g: H — H be Lipschitzian con-
tinuous with constants o, s, and I, respectively, and let p be strongly monotone with a constant
r > 0. Suppose that there exist constants A >0 and p > 0 such that for each x, y,z € H,

M (2) = 17 (@) | < Ml =y, (3.1)

2V1 =2r+s2+4/1 = 2pt+p2a2+ (pf+po+Al) < 1. (3.2)

Then the problem (2.1) has a unique solution u™ € H.

Proof. By Lemma 2.8, it is enough to show that the mapping F : H — H has a unique
fixed point u™* € H, where F is defined as follows:

Fu) = u—p)+ 13" [p(w) - p f () + pN(u,u)] (3.3)
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forall u € H. From (3.1) and (3.3), we have
||F(u) = F(v)]|
= Hu — pw) + " [ p(u) = p f(u) + pN (1, 11)]

— =)+ 5" ) — pf () + pN (v
<ju=v—=(p(w) —p<v il

|l pw) - pf () +pN )] = " [p() = pf () + pN (v, )] |
<lu- V—(P(M —P(V )|
+H] u)) —pf(u)+pN(u,u)] —J, ("g(”))[ (v)—pf(v)+pN(v,v)]H

+ [ ””[ ()= pf ) +pN )] =" [p(v) = p f () + pN (v, W) |
<llu—v—(pw) - p)|[+Mlgw) - g)]

+||p(u) — pf(u) +pN(u,u) - [(V)—Pf(V)+pN(v,V)]|I
<|lu=v+p(N(uu) — N,v))||

+2||u—v = (p(u) = pM)||+pll f () = FW|[+Alllu— v
<2lfu—v—(p@w) = pM)[|+[lu=v+p(N(wu) = N(v,u)||

+P||N(V)”) _N(V>V)|| + (P0+M)||U— V”
(3.4)

By the Lipschitzian continuity and strong monotonicity of p, we have

llu=v— (pu) = p)|’

=llu—vl*>=2(u—v,p(u) — p(v)) +||p(w) p(v)||2 (3.5)
<(1-2r+s?)u—v|>

Since N is Lipschitzian continuous with respect to the first and second arguments and
relaxed Lipschitzian with respect to the first argument, we obtain

||u—v+p(N(u,u)—N(v,u))||2
= llu—vl*+2p{u—v,N(u,u) — N(v,u)) + p?||N(u,u) — N (v, u)||2

(3.6)
< (1-2pt+p*a®)llu—vl?
[IN(v,u) = N(v,v)|| < Bllu—vll.
From (3.4), (3.5), and (3.6), we have
||[F(u) = F(v)|| < hllu—vl|, (3.7)

where

h=2V1-2r+s24+./1-2pt+pa?+ (pf+po+Al). (3.8)
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From (3.2), we know that 0 < & < 1. Therefore, there exists a unique u* € H such that
F(u*) = u*. This completes the proof. O

Remark 3.2. 1f there is a constant p > 0 such that

t—(1-k)(B+0)

a? —(B+0)?

) J(t+ (k= 1)(B+0)) = k(2 — k) (a? - (B+0)2)

a2 —(B+o0)? ’

(3.9)
t>(1-k)(B+0)+k2-k) (o2 - (B+0)?), a>B+o,

pB+o)<l—k, k=2v1-2r+s2+Al, k<1,
then it is easy to check that condition (3.2) is satisfied.
From Theorem 3.1, we can obtain the following theorem.

TueEOREM 3.3. Let N, p, and f be the same as in Theorem 3.1. Suppose that there exists
a constant p >0 such that (3.2) holds for k = 2+/1 — 2r + s%. Then the problem (2.2) has a
unique solution u™ € H.

4. Perturbed algorithms and stability

In this section, we construct some new perturbed iterative algorithms with errors for
solving the generalized nonlinear implicit quasivariational inclusion problem (2.1) and
prove the convergence and stability of the iterative sequences generated by the perturbed
iterative algorithms with errors.

Definition 4.1. Let T be a self-mapping of H, xo € H and x,; = f(T,x,) define an
iteration procedure which yields a sequence of points {x,} in H. Suppose that {x €
H:Tx=x} + @ and {x,} converges to a fixed point x* of T. Let {y,} C H and let
€n = ”)’nJrl - f(T,yn)”
(i) If lim,, .« €, = 0 implies that lim,_« y, = x*, then the iteration procedure {x,}
defined by x,+1 = f(T,x,) is said to be T-stable or stable with respect to T.
(ii) If X5 €n < +o0 implies that lim,,— yn = x*, then the iteration procedure {x,} is
said to be almost T-stable.

Some stability results of iteration algorithms have been established by several authors
(see [3, 7, 12, 15]). As was shown by Harder and Hicks [7], the study on the stability is
both of theoretical and of numerical interest.

Remark 4.2. An iteration procedure {x,} which is T-stable is almost T-stable and an
iteration procedure {x,} which is almost T-stable need not be T-stable [15].

Now, we give the perturbed iterative algorithms with errors for the generalized non-
linear implicit quasivariational inclusion problem (2.1) as follows.

Algorithm 4.3. Let f,p,g:H — H and N : H x H — H be four single-valued mappings.
Let {M"} and M be set-valued mappings from H X H into the power of H such that
for each t € H, M"(-,t) and M(-,t) are maximal monotone mappings and M"(-,t) <
M(-,t). Forany given uy € H, the perturbed iterative sequence {u,} with errors is defined
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as follows:

Up+1 = (1 - ‘xn)un
+a, [v,, —p(va) +]£4n("g(v")) (p(va) —pf(va) +pN(vn,v,,))] +aue, + 1,
Vo = (1= ) tn
Bl ttn = p () + 15" (p () = pf () + PN (st 110)) | + fi»

(4.1)

forn=0,1,2,..., where {a,} and {f3,} are two sequences in [0,1], {e,},{l,}, and { f,} are
three sequences in H satisfying the following conditions:

imlledl=lmlfll=0,  Seztw,  Slhl<te  42)
n=0 n=0

From Algorithm 4.3, we obtain the following algorithm for the problem (2.2) as
follows.

Algorithm 4.4. Let f,p:H — H and N : H X H — H be three single-valued mappings.
Let {M"} and M be maximal monotone mappings from H into the power of H such that

M" & M. For any given 1y € H, define the perturbed iterative sequence {u,} with errors
as follows:

Up+1 = (1 _‘Xn)“n
+a, [vn —p(va) +]f,w" (p(va) —pf (va) +pN(vn,vn))] +anen + 1,
Vo= (1= fn)uy
+ Bl = p(10a) + 13 (p () = pf (1) +pN (i 100)) | + £

(4.3)

forn=0,1,2,..., where {a,}, {s}, {en}, {I}, and { f,} are the same as in Algorithm 4.3.

Remark 4.5. For a suitable choice of f, p, g, N, M", and M, Algorithm 4.3 includes several
known algorithms in [1, 5, 6, 9, 10, 12, 16, 18] as special cases.

THEOREM 4.6. Let f, p, g, and N be the same as in Theorem 3.1. Suppose that {M"} and M
are set-valued mappings from H X H into the power of H such that for each t € H, M"(-,t)

and M(-,t) are maximal monotone mappings and M"(-,t) g M(-,t). Assume that there
exist constants p >0 and A > 0 such that for each x, y,z € H and n = 0,

140 2) = o™ (2)|| < Alx =y,

. (4.4)
e z) - " (@) < A=yl
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and the condition (3.2) holds. Let {y,} be a sequence in H and define a sequence {€,} of real
numbers as follows:

D ) )|

€p = ‘ Yn+1 — {(1 _‘xn)}’n+‘xn[xn_P(xn)+

>

+oc,,e,,+l,,}

0= (1= B yu+Ba yu = 2 O) + 1" 57 () = pf () + PN (3o y)) | + fs
(4.5)

where {a,}, {Bn}, Len}, {n}, and { f,} are the same as in Algorithm 4.3. Then the following
hold.

(1) The sequence {u,} defined by Algorithm 4.3 converges strongly to the unique solution
u™* of the problem (2.1).

(2) If €4 = anAy+ yn with 3.0 yn < +00 and lim,_.c A, = 0, then lim,—. y, = u*.

(3) limy—c ¥ = u* implies that lim, .. €, = 0.

Proof. Let u* € H be the unique solution of the problem (2.1). It is easy to see that the
conclusion (1) follows from the conclusion (2). Now, we prove that (2) is true. It follows
from Lemma 2.8 that

w = (1= ) +a[u* = p(u) +Jp" 5 (p(u*) = pf (u*) +pN (u,u*)) .
(4.6)

From (4.1), (4.5), and (4.6), we have

lymer = u*|

=|

= (1= a)u* +a[w = p(u*) + 1" (p(u*) - pf (w*) +pN (u*,u*)) ||

Yn+1 — {(1 - ‘xn))/n +ap [xn _P(xn) +]/§\/I”(-,g(xn))(p(xn) _Pf(xn) +PN(xn>xn))]
|
[ = )yt cnon = p ) + " (p () = pf () +pN (x050) |

— = wu o [ur = p) 5 (p () = pf () +pN () ]

+ atu €| + ||l

+aue, + ly,}

<e,+(1 _“n)||)’n_”*||+“n||xn_”* - (P(xn) _P(u*))”

R ()~ ) N 5]

IS ) - pf () +pN e u) |

+ atuen|| + ||l

+ oy,
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= €n+(1 *‘xn)”yn*u*n'}'“n“xn*u* - (p(xn) *P(“*))H

M"(-,g(xn))
Jp [

+ay P(Xn) _Pf(xn) +pN(xnaxn)]

M [ (%) o F(u*) + pN (1) ]
IS [ 5 (%) —p F(u*) + pN (u*, ) ]
R ) — p () +pN () ]|

PR [ ()~ p £ (u*) +pN (u*,ut) ]
RS )~ pf () + pN () ||+ el |+ [
< €0t (1= )Ly — ||+ o — % = (p () = p(u*))

+ | [p(xn) = p(u™) = p(f (xa) = £ (")) +p (N (xrn) = N (u*,u")) ]

+anA||g(xn) — () || + g + atnlenl] + |||

|

+ay

+ay

< et (1= )y — %] + 2000 — * — (p () — p(u®))|
bl — 0+ N () — N (u%50)) |+ anplIN (%, 3,) — N ()|
s atnpllf () = £ )+ ol — |+ g+ el | + 1

< (1= o)y — 7] + 200 [t — " — (p () = p(*))]
bl — 0+ pN () — N (u%20)) |+ anplIN (%, ) — N () |

+“n(P0+M)||xn_”*||+“n(gn+||en||+An)+(||ln||+)’n)a

where

g = I Lo () — pf () +pN (u* %)
_Iy(-,g(u*))[p(u*) _Pf(u*) +PN(U*,M*)]

It follows from (3.5) and (3.6) that

]—»o.

[l = % = (p(x) = p(@))[[* = (1= 27 +52) || — *[[%,
[t = " + p (N (sms260) = N (u%,20)) || = (1= 2t +pa) ||, — ¥,
[N (u*,x,) — N (u*,u*)|| < Bllxn — u*]].
Substituting (4.9) into (4.7), we have

ymer = w*[] = (1= a@n) [[yn — ™[ + anh| | — ]

+ (g + lenl |+ An) + (L] +yn),

(4.7)

(4.8)

(4.9)

(4.10)
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where

h=2V1-2r+s>+.1-2pt+p2a2+p(f+0)+AlL (4.11)

From (3.2), we know that 0 < h < 1.
Similarly, we have

|lxn —u*|[ < (1 _ﬁn)HJ’n —u*| +/3nh||)’n —u*| +Bugn+ ||fn|| (4.12)
Combining (4.10) and (4.12), we have

Il yner = u*l
< (1= otn)|lyn — ||+ atuh (1 = Bu) [l yn — u*[| + cuh® Byl [y — ||
+ g+ ol ol] + g+ llenl |+ A0) + (]| + ) w13
< (1= (1=h)ay)|[ys —u|]

1
+ (U= Ry g+ B+ g0+ lleal]+A0) + (0 +72).
Let

an=|lyn—u*l, =ty ta=0—h)a,

| (4.14)
b, = ﬂ(h/}ngn +h|[full + gn +leal |+ As).
We can rewrite (4.13) as follows:
ni1 < (1=ty)a, +but, +cy. (4.15)

From the assumptions, we know that {a,}, {b,}, {c,}, and {t,} satisfy the conditions of
Lemma 2.7. This implies that a, — 0 and so y, — u*.

Next, we prove the conclusion (3). Suppose that lim,,_« y, = u™*. It follows from (4.2)
and (4.12) that x,, — u*. From (4.5), we have

€n = ’ Yn+1 — {(1 - an)yn t+ap [xn _P(xn) +]/17M”(.’g(xn))(p(xn) _Pf(xn) +PN(xn)xn))]

|

= [lyner = u*[[ + anllenll + ||Lall

+aye, + ly,}

B ) = pf () +pN () ]| = %)

(4.16)

+H(1 —oc,,)yn+ocn[xn—p(xn)+
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As in the proof of (4.10), we have

(1= eyt a0 = p ) + 0" 7 (p () = p f (30) + PN (0,0,)) | — %

(4.17)
< (1= an)||yn — v*|| + anhl|xn — u™|| + angy-

It follows from (4.16) and (4.17) that
€n < ||yner — u™|| + anllenl| + || + (1= an) ||xn — || + anh||xn — u*|| + angy.  (4.18)

This implies that lim,,—« €, = 0. This completes the proof. O
From Theorem 4.6, we have the following theorem.

TaEOREM 4.7. Let f, p, and N be the same as in Theorem 4.6. Let {M"} and M be maximal
monotone mappings from H into the power of H such that M" S M. Assume that there exists
a constant p > 0 such that (3.2) holds for k = 2/1 — 2r +s2. Let { y,} be a sequence in H and
define {€,} as follows:

Pt = L (1= )y + a2 = p () + I (p () = pf () +pN (s0,32)) |
, (4.19)

%0 = (1= Ba) Yt Bul yn = p () + 13 (0 () = p.f (90) + PN (v yu) | + fo

- |

+ e, + ln}

where {a,}, {Bn}, {en}, n}, and { f,} are the same as in Algorithm 4.4. Then
(1) the sequence {u,} defined by Algorithm 4.4 converges strongly to the unique solution
u™* of the problem (2.2),
(2) if €4 = anly +yu with > Yn < +00 and lim,_. A, = 0, then lim,_.c ¥, = u*,
(3) limy—c ¥ = u* implies that lim, .. €, = 0.

5. An application

In this section, we give an application to a class of generalized nonlinear implicit varia-
tional inequalities.

Definition 5.1. Let A be a single-valued mapping from H to H. The mapping A is said to
be hemicontinuous if the mapping from [0,1] into (—co,+00) defined by

t— (A((1=tu+tv),w) (5.1)

is continuous for all u,v,w € H.

LemMA 5.2 [17]. Let ¢ : H — RUU{+00} be a proper convex lower semicontinuous func-
tion and let A : H — H be a single-valued monotone mapping such that CL(Dom(¢)) C
Dom(A), where CL(Dom(g)) denotes the closure of Dom(g). If A is hemicontinuous on
CL(Dom(¢)) and if Dom(0¢) is closed, then 0 + A is a maximal monotone mapping on H.
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THEOREM 5.3. Let ¢ : H — RUU{+o0} be a proper convex lower semicontinuous function
and A : H — H is a single-valued monotone mapping such that CL(Dom(¢)) C Dom(A), S
is hemicontinuous on CL(Dom(¢)), and Dom(0d¢) is closed. Let N, f, and p be the same as
in Theorem 3.3. If there exists a constant p > 0 such that (3.2) holds for k = 2+/1 = 2r +s2,
then there exists a unique u* € H such that

p(u) € Dom(dg),

(5.2)
(A(p(w)) + f(u) = N(u,u),v = p(u)) = ¢(p(w)) — p(v)

forallv € H, which is called the generalized nonlinear implicit variational inequality. More-
over, let {y,} be a sequence in H and define a sequence {€,} of positive real numbers as

follows:

€n = |[ymr = { (1= @)+ a0 = pGen) + 5" (p () = pf () +pN (%2 |

>

+a,e, +ln}
x0= (1= Bu) yut B yu = 2 yn) + T ™ (p () = pf () + PN (yns yu)) | + fu
(5.3)

where {an}, {Bn}> 1en}> Un}, and { f,} are the same as in Algorithm 4.4. Then
(1) if €y = anly+yu with X o Yn < +00 and lim,_. A, = 0, then limy_.co ¥, = u*,
(2) limy—.c yn = u* implies that lim, .., €, = 0.

Proof. The monotone mapping A + d¢ is maximal monotone by Lemma 5.2. Let M =
A+ 9¢. From Theorem 3.3, we know that there exists a unique u* € H such that p(u) €
Dom(A +9d¢) and

N(u,u) — f(u) — A(p(u)) € dp(p(u)). (5.4)

Hence p(u) € Dom(dg) and

(A(p(w)) + f(u) = N(u,u),v— p(u)) = o(p(u) —o(v) (5.5)

for all v € H. The conclusions (1) and (2) follow from Theorem 4.7. This completes the
proof. O
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