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We apply a fixed point result for multifunctions to derive existence results for bound-
ary value problems of Sturm-Liouville differential equations with nonlinearities that may
involve discontinuous and functional dependencies.

1. Introduction

The main goal of this paper is to study the solvability of the following Sturm-Liouville
boundary value problem (BVP)

d, o , .
_E(‘u(t)u (1)) = Ag(t,u,u(t),u'(t)) ae.in] = [to,t1], (L1)

aou(ty) — bou' (ty) = co, au(t) +bu' (h) =c,
where g: ] X C(J) X R X R — R. We are looking for solutions of (1.1) out of
Y={ueC'())| u' € AC(J)}. (1.2)

In Section 2, we give first an existence result for problems where the second, the func-
tional argument u of g, is replaced in (1.1) by fixed functions v € C(J), and study the
dependence of solution sets of these problems on v. The so obtained results and a fixed
point result for multifunctions proved recently in [7] are then used in Section 3 to derive
existence results for minimal and maximal solutions of (1.1). Also in nonfunctional case
we get new existence results. Because of weaker hypotheses than those assumed, for ex-
ample, in [1, 3, 4, 5, 8, 9, 10], the fixed point results for single-valued operators do not

apply.
2. Hypotheses and preliminaries
2.1. Hypotheses. Throughout this paper we assume that
Aaj,bj € Ry, apay +aoby +arby >0, ¢;€R, j=0,1, peC(],(0,00)), (2.1)
and that C(J) is ordered pointwise.
Copyright © 2005 Hindawi Publishing Corporation
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The function g: J X C(J) X R X R — R is assumed to satisfy the following hypotheses.

(g0) (t,x,y) — g(t,v,x,y) is a Carathéodory function, that is measurable in ¢ and
jointly continuous in (x, y), for each v € C(J).

(g1) 1g(t,v,x, )| < p(t) max{|xl,|y|} +m(t) for all x,y € R, for all v € C(J), and for
a.e. t € J, where p,m € LL()).

(g2) g(t,-,x,y) is increasing for a.e. t € J and for all x, y € R.

(g3) For each fixed v € C()), |g(t,v,x, ) —g(t,v,x,2)| < py(t)p,(ly —z|) forae. t €]
and for all x,y,z € R, where p, € LL(J), ¢, : R, — R, is increasing and
Jo: (dx/hy (x)) = co.

Notice that g can be discontinuous in its first and second arguments, and is mono-
tone only with respect to its second, functional argument. It is also worth to notice that
no lower or upper solutions are assumed to exist, and no Nagumo-type hypotheses are
imposed on g.

We are going to show that if A is small enough, then the BVP (1.1) has under the above
hypotheses a minimal solution #_ and a maximal solution u™ in the sense that if u is any
solution of (1.1), then u < u_ implies u = u_ and u; < u implies u = u,.

2.2. Auxiliary results. For the sake of completeness we recall in this section several aux-
iliary results whose proofs can be found, for example, in [1, 5].

LemMma 2.1. Ifg € L'(]), then the BVP

—%(ﬂ(t)u’(t)) =q(t) aein],

(2.2)
aou(to) —bou,(to) = (o, alu(t1)+b1u'(t1) =
has a unique solution u in Y, and it can be represented as
3]
u(t) = M +| kho)gls)ds, te7, (2.3)
to
where
t t
ap by ' b
A T S T
=] we S w07 w9 ® T e
t )/1(1‘))’0(5)’ fh<s<t, (2.4)
! apdy a0b1 a1b0 D
D= s+ , k(t,s) =
w ps)  u(t) o pt) yo(t)y1(s)
—, t<s<t
D
Denote
2(t) —max{ () ﬂ} z (t)—max{ (t) ﬂ} (2.5)
0 Yo )[l(t) > 1 N1 "l/l(t) > .
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and define an operator A : C(J) — C(J) by

z1(t)yo(s) st

Au(t) = 1€(t,s)p(s)u(s)ds, where I(t,s) = b (2.6)
fo zo(t) y1(s) fxs<t
D ’ -

LEmMA 2.2. If the hypothesis (g1) holds, and if A € [0,1,), where A, is the least positive
eigenvalue of A, then the integral equation

|co|z1(t) + | e1]zo(t)
D

b(t) = +A " 2(t,5) (p(s)b(s) +m(s))ds (2.7)

has a unique solution b € C(J).

LemMA 2.3. Ifthe hypotheses (g0) and (g1) hold, then each solution of the BVP (1.1) belongs
fo the set

B={ueC'(J) |max{|u(®)|,|u' ()|} <b(t), te]}, (2.8)
where b is the unique solution of (2.7).

2.3. An auxiliary problem. In this section, we study the BVP

—%(y(t)u’(t)) =Ag(t,v,u(t),u'(t)) forae.te],

(2.9)
aou(ty) — bou' (toy) = co, aju(ty) +biu' (t) = ¢
in the case when v is a fixed element of the set
P={veCy) |[vt)] <b), te]}, (2.10)

where b is the solution of (2.7).
The following existence result is proved in [5, Proposition 4.1.1].

PrOPOSITION 2.4. Let the hypotheses (g0) and (g1) hold, assume that A € [0,A,), where A,
is the least positive eigenvalue of the operator A, defined by (2.6), and let B and P be defined
by (2.8) and (2.10), where b is the solution of (2.7). Then for each v € P the BVP (2.9) has a
solution in B.

Hint to the proof. Obviously, B is closed and convex subset of C!(J) with respect to the
norm of C!(J) defined by

llull = max {|u(t)], [« ()| | t€]}. (2.11)

Let v € P be given. It can be shown (cf. [5, Proposition 4.1.1]) that relation

coyi(t) +ciyo(t)

Fu(t) = D

t
+A | k(t,9)g(s,v,u(s),u'(s))ds, te] (2.12)
to
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defines a compact mapping F, : B — B. Thus F, has by Schauder’s fixed point theorem a
fixed point u in B. It then follows from Lemma 2.1 that u is a solution of (2.9) in B. I

Remark 2.5. The BVP
—u”"(t) = Au(t), te]=1[0,m], u(0) =0, u(m) =1 (2.13)

does not have any solution when A = 1. Thus the result of Proposition 2.4 is not valid in
general if condition A € [0,A,) is dropped.

The auxiliary problem (2.9) does not, in general, have a unique solution. However, the
results of the next Proposition show that the solutions of (2.9), or equivalently, the fixed
points of F, defined by (2.12) have properties which enable us to apply a fixed point result
for multivalued functions that has been proved recently in [7].

PROPOSITION 2.6. Let the hypotheses (g0)—(g3) hold, and assume that v,v, € P, v| < vy,
where P is given by (2.10). Then the fixed points of the operators F,,, defined by (2.12), have
the following properties.

(a) Ifu € P and u = F,,u, there exists a w € P such that u < w = F,,w.

(b) If w € P and w = F,,w, there exists au € P such that u = F,,u < w.

Proof. (a) Letu € P, u = F,, u, be given. Define a mapping f : ] X C(J) X R X R — R by

g(tv,u(t),y), ifu(t)>x,

2.14
g(tv,x,y), if u(t) < x. ( )

fltv,x,y) = <l

The so-defined mapping f satisfies the hypotheses (g0)—(g3) given for g, with m replaced
by m+ puin (g1). Thus the BVP

d (pOw' (1)) = Af (tva,w(t),w' (1)) forae.te],

dt (2.15)
aow(to) — bow' (ty) = co, ayw(ty) +biw' (1) = ¢
has a solution w € Y. Moreover, u is a solution of the BVP
—i( (' (1)) = Ag(t,vi,u(t),u’'(t)) forae te]
ar SLHVL UL, SrED (2.16)

aou(to) — bou' (ty) = co, ayu(t) + by’ () = 1.

To prove that u < w, we will show that if u £ w, then u(t) — w(t) = ¢ > 0, which yields
ap = a; = 0, and hence apa; + apb; + a1 by = 0, contradicting with (2.1). Consider first the
case when u — w attains a positive maximum c at t, € (fo, ).

The proof that u(t) — w(t) = ¢ is divided into two steps.

(i) Let 3 be the greatest number on (f,,#] such that u(t) = w(t) for each t € [t,,13].

To prove that w'(t) < u'(t) for each t € [t;,13], assume on the contrary: there is a
subinterval [a,b] of [f,,t3] such that

0<w (t)—u'(t), te(ab], w'(a) —u'(a) =0. (2.17)
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Denoting K = max(1/u), we have
x(t) := K(u(t)w'(t) —u(t)u' (1)) = w'(t) —u'(t) Vte|a,b]. (2.18)

Since u,w € Y, then x € AC(J) by (1.2). Applying (2.14), (2.15), (2.16), (2.18), (g2), and
(g3) we get

d
K3 (' () =K

= KA(g(t,v1,u(t

&‘Q_

X' (t) = ( (t)u' (1))

) ( f(t V2, W (t)>wl(t)))
< KA(g(t,va,u(t),u' () — g(t,va,u(t),w'(t))) (2.19)
< KA|g(t,va,u(t),u' (1)) — g(t,va,u t) w' (1)) |
< KApy,()y, (|t (£) =w' (1) |) = KApy, (), (W' () — /(1))
< KApy, ()¢, (K (u(t)w' () —u()u' (1)) = KApy, (£) v, (x(1))
for a.e. t € (a,b]. Thus we have x'(t) < KAp,,(t)¢,, (x(t)) a.e. in (a,b], x(a) = 0, whence

x(t) =0 on [a,b] by [5, Lemma B.6.1]. This contradicts (2.17). Consequently, w’(t) <
u'(t) on [ty, 3], whence

Ju' (t

)
)

vvv

u(t) —w(t) =u(ty) —w(t) + L (u'(s) —w'(s))ds
>u(ty) —w(ty), te [tz,t3].

Because t, was the maximum point of u(t) — w(t), then u(t) — w(t) = c on [ty,t3]. This
result and the choice of 3 imply that 5 = ;. Thus u(t) — w(t) = c on [f,,11].

(ii) Choose next t; to be the least number on [to,f,) such that u(t) > w(t), for each
re [t4,t2].

To prove that u'(t) < w'(t) for each t € [t4,t,], assume on the contrary: there is a
subinterval [a,b] of [t4,1,] such that

(2.20)

o<u'(t)—w(t), telab), u' (b) = w'(b). (2.21)
Thus

x(t) := K(u(t)u' (1) —ut)w' (1)) = u'(t) —=w'(t) VteE[a,b]. (2.22)
In view of (2.14), (2.15), (2.16), (2.22), (g2) and (g3) we obtain

LANOIO)

() = K (o () ~K &
= KAMg(tvi,u(t),u' (1) = f (tvo,w(t),w' (1))
< KA(g(t,va,u(t),u’ () — g(t,va, u(t),w'(1)))
< KA|g(t,va,u(t),u (t ) — g (t,va,u(t),w' (1)) |
< KApy, (), (|1 (8) = w' (1) |) = KApy, (£)¢y, (1 (£) = w' (1))
) -

< KApy, ()¢, (K (u( t)u () —u(t)w'(1))) = KApy, ()y, (x(2))

(2.23)
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fora.e. t € [a,b). Because x(b) = 0, we have
—x'(t) < KApy, (t)¢y, (x(t)) a.e.in[a,b), x(b) =0, (2.24)

which implies a contradiction:

_ M t)dt -
e 0+ ¢V2 J (/51;2 a ¢v2(X(t JKAPW )dt < oo, (225)

Thus v/ (t) < w'(t) on [t4,1,], whence

u(ty) —w(ty) = u(t) —w(t) + LZ (u'(s)—w'(s))ds <u(t)—w(t), te€[ttr]. (2.26)

Because t; was the maximum point of u(t) — w(t), then u(t) — w(t) = ¢ in [t4,t;]. This
result and the choice of ¢4 imply that t, = ty. Thus u(t) — w(t) = c on [to,1,].

The results of (i) and (ii) imply that u(t) — w(t) = ¢ > 0 in the considered case. Apply-
ing this result and the boundary conditions

aou(to) - boul(to) = CIQW(to) — bowl(fo) = Co,

2.27
alu(t1)+b1u'(t1) =611W(t1)+b1W’(l’1)=C1, ( )

one can show that ay = a; = 0 by the reasoning used in the proof of [5, Lemma 3.4.2].
This proof covers also cases when u(t) — w(¢) attains its positive maximum at ¢, or at t;.

The above proof shows that if u £ w, then ay = by = 0. But then apa; + apb; +a1by = 0,
which contradicts with the assumption (2.1). Consequently, the maximum of u(t) — w(t)
is not positive, whence u(t) < w(t) for all t € J. This result, (2.14) and (2.15) imply that
w is a solution of the BVP

~ S W () = gm0 () forac. e, (2:28)

aow(to) — bow' (o) = co» aw(t) +biw’ (1) = c1,

or equivalently, w = Fv,w. This proves (a) because u < w.
The proof of case (b) is similar. O

3. Main results

In the proof of our main existence theorem we need the following special case of a fixed
point result proved recently in [7] as a slight modification to [6, Theorem 2.1].

LEmMA 3.1. Let X be an ordered normed space, and let G: P C X — 2P \ @ satisfy the
following hypotheses.

(G1) Theset Py ={u € P |u<v for somev e G(u)} is nonempty.

(G2) If u, < vy € G(uy), n € N, and if (v,) is increasing, then v, — v € Py.

Then G has a maximal fixed point u,, that is uy € G(uy), and if u € G(u) and uy. < u,
then u = u,.

Now we are ready to prove our main existence theorem.
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THEOREM 3.2. Assume that g satisfies the hypotheses (§0)—(g3), and that A € [0,A,), where
A1 is the least positive eigenvalue of the operator A, defined by (2.6). Then the BVP (1.1) has
a minimal solution u_ and a maximal solution u, in'Y, given by (1.2).

Proof. Choose X = C(]), equipped with the sup-norm and pointwise ordering. Let b € X
be the solution of (2.7), and let P be defined by (2.10) and F,, v € P by (2.12). In view of
Proposition 2.4 the relation

Gw)={ueX|u=Fu}, veP, (3.1

defines a mapping G : P — 2P \ @. We will show that the hypotheses (G1) and (G2) of
Lemma 3.1 hold. (G1) holds because —b € Py. To prove (G2), assume that u, <v, €
G(u,), and that (v,) is increasing. It follows from [5, (4.1.16)] that

| Fou(t)| < b(t), ‘ %Fv(u(t)) ‘ <b(t) VteJandveP (3.2)

Thus G[P] = U{G(v) | v € P} = U{u | u = F,u, v € P} is a bounded and equicontinuous
subset of P. This implies that v = lim, v, exists in X. Because P is closed, then v € P. Since
u, < v, < v for each n € N, there exists by Proposition 2.6(a) a w, € G(v) such that v, <
wy. Since the operator F, is compact with respect to the norm of C!(J) defined by (2.11),
then sequence (w,) = (F,w,) has a subsequence, say (wy) which has a limit w in C!(J) in
the sense that wx — w and w;, — w’ uniformly on J. Denoting ko = max{k(t,s) | t,s € J},
it follows from (2.12) that

| Fowi(t) — Fow(t)| < koALl [g(s,v,wi(s), wi.(s)) — g(s,v,w(s),w'(s)) |ds, t€].
' (3.3)

Because (x,y) — g(s,v,x,y) is continuous by (g0), the above inequality and the domi-
nated convergence theorem imply that F,wy — F,w in X as n — co. Thus it follows from
wr = Fywy as k — oo that w = F,w, so that w € G(v). Since v < wy for each k we get,
as k — oo, that v < w € G(v). Thus v € Py, so that (G2) holds. Thus all the hypothe-
ses of Lemma 3.1 hold, which implies that G has a maximal fixed point u. In particular,
u € G(u), whence u = F,u by (3.1). In view of (2.12) u is a solution of the integral equa-
tion

)= coy1(t) +ciyo(t)

u(t D

+A tlk(t,s)g(s,v,u(s),u’(s))ds, te]. (3.4)
to

As a maximal fixed point of G, u is a maximal solution of (3.4) in P, and hence by
Lemma 2.1 a maximal solution of the BVP (1.1) in P. Since all the solutions of (1.1)
are contained in B C P by Lemma 2.3, then u is a maximal solution of (1.1) in Y.

The proof of the existence of a minimal solution of (1.1) can be reduced to the above
proof, replacing the order relation < of C(J) by its dual relation <, defined by u < v ifand
only if v < u, using Proposition 2.6(b), and replacing —b by b in the proof of (G1). [
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The hypotheses (¢2) and (g3) are needed only in the proof of Proposition 2.6. If g is
constant with respect to its second argument v, the results of Proposition 2.6 are trivially
valid. As a consequence of this remark and Theorem 3.2 we obtain the following result.

PROPOSITION 3.3. Assume that q: ] x R?> — R is a Carathéodory function satisfying
(qa) |q(t,x, y)| < p(t)max{|x|,|y|} +m(t) forall x,y € R and for a.e. t € ], where p,m €
LL(J) and ||A"||V" < 1 for some n > 1 with A: C(J) — C(]) given by (2.6).
Then the BVP

—%(‘u(t)u'(t)) =q(tu(t),u' (t)) foraete],

aou(te) — bou' (ty) = co, au(t) +biu' (h) = ¢

(3.5)

has minimal and maximal solutions in Y.
In particular, the following result holds.

COROLLARY 3.4. Ifq:] X R? — R is an L'-bounded Carathéodory function, then the BVP
(3.5) has minimal and maximal solutions for each choices of c; € Rand aj,b; € Ry, j = 0,1,
satisfying apa) + apby + a1 by > 0.

The next result is also a direct consequence of Theorem 3.2.

PROPOSITION 3.5. Assume that q:] X R? — R is a Carathéodory function satisfying (qa)
and the following hypothesis.
(gb) There exists a py € LL(J) and an increasing function ¢ : R, — R, with [y, (dz/¢(z)) =
oo such that 1q(t,x,2z) — q(t,x, )| < p1(t)p(I1z— y|) fora.e. t € J and all x, y,z € R.
Ifh:] X R — R is an L'-bounded and sup-measurable function, and if h(t,-) is increasing
fora.e. t € ], then the BVP

—%(/A(t)u'(t)) =q(t,u(t),u' () +h(t,u(t)) foraete],

aou(t()) - b()u/(f()) = (o, a1u(t1) +b11/l,(l'1) =

(3.6)

has minimal and maximal solutionsin Y.

Proof. The function g(t,v,x,y) = q(t,x, y) + h(t,v(t)) satisfies the hypotheses (g0)—(g3).
O

The next result is a special case to Theorem 3.2.

ProPOSITION 3.6. Assume that the function g:J X C(J) x R — R satisfies the following
hypotheses.
(ga) g(-,v,x) is measurable, g(t, -,x) is increasing and g(t,v, -) is continuous for a.e. t € |
and for allv € C(J) and x € R.
(gb) 1g(t,v,x)| < p(t)|x| + m(t) for all x € R, for all v € C(]), and for a.e. t € ], where
p-meLL()).
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Then the BVP

—%({J(f)u'(t)) =Ag(t,u,u(t)) foraete],

aou(ty) — bou' (ty) = co, au(ty) +biu' (h) =

(3.7)

has minimal and maximal solutions in Y whenever A € [0,)), where Ay is the least positive
eigenvalue of the operator T : C(J) — C(]), defined by

Tut) = [ k(ts)peus)ds, te] (3.8)

Example 3.7. Define f :R? - Rand q: ] x R — R by

R —y+i/k zcos—, z#0,
fy) = > > plx zllekJ ), where ¢(z) = <| z
j=—00 k=1 0, z=0,
© . AV
q(t’x,y)_MZ22+sm(1/(1+[k t] -k t))’ te], xyeR

T e S A (kj)?
(3.9

The function q satisfies the hypotheses of Corollary 3.4. Thus the BVP (3.5) has for
each choices of a,b; € R4, j = 0,1, satisfying apa; + aob1 +a1by >0, and cp,c; € R mini-
mal and maximal solutions. By Proposition 3.5 this result holds also for the BVP (3.6) if
q:]xR?* - Randh:]J X R — R are defined by

sin(y)p(x) < < 2+sin (1/(1+ [kVit] — kVit))
o B 1 4 5> As [R,
Q(tx)’) 1+|(p(x)|];k§1 (k])z te], x,y €
0 Viel 11/ Vi
h(t,x) =arctan<z > [2+ [K17t] k 2Jt]+[k Jx])) fe] xeR,
j=1k=1 (kj)
(3.10)

where [z] denotes the greatest integer < z.

Remark 3.8. The hypothesis (g2) of our main existence result, Theorem 3.2, is weaker
than that of [1, Theorem 2.1] and [5, Theorem 4.1.1], because g(t,v, -, y) is not assumed
to be decreasing. Thus we cannot use fixed point results for single-valued operators in the
proof of Theorem 3.2. This is the reason that instead of least and greatest solutions we can
prove the existence of minimal and maximal solutions of the BVP (1.1). The hypothesis
(g3) is also somewhat weaker than the corresponding hypothesis in [1, 5]. In fact, the
proof of Proposition 2.6 could be carried out also when (g3) is replaced by the following
hypothesis.
(g3") For each fixed v € C(J) there exists an r, >0 and a p, € LL(J) such that |g(,v,x,
y) —gt,v,x,2)| < pu()dy(ly —2z]) forae.t € Jand forall x,y,z € R, |y —z| <
ry, where ¢, : R, — R, is increasing and forfr(dx/qu(x)) = oo,
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For instance, ¢, can be any one of the functions: ¢¢(z) = z, z € R4, and

1 1 1
zln=---In,—, 0<z<r,=———,

¢n(2) = z z exp,(1) (3.11)
0, 2=0,n=1,2,...,

where In, and exp,, denote the n-fold iterated logarithm and exponential functions, re-
spectively.

Implicit discontinuous Sturm-Liouville BVP’s are studied, for example, in [1, 3, 4, 5,
8]. The special case when u(t) = 1 is considered in [3, 4, 8, 10]. The existence of positive
solutions for the Sturm-Liouville BVP’s is studied in [2], and uniqueness results in [1, 5,
8, 11].
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