ON SOME INEQUALITIES FOR BETA AND GAMMA
FUNCTIONS VIA SOME CLASSICAL INEQUALITIES
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We improve several results recently established by Dragomir et al. in (2000) for the Gam-
ma and Beta functions. All we need is some clever applications of classical inequalities.
1. Introduction

Recently, in the survey paper [6] various inequalities for Beta and Gamma functions ob-
tained from some classical inequalities are given. The most common way in which the
Gamma function is defined is the following integral representation:

F(x):J e ' ldt,  x>0. (1.1)
0

The integral in (1.1) is uniformly convergent for all a < x < b, where 0 < a < b < o0, so we
also have

o (x) = Jw e~ (logt)kdt, x>0. (1.2)
0

Various well-known formulas for Gamma function are also given in [6]. For example,

I'(x) = S"J e ldt, x5 >0, (1.3)
0

The Beta function is given by
1
B(x,y)=J FI1— 0, x>0, >0, (1.4)
0

and its connection to Gamma function is also well known:

_T)I(y)
B(x,y) = 7l"(x+y) . (1.5)
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594  Inequalities for Beta and Gamma functions
Among others know formulas for Beta function given in [6] is the following one:
B(x+1,y)+B(x,y+1) =B(x,y), x,y>0. (1.6)

Let us note that (1.6) is a special case of the following formula:

Z(Z)B(x+k,y+nk)=3(x,y), x,y>0. (1.7)

k=0

Indeed, we have

i <Z> Bx+k,y+n—k) = i (Z) Jl PRl — pyrin—k-lgy
k=0 0

k=0

J Z( )terk 1 t)y+n—k—1dt

J (1=t [Z (k) tk(l—t)”‘k}dt

_ J 11— £ 1dE = B(x, ).
0

(1.8)

For example, the following inequalities are obtained in [6]. If p,q > 1, x € [0, 1], then

|B(p,q) —xP~1(1—x)17"|

<max{p—-1,9—1} >

(p—2)P2qg-2)12[1 1\ (1.9)
[4+(x ”

@+q,4yw4 n
|B(p,q) —xP~1(1—x)17"|

1 (1.10)

2
smax{p-1q-1}B(p-1,q- 1)B+ (x— 5) ]
Ifs>1,p,q>2-1/s>1,1/s+1/r = 1, then
| B(p,q) —xP7 (1 —x)77"|

[+ (121 max{p— 1, - 1}[B(s(p—2)+1, s(g - 2) + 1)]"".
(1.11)

< —
(r+1)vr

In this paper, we will give some improvements and generalizations of these and some
other results from [6].

2. Inequalities via Chebyshev’s inequality

The following result is well known in the literature as Chebyshev’s integral inequality
for synchronous (asynchronous) mappings (see, e.g., [16, pages 239-293] or [17, pages
197-208]).
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LemMa 2.1. Let f,g,h:I CR — R be such that h(x) = 0 for x € I and h, hfg, hf and hg
are integrable on 1. If f and g are synchronous (asynchronous) on I, that is, if it holds

(flx) = f()(gx)—g(y) = (=)0 Vx,yel, (2.1)

then we have the inequality

J h(x)dxj h(x) f(x)g(x)dx = (s)J h(x) f(x)dxj h(x)g(x)dx. (2.2)
1 1 1 1

THEOREM 2.2. Let m, p, and k be real numbers with m,p >0 and p >k > —m, and let n be
a nonnegative integer,

k(p—m—k)= (=)0, (2.3)
then we have
T ()T (m) = (<)I® (m + k). (2.4)
Proof. Consider the mappings f,g,h: [0,c0) — [0, c0) given by
fx) = xpk=m glx) = xk, h(x) = x™ e *(logx)*". (2.5)

If the condition (2.3) holds, then functions f and g are synchronous (asynchronous) on
(0,0) and then, by Chebyshev’s inequality for I = (0, «), we have

J x’”*le*"(logx)deJ' xb~k=mxkm=1e=*(logx)*"dx
0

™ (2.6)
> (S)J xp~k=mym=1 _x(logx)zndx[ xkxm=1 e *(logx)*dx,
0 0
that is,
J xm_le_x(logx)znde xP~le *(logx)*"dx
’ . (2.7)
> (S)I xPk-1e (logx)zndxj ktm=1o=x(log x)*"dx.
0
Hence, (2.4) follows from the integral representation (1.2). O
Remark 2.3. For n =0 (I'®) = T) the following result follows from [6]:
I'(p)T(m) = (<)I'(p—k)I(m+k) (2.8)
or, in equivalent form
B(p,m) = (<)B(p —k,m+k). (2.9)

CoROLLARY 2.4. Let p >0and q € R be such that |q| < p, and let n be a nonnegative integer.
Then

[T (P)]2 < F(Z”)(p _ q)l"(z”)(p +q). (2.10)
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Proof. Choose in Theorem 2.2 m = p and k = q. Then

k(p—m—k)=-q*<0 (2.11)

and by (2.4), we get
[F(ZV:) (p)]2 < F(Z”)(p _ q)l"(z”)(p +q). (2.12)
O

Remark 2.5. For n = 0 we have inequality from [6]:
I*(p) <T(p—qT(p+q) (2.13)
or, equivalently
B(p,p) <B(p—q,p+q) (2.14)
Form =2, p=a+b, k=>b-1, the condition (2.3) becomes
(a-1)(b-1)= (=)0, (2.15)

that is the positive real numbers a and b are similarly (oppositely) unitary (see [6, Defi-
nition 1]), and (2.4) becomes

reW@2)r®(a+b) = (<)r®(a+1)r* (b +1), (2.16)
wherefrom, for n = 0, we have the following inequality from [6]:
TF(a+b) = (=)I'(a)(b) (2.17)

or, equivalently
Ba,b) = (<)~ (2.18)
ab

As a consequence of (2.10) it was proved in [6] that the mapping logT'(x) is superadditive
for x > 1, and the following inequality holds:

I'(na)= (n—1a>* Y [r(a)]" (neN,a>0). (2.19)

For a given real m > 0 and nonnegative integer #, consider the mapping T, ,(x) =
I'C@" (x+m)/T" (m).

COROLLARY 2.6. The mapping Ty, ,(-) is supermultiplicative on [0, 00).

Proof. For p =x+y+m,k =y, the condition (2.3) becomes

yx+y+m-m—-y)=xy=0 (2.20)
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since x, y € [0, 0). Hence, (2.4) becomes
F(zn)(m)l"(z")(x +y+m) = F(Z”)(x + m)l"(Z")(y +m) (2.21)
which is equivalent to

Lo (4 y) = Lopn () Lo n (3) (2.22)
and the corollary is proved. O

3. An inequality via Holder inequality
The following inequality is a generalization of [6, Theorem 5].

TaEOREM 3.1. Let a,b = 0 witha+b =1 and x,y > 0 be real numbers and let n be a non-
negative integer. Then

T (ax+by) < [T (x)] [T ()]", (3.1)

that is, the mapping T®" is logarithmically convex on (0, ).

Proof. We use the following weighted version of Holder inequality:

1/q

< ([ 1761 neas) v (] 1801%nds) (3.2)

’ L F($)g(s)h(s)ds

for p > 1, 1/p+1/q = 1, nonnegative h on I, provided that the other integrals exist and
are finite. Choose

fs) =59 D g(s) =0V R(s) = e*(logs)®, s (0,00) (3.3)

in (3.2), to get (for I = (0,c0) and p = 1/a, g = 1/b)

I Sa(x—l)sb(y—l) es (IOgS)anS
0

. o e b (3.4)
S(J Sa(xfl)-(1/a)e—s(10gs)2nds> <J Sb(y—l)-(l/b)e—s(logS)anS>
0 0
which is equivalent to
J Sux+byflefs(log$)2nds
0
b (3.5)

< (I sxfle*5(10g5)2”d5> (J s)”lefs(logs)Mds)
0 0

and the inequality (3.1) is proved. O
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4. Inequalities via Griiss’ inequality

Let us note that the following interpolation of Griiss’ inequality is well known [16, page
295-310].

LemMa 4.1. Let f, g and h be integrable functions defined on [a,b] such that
o< fx)=®, y=<gx)<T Vxelab], (4.1)

where ¢, ®, y, and T are given constants, and h is nonnegative. Then

b 2
ID(f.gil)| = DUf, fil)Dlggi) < (@ - )0~ p)| | hvde| . (42)

where

b b b b
D(f,g:h) = J h(t)dtJ h(t)f(t)g(t)dt—f h(t)f(t)dtj nogde.  (43)
THEOREM 4.2. Let p,q,a, 3 > 0. Then we have

| B(a, B)B(a+ p,f+q) — B(a+ p,)B(a, f+9q) |

< [B(a,B)B(a+2p,B) — B*(a+ p, )] [ B(a, f)B(ov, B+ 2q) — B* (e, f+q)]"*

IA

1
iB(‘X B »

where B is Beta function.

Proof. Setin Lemma 4.1: f(x) = x?, g(x) = (1 —x)4, h(x) =x* (1 -x)f"1,a=0,b=1.
Note that we have ¢ = y = 0, CD r=1.

Remark 4.3. For « = f = 1 we have the following improvement of inequality [6, (3.32)]:

1

1
B(p+1,qg+1)— =
P (p+1D(gq+1) p+1 q+1)1/(2p+1(2q+1 S

(p,q>0).

Note that Theorem 4.2 is also improvement of [6, Proposition 2].

(4.5)
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THEOREM 4.4. Let n,m, p,q,a, 3 > 0. Then we have

| B(a, f)B(a+m+ p,f+n+q)— Bla+m,f+n)B(a+p,f+q)|

< [B(a,B)B(a+2m, B +2n) — B*(a+m, B+ n)]l/2

x [B(a, B)B(at+2p,B+2q) — B2(a+ p,f+q)]" (4.6)

m"n" pFqf 2
- erqB (o, B).

<L
"4 (m+n)mtr (p+q)

Proof. Set in (4.2): f(x) = x™(1 —x)", g(x) = x*(1 — x)9, h(x) = x*" (1 —x)¥1, a =0,
b =1 and note that (see [6]) minimum of f and g is zero, while maximum of f is
m™n"/(m+n)"™", and maximum of g is pPq/(p + q)P*9. O

Remark 4.5. Theorem 4.4 gives improvement of [6, Theorem 8 and Proposition 1].

THEOREM 4.6. Let o, f3,y,u,v,w >0, then
Fla+f+p)I(y)  Tla+p)I(B+y)

(u+v+w)¥Bywr  (u+w)er(v+w)bty

_[TQat+yr(y) — Taty) 17[IQE+)IG)  T*B+y) |7
- [(2u+w)2“+YWV B (u+w)2(“+y)] [(2v+w)2ﬁ+”wy - (V+W)2(ﬁ+y)]

ey (ﬂ)ﬁr%w
" 4 \ue ve) w¥ '
(4.7)
Proof. Consider the mapping f,(t) = t“¢”* defined on (0, c0). Then
Jau(t) = et (a— ut) (4.8)

which shows that f,, is increasing on (0,a/u) and decreasing on (a/u, ), and the max-
imal Value is fou(a/u) = (a/(ue))®. Using (4.2) fora=0,b — oo, f(x) = fau(x), g(x) =
Spu(x), h(x) = f,-1,,(x) we will obtain (4.7), using formula (1.3). O

Remark 4.7. For u =v =w = 1, we have the following improvement of inequality [6,
(3.38)]:

’I‘((x+ﬁ+y)1“(y) I(a+y)T(B+y)

3tx+ﬁ+y 2¢x+[3+2y
TQRa+y)T(y) TXa+y)1*[TQR+y)I(y) T2(B+y)1"*

< - — (4.9)
[ 32a+y 4oty ] [ 32ﬁ+y 4ﬁ+y :|
l o ﬂ[j 2

<7y w FIW
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5. On inequalities via Ostrowski’s inequality

The following lemma gives the well-known Ostrowski’s inequality (see, e.g., [16, page
469]).

LemMa 5.1. Let f :[a,b] — R be continuous on [a,b], and differentiable on (a,b) with
bounded derivative and let || f' |l := sup;c () | f'(£)] < 0. Then

1t 1 (x—(a+b)2)° ,
'f(x)—mL fi| < [Z*W](b_“)l'f o (50)

for all x € [a,b]. The constant is sharp in the sense that it cannot be replaced by a smaller
one.

Remark 5.2. Let us note that a generalization of this result involving Lipschitzian function
is proved in [6, Theorem 5] and [4]. Moreover, such results are well known (see [16, page
470]).

THEOREM 5.3. Let p,q > 1 and x € [0,1]. Then

2
e

(p—2)2(g—2)12| 1 1\*
<max{p—-1,q—1} p(p+q—f)}’+‘7‘4 [4+(x—2> },

(5.2)

where

Ky = max[x{ (1 -x)?2(p 1) = (p+q - 2)x],

(p-D(p+q-3)=(p-Dg-D(p+q-3) (53)

(p+q-2)(p+q—3)

X102 =

Proof. Consider Lemma 5.1 for the mapping I, : (0,1) — R, I,(x) = x*(1 — x)°. For
p>q > 1, we get
1,g-1() = Pp2g2(O)[(p—1) = (p+q-2)t], te(0,1),

g1 (D) = ppsgs(O[(p=1D(p=2)(1-1)*=2(1—-p)(1 - q)t(1-1)+(q—1)(q—2)¢*].
(5.4)

Extreme values of I;,_ ,_; we have for [[_; ,_; = 0, that is for x; ;. From Lemma 4.1 we
have the first inequality in (5.2). The second one is a simple consequence of the fact that

max [(p—1)—(p+q—2)t] =max{p-1,q-1},

te[0,1]
: L _ (p=2)p-2(g-2)1 (5:5)
P=2(1 )42 =
max 7751 = 1) (p+q— 4y

O
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Remark 5.4. The above result is an improvement of [6, Theorem 14], that is, of (1.9).

It is well known that Ostrowski’s inequality is useful in the estimation of the remainder
for a quadrature formula (see [4, 6, 10, 12, 13]).

LetI,:a=xy<x;<---<X,-1 <X, =b be a division of the interval [a,b] and & €
[xi,xi41] (i=0,1,...,n — 1) a sequence of intermediate points for I,. Consider the Rie-
mann sums

Ry(f,1,€) = Z f(&)hi, (5.6)

where h; = xi41 — x;, (i =0,1,...,n— 1). Then we have the following quadrature formula.

LemMA 5.5. Let f :[a,b] — R be continuous on [a,b] and differentiable on (a,b), with
bounded derivative on (a,b). Then we have the Riemann quadrature formula

b
(| Fode = Ra(F.1) + Wa(£108), 57)

where the remainder satisfies the estimate

IWn(mef)IS[ Zh2+Z( x‘”l“)}nf o

(5.8)

n—1

1

forall&; (i=0,1,...,n—1) as above.

In particular, for & = (x; +x;41)/2, (i=0,1,...,n— 1), we have the midpoint rule

b
|| £ = Mufo1) +8,(£, T, (59

where
n—1
M, (f,1,) = Zf(%)hi, (5.10)
i=0

and the remainder S, (f,I,) satisfies the estimation

n—1
180 (f>10) | Sillf'lloozh?. (5.11)
i=0

The following approximation formula for the Beta mapping holds.

THEOREM 5.6. Let I, :0=x0<x; < -+ <Xy_1 <X, =1 be a division of the interval [0,1],
& € [xixin1] (i=0,1,...,n — 1) a sequence of intermediate points for I,, and p,q > 2. Then
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we have the formula

B(p,q) = Zf"l — &) hi+ Tu(pyq), (5.12)

where the remainder T,(p,q) satisfies the estimation

n

1 ! ! X; + X; 2
Tupa)| <Ki [Z Shey (550
e (5.13)
< lKl hlz,
25
and K is given by (5.3).
In particular for & = (x;i+x41)/2 (i=0,1,...,n— 1), we get the approximation
1 = - _
B(p,q) = Spra2 Z (xi +xi41)F 1(2 —x; — xis1) ] Yy Va(p>9), (5.14)
i=0
where
1 n—1
[Valpo)| = 7K > k. (5.15)

Remark 5.7. The results above are improvements of those given in [6, Theorem 15] where
K, is given by

(p—2)P2(q -2
(p+q-4)prHat

max{p—1,q—1} (5.16)

The following inequality of Ostrowski type is also valid (see [11], [16, page 471]).

LEmMA 5.8. Let f be absolutely continuous on [a,b] with ' € Li(a,b), then

‘f ——J 1) dt‘ <b—max{x ab -} 1. (5.17)
Remark 5.9. Let us note that
max{x—a,b—x}:%(b—a)+‘x—a;—b , (5.18)

hence (5.17) is the same as result obtained in [8]. An extension of the above result in the
case of function of bounded variation was considered in [5, 6].

THEOREM 5.10. Let p,q > 1 and x € [0,1]. Then

|B(p,q) —xP (1 —x)7'| < Kymax{x,1—x}
(5.19)
<max{p—-1,9—1}B(p— 1,9 — 1)max{x,1 —x},
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where

Ky=(p-1)B(p-1,9)+(q—-1)B(p,q—1). (5.20)

Proof. Let us consider Lemma 5.8 for mapping [, 1 41 (¢). We have

1
Wy sl = | Vpaa(®) 1o =1 (p+q - 261 e
J 2 2(D[(q— D+ (p— (1 —1)]dt
(5.21)
=(q-1B(p,g—1)+(p—-1)B(p—-1,9)
<max{q—1,p—1}[B(p,g—1)+B(p—1,9)]
=max{g—-1,p—-1}1B(p—-1,9—-1)
by (L.6). O

Remark 5.11. Theorem 5.10 is an improvement of (1.10), that is, [6, Theorem 1.8].

Application of (5.12) in quadrature formulas was considered in [5, 6, 8]. The following
result is valid.

LEMMA 5.12. Let f beasin Lemma 5.8 and I, & (i = 0,1,...,n — 1) as for Lemma 5.5. Then
we have the Riemann quadrature formula (5.7) where the remainder satisfies the estimate

1 1+1
Walfol)| < sup | Skt &= 255 | [,
i=0,1,...,n—1
s[%v(hﬂ sup |~ x,+x,+1 ]Ilf Il (5.22)
i=0,1,..,n—1
<y f I,

forall&,i=0,1,...,n—1, where v(h) = max;—o,1, n—1{hi}.
In particular, we have the midpoint rule (5.9) and the remainder S, (f,1,) satisfies the
estimate

[$uf 1) | < 39S . (523)

Applications of Lemma 5.12 for Beta function gives the following theorem.

THEOREM 5.13. Let the conditions of Theorem 5.6 be fulfilled. The remainder T,(p,q) in
formula (5.12) satisfies the estimation

Xi T Xit1

§- 5

| T, pq|<K2[ v(h)+ sup

i=0,1,..,n—1

] (5.24)
< Kyv(h),

where K, is given by (5.20).
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In particular, for & = (x; + xi+1)/2, (i = 0,1,...,n — 1) the approximation (5.7) is valid,
where

[ Va(psq) | < %sz(h). (5.25)

Remark 5.14. The last theorem gives improvement of [6, Theorem 19].
Fink [11] (see also [15, page 471], [5, 16]) has proved the following result.

LEMMA 5.15. Let f be absolutely continuous on [a,b] with f" € Li[a,b]. Then for 1 <s < oo,
1/s+1/r=1,

1 (° —a (b))
S0y, ], o] < [(x D } [l 520
THEOREM 5.16. Lets>1, p,g>2—1/s>1, 1/s+1/r = 1. Then
| B(p,q) —xP~H (1 —x)17" |
K X't +(1 _x)r+1 r
= r+1 (5.27)

1/
xr+(1 _x)r+l:| r

1/s
<max{p—1,9—1}[B(s(p—2)+1,s(g—2)+1)] [ il

where
1/s

(5.28)

Ks=[(g=1)’B(s(p-2)+2,s(q=2)+1) +(p—1)'B(s(p - 2) + L,s(qg = 2) +2) ]

Proof. Setin Lemma 5.15: f(t) =1, 14-1(t), a=0, b = 1. It follows

11,11l

- (Ll g2 p—1- (p+q_2)t|5dt> Vs

1/s

IA

1
| Bosgala= e o= - oar)

IA

1 1/s
| Boagalia- - 0(p- 1)
=[(g=1)°B(s(p-2)+2,5(q=2)+1) +(p—1)°B(s(p —2) +1,s(g = 2) +2)]
<max{q—1,p—1}[B(s(p—2)+2,s(q—2)+1)+B(s(p—2)+1,s(g—2)+2)]
=max{q—1,p—1}[B(s(p—2)+1,s(q—2)+ ] (by (1.6)).

1/s

1/s

(5.29)
(]

Remark 5.17. The result above is an improvement of (1.11), that is, [6, Theorem 22].
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An application of Lemma 5.15 for quadrature formula was given in [6, 9].

LemMA 5.18. Let f be as in Lemma 5.15 and I, & (i = 0,1,...,n) as for Lemma 5.5. Then
the Riemann quadrature formula (5.7) is valid, where the remainder satisfies the estimate

-l 1/r
| (fI)| ||f Ils (Z[(fi_xi)rﬂ'f'(xiﬂ—Ei)rﬂ])

%
(r+ DV \ =

_ 1/r
Iflls (= .,
= (r+1)vr (%hi ’

i=

(5.30)

In particular, for & = (xi +xi1)/2, (i=0,1,...,n — 1), we have the midpoint formula (5.9)
ant the remainder S,(f,I,) satisfies

s (e
1Su(fIn) | < TG N . (5.31)
i=0

This lemma can be used in the proof of the following approximation of the Beta func-
tion in terms of Riemann sums.

THEOREM 5.19. Let the conditions of Theorem 5.6 be fulfilled. The remainder T,(p,q) in
formula (5.12) satisfies the estimation

K n—1 1/r
ITn(p,q>|s—3(, [(& =)™ + (i - a)r“])

1/r
K T
=+ (r+1)Vr (Zh H) '

In particular for & = (x; + xi+1)/2 (i = 0,1,..., 1), we have the approximation formula
(5.7), where

(5.32)

—

1/r
[Va(psa) | < X )m ( Zh’“) : (5.33)

Remark 5.20. Theorem 5.19 gives an improvement of [6, Theorem 23].

6. Inequalities via Milovanovi¢-Pecari¢-Fink inequality

Milovanovi¢ and Pecari¢ in [14] and Fink in [11] (see also [16, page 470]) have considered
generalization of Ostrowski’s inequality (5.1) in the form

< K(n,s,%,a,b)| f™]|,, (6.1)

1 i 1 (b
‘ " [f(x) +l§Fk(X)] i L fdt
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where Fy is defined by

_ n—k
" kl(b-a)

Fi(x) [f* @) (x = a)* = FED(b) (x — b)), (6.2)

For n = 1 the sum above is defined to be zero.
In fact, Milovanovi¢ and Pecari¢ have proved that [16, page 469]:

(X _ a)n+l + (b _ x)n+1

Km0 00,0) = = Db —a) (6.3)
while Fink proved that
_ \nr+l _\ar+1 VT
K(n,s,x,a,b) = (=) +(b—x)] B((n—Dr+1,r+ l)m, (6.4)
nl(b—a)
where 1 <s < o0, 1/s+ 1/r = 1, B is the Beta function and
_ (n— 1)11—1 _\n _a\n

K(n,1,x,a,b) = (b —a) max {(x —a)", (b —x)"}, (6.5)

where, of course, for n = 1 itholds (n—1)""!'=1,fors=oo,r=1andfors=1, r = oo.
It is clear that Lemmas 5.1, 5.8, and 5.15 are special cases of the results above for n = 1.
Also, by (5.18) it is clear that (6.5) can be given in equivalent form

~ (n=1)! [b—a ' a+b ]"
K(n,1,x,a,b) = (b —a) | 2 |- (6.6)
THEOREM 6.1. (i) Let p,g>n+1—1/s,1 <s<oo,x € [0,1]. Then
‘B(p,q) - %x"’l(l L K(n,w,x,O,1)||l§,n_)1,q_1||ss (6.7)

where
g1 = lpn-1gonaa (B) 2 (1) (Z) (p=D" P (g-1)W - (6.8)
i=0

anda® =a(a—1)---(a—k+1),a® =1.
We also have for s = «, p,q > n,

(P —n— l)pfnfl(q —n- l)qfnfl

||l§7njl»q*1 ||oo = OIBI?;{(I) - 1)(n_k)(q - 1)(k)} (p+ q- 2n— 2)p+q—2n—2 (69)
(ii) Fors =1, p,q > n,
[ (Z) (p-D" g~ DWB(p—n+k-2,g—k-2)
k=0 (6.10)

= max {(p—1)"(q=DP}B(p—nq—n).
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(iii) For 1 <s< oo, pt+g>n+1—-1/s

152141l

n 1/s
= [Z (Z) [(p-1)"P(g-1D)P)VB(s(p—n—1)+k—-1,s(g—n—1)+n—k— 1)}

k=0
< max {(p—-1)"F(g-1)* }[B(s(p—n—1)+l,s(q—n—1)+1)]1/s.

0<k=<n

(6.11)

Proof. Let us consider Milovanovi¢-Pecari¢-Fink inequality (6.1) for the function

£ = L1 g1 (0. (6.12)

We have

n

FO) =1 10 = Lponrgona () D (= DF (Z) (p— 1P (g - 1B —p)rkek,
o (6.13)

Since p,q >n, we have fork=1,...,n—1

PO =12, =0  fO0)=12 (1)=0 (6.14)

that is Fx(x) = 0. So we get (6.7).
Also we have
n

Z 1)"() p=1"P(g-1W -y,
. (6.15)

|lp1q1t)|_pnlqnlt)

that is,

11 1O = lpopo1gon-1(D) > (Z) (p-D"Pg-DWa -kt (6.16)

k=0
So we have
121l = max 167,100
n

< I t —1)R (g — 1)R (1 — f)nkik

trel}g)l(]pn 1,q—n— 1( tg%g’f];( > ) (q ) ( )
n

= m[ax]lp n-l,g-n— q(t) max {(P_l "B(g-1* Z( ) — )R

telon] £ T T T Tzor,

k=1

l t ~-1)RH(g-1)®},
trgr%g)li] p—n-1,q—n— 1() :I&?’X’n{(p ) (q ) }

(6.17)
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Using (6.16) we also have

25l = o t>Z( o= 0 g -1 o

n

=3 (1) -0 - 0B - n kg -0

(6.18)

< max {(p—1)"P(g k)}Z() (p—n—k,q—k)

k=0,1,...,n

= max {(p-1D)"(q-1D®}B(p-nq-n) (by(16)).

So (6.1) gives (6.9).
Similarly we have (6.11) since by (6.16) it follows, using Jensen’s inequality:

157161l

n s 1/s
Uollf’ by [Z (Z) (p=D"Pg-DP1-n" ktk] dt}

k=0

' 1/s
< {JO l;—n—l,q—n—l(t) Z (Z) (1 — t)”*ktk[(p _ 1)(n7k)(q _ 1)(k)]s}

k=0

n 1/s
= { > <Z> B(s(p-n—-1)+k+1,s(g—n—-1)+n—k+1)[(p-1)" (g - 1)<k>]5}
k=0

n 1/s
< max {(p—l)(”k)(q—l)(k)}[z<> s(p—n—1)+k+1,s(q—n—1)+n— k+1)}

= l‘(l)llaX {(p- 1) k(q 1)k }[B(s(p—n—1)+1,5(q—n—1)+1)]1/s.

,,,,,,

(6.19)
O

7. On some inequalities of the Ostrowski type in probability theory
and applications for the Beta function

Let X be a random variable with the probability density function f : [a,b] C R — Ry and
with cumulative distribution function F(x) = Pr(X < x).
The following result was proved by Barnett and Dragomir [2].
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THEOREM 7.1. Let f € Lo|a,b] and put || flle = SUPc(ah) [ f(£)] < co. Then we have the
inequality

Pr(X <x)

_b—E(X)‘< 1 (x—(a+b)/2)°
=4 (b—a)?

b—a —+—](b—a)||f||w (7.1)

forall x € [a,b]. The constant 1/4 in (7.1) is sharp.

A Beta random variable X with parameters (p,q) has the probability density function

xP~1(1 —x)47!

Bipa) , O0<x<1, (7.2)

f(x;p,q) =
where B is the Beta function.

THEOREM 7.2 [2]. Let X be a Beta random variable with the parameters (p,q), p,q > 1.
Then

U I I B SOV A BV VLUt Vi
pri =) p+q‘ - [4+(x 2> }B(paq)(p+q—2)1’+q2’ 73

where x € [0,1].
In particular, we have

1\ g 1 (p-DFi(g-Dnr!
]pr(sz) p+al =4 B(pg)(ptq-2)pa?

(7.4)

Some related results based on Ostrowski type inequality for functions from L, [a,b]
are obtained in [1, 6]. For example, the following result is valid.

THEOREM 7.3. Let X be a Beta random variable with parameters (p,q), p,q > 0. Then

_a |1 ‘ _1
‘Pr(sz) +q‘52+ x ik (7.5)
for all x € [0,1] and, in particularly
N__a ‘ 1
‘Pr(st) rtq SZ. (7.6)

Dragomir, Barnett, and Wang [7] (see also [6]) are proved.
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THEOREM 7.4. Let X be a random variable with the probability density function f : [a,b] C
R - R.. If f € L[a,b], s > 1, then we have the inequality

- b_E(X) r - r (x_a>(l+r)/r (h_x>(1+r)/r
PrX <x) == | = paq M llb-a) b-a \o-a

r _ 1/r
< r+1||f\|s(b a)

(7.7)
for all x € [a,b], where 1/s+ 1/r = 1.
An improvement of Theorem 7.4 was obtained in [3].
THEOREM 7.5. Let the assumptions of Theorem 7.4 be fulfilled. Then
b—EX)| [(—ay+@®-xy]"”
Pr(X <) - 20 ‘s[ e } £ (7.8)

The following result from [3] is also improvement of result proved in [6, 7].

THEOREM 7.6. Let s > 1 and X be a Beta random variable with parameters (p,q), p >
1 —1/s, q > 1 —1/s. Then we have the inequality

1/r 1/s
. q AT+ 1 -x)" | B(s(p-1)+1,s(g—1)+1)
‘Pr(sz) p+q‘s[ 117 B(p,q) (7.9)
forall x € [0,1].
In particular, we have
1y 4 ‘ B(s(p—1)+1,s(g—1)+1)"
Pr<X32> p+q = 2(1+7)Y"B(p,q) (7.10)

Now, we will give some extension of previous results.

TaEOREM 7.7. Let X be a random variable with the probability density function f : [a,b] C
R — R, and with cummulative distribution function F(x) = Pr(X < x). If f"~V € Ly[a,b],
n>1,s>1,and F9(0)=F9(1)=0,i=1,...,n—2 (ifn > 3), then

O

(n—1)
g < K(n,s,x,a,b)|| f Il o> (7.11)

where K(n,s,x,a,b) are given by (6.3), (6.4), and (6.5) or (6.6).

Proof. Set in (6.1): f(x) = F(x) and note that F(a) =0, F(b) =1, f:F(t)dt =b - E(x),
Fi(x)=0,k=2,...,n—1,while F;(x) = (n—1)((b —x)/(b— a)). O
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THEOREM 7.8. Let 1 < s < oo and X be a Beta random variable with parameters (p,q),
p>n—1/s,q>n—1/s. Then

[Pr(X x)+(n—1)(1-x )]—ﬁ‘ < K(n,s,x,0,D)| f" Y, (7.12)

where

n—1
frh = 71”1;’;;‘;?) > (1) (” ‘ 1) (p= D" Dg =P -k (7.13)
> k=0

Further, we have
(i) For s = 0, p,q >n

k)} (p—mP"(g—n)i™"

n—1) _ 1\(n—k-1)
£l = _max  {(p—1) (@-0 g0 Sprg-ampraz 719
(ii) Fors=1, p,g>n—1
F D < i ( ) — 1)k (g - 1)®B(p—n+k+1,9-k)
B(P = (7.15)
1

- _1\(n=k=1) ¢, _ 1\(k) _ _
B(p,q)o;l?jril{(‘b 1) (g-D"IB(p—n+1,g—n+1).

(iii) For0 <s< oo, p,q>n—1/s

£l

n—1
< B(; q9) { > <”; 1) [(p—1)rkD(g— 1)(k)]SB(S(P—n)+k+1,s(q—n)+n_k)}
’ k=0

1/s

1 S
= ooy o max (= DO 0g = DWYBs(p =) + Lt —m)+ DT

(7.16)

Proof. A Beta random variable X with parameters (p,q) has the probability density func-
tion

xP71(1 —x)47!

fxp,q) = B(pq)

, O<x<l (7.17)
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We have
1 1
= P = x)a!
E(X) B(p,q)Joxx (1-x)1T""dx
(7.18)
_BlptlLg _ p
B(p,q)  p+q

So from Theorem 7.7 we have (7.12). Proof of the rest of the theorem is similar to that of
Theorem 6.1. O
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