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We deal with a conditional functional inequality x L y = || f(x+y)— f(x) - f(y) I =
e(|l x| P+ | bl P), where L isa given orthogonality relation, € is a given nonnegative
number, and p is a given real number. Under suitable assumptions, we prove that any
solution f of the above inequality has to be uniformly close to an orthogonally additive
mapping g, that is, satisfying the condition x L y = g(x+ y) = g(x) +g(y). In the sequel,
we deal with some other functional inequalities and we also present some applications
and generalizations of the first result.
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1. Introduction

Ulam (see, e.g., [18, 19]) asked to give conditions for the existence of a linear mapping

near an approximately linear one. If f is a function from a normed linear space (X, || - ||)
into a Banach space (Y, || - [|) which satisfies with some ¢ > 0 the inequality
[fx+y)—fx)— fDll<e, xy€eX, (1.1)

then Hyers [7] proved that there exists a unique additive mapping a : X — Y such that
[[f(x)—ax)||<e, xeX. (1.2)

Moreover, if R 3 t — f(tx) € Y is continuous for any fixed x € X, then a is linear. Rassias
[11] generalized this problem introducing the inequality

1fGx+y) = fG) = fFOll < e(llxlI?P + 11 ylI?) (1.3)
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2 Generalized orthogonal stability of some functional equations

for ¢ 2 0, p € R, and asking about a stability result in this situation. He proved that if
p € 10,1) (actually also for p < 0), then there exists an additive function a such that

1) —a()ll = 5=, lIxlf, xeX. (1.4)
Gajda [4] obtained a similar result for p > 1 and showed that in the case p = 1, there is
no stability.

In what follows, we want to join the idea of stability with the investigation of functional
equations postulated for orthogonal vectors only. We will consider different notions of
orthogonality. Next to the classical orthogonality defined in an inner-product space, there
are more general notions of orthogonality defined in normed linear spaces.

Given a real normed linear space (X, || - [|), dimX > 2, and x, y € X, we say that
x Ly inthe sense of Birkhoff-James iff [ x|| < [[x +Ay|l VA € R, (1.5)
while
x Ly inthesense of James iff |x+ y|l = llx — yll. (1.6)

For many properties of these relations, the reader may refer to [1, 8-10, 12].

Remark 1.1. In any real inner-product space, the usual notion of orthogonality coincides
with Birkhoff-James orthogonality and with James orthogonality.

As mentioned before, we will consider functional equations defined only for orthog-
onal vectors and we will start with the Cauchy functional equation. A mapping f from
an inner product space (X, (- | -)) into a group (G,+) is termed orthogonally additive
provided that for every x, y € X, one has

xLy= flx+y)=fx)+f(y). (1.7)
For instance, the functional
Xox—(x|x)eR (1.8)

is orthogonally additive (Pythagora’s theorem). The notion of orthogonal additivity
has intensively been studied by many authors (see, e.g., James [10], Sundaresan [14],
Drewnowski and Orlicz [2], Gudder and Strawther [6], Rétz [12], Szabo [15, 17]).

Ger and Sikorska [5] were studying the stability of orthogonally additive mappings
considering the conditional inequality

xly=|fx+y) - fx) - fy)| <& (1.9)

It was shown that there exists an orthogonally additive mapping g : X — Y such that
I f(x)—g(x)|l <(16/3)¢, x € X, which means that the equation is stable.

In the present paper, we are going to study this problem for general stability introduced
by Rassias [11].
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Throughout the paper, N and R denote the sets of all positive integers and all real
numbers, respectively. By the notation X, we mean X \ {0} provided that p <0 and X
otherwise. In order to avoid some definitional problems, we also assume for the sake of
this paper that 0° := 1.

2. Cauchy functional equation

In this section, we show the stability result for Cauchy functional equation, assuming the
condition

xLy=|[f(x+y)—fx) = fO <elllxI?+yll?). (2.1)

In the following two parts, we will deal with Birkhoff-James and with James othogonali-
ties, respectively.

2.1. Birkhoff-James orthogonality relation. For the next results, assume that (X, || - [|)
with dimX > 2 being a real normed linear space with Birkhoff-James orthogonality and
(Y, Il - 1) is a real Banach space.

LemMAa 2.1. Ifan odd function f : X — Y satisfies (2.1) for some e > 0 and p # 1, then there
exists a unique additive mapping a: X — Y such that

aesgn(p—1)

1 G - ato)] < “E0L

Hx”P) xe Xp) (22)
where a = 2+ 2P +2 - 3P + 4P in case p is nonnegative and o = 4+ 2P in case p is a nega-
tive real.

Proof. Fix arbitrarily an x € X,. On account of Ritz’s result from [12, Example C], there
exists some y € X, such that x L y and x+y L x — y. Then x L —y as well whence, by
(2.1), and the oddness of f, we get

1f = y) = fx)+ FOIl < ellxl? + lLylIP),

(2.3)
I[f(2x) = f(x+y)— f(x=p)|| <e(llx+ylI? + llx = ylI?).

Consequently,

[[f2x)=2fll < |[f(2x) = flx+y) = fFlx =+ fx—=p) = f)+ fF(|
+Hf(x+y) = fx) = f)] (2.4)

<elxlI? +20ylI? +1lx+ ylI? +1lx = ylI?).

From the definition of the orthogonality, since x L y, we derive ||x]| < [lx + y|| and
Ix]l < llx— yll (for A =1 and A = —1, resp.), and analogously, from x+ y L x — y, we de-
rive [lx+ yll < [12x]| and |[x + y|l < [|2y]|. From these relations and the triangle inequality,
we have additionally || y|l < 3|Ixl, lx — yIl <4llxl, llx]l <2yl
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In case p is a nonnegative real number, we have the approximations

Iyll? < 37]IxI, llx+yll? <2P|lx]P, llx =yl < 47|l x|IP, (2.5)
otherwise,
Iyll? <27P||x|?, lx+yl? < llxll?, llx = plI? < llx|. (2.6)
Let
242P4+2-3P+4P ifp>0,p#1,
o {4+21P if p <0. 27
Then we obtain
I|f(2x) = 2f (x)|| < aellxllP, x€X,. (2.8)
Assume first that p < 1. Then from (2.8), we have
lre - L2 < Zpape, xex, 2.9)

with & defined by (2.7). An easy induction shows that for an arbitrary positive integer n,
we have

21p=1) e
W—”X” 5 XEXP. (2.10)

[re- 550

This implies that for every x € X, the sequence ((1/2") f(2"x))nen is a Cauchy sequence.
Let

a(x) := %&rglozinf(Z”x), xeX. (2.11)

Relation (2.10) implies that

£ —a()ll = 5755 %17, x € X, (2.12)

In order to show that a is orthogonally additive, choose arbitrarily x,y € X, x L y.
Then for any n € N, one has 2"x 1 2"y, whence

1, 1 ; 1, 1
|y 490 = 5, £@0) = 5,7 @) < e UxlP +1p10), e,
(2.13)
Letting # tend to infinity, we infer that
lla(x+y) —a(x) —a(y)|| <0 (2.14)

whenever x L y, which gives already our assertion.
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Finally, on account of Ritz’s result (cf. [12, Theorem 5]), each odd orthogonally addi-
tive mapping is additive, therefore so is a.

To prove the uniqueness, assume a; : X — Y to be another additive mapping such that
lf(x) —ai(x)ll < (ae/(2 = 27))||x|?, x € X,. Then, for each x € X,, and all n € N, one
has

latx) = an(l] = | (atrx) = F(20)) + (1) = as (20))|

2.1
< (2l + el ) = 2 e o
2-2¢ 2- T nlmr(2-20) ’
which implies a = a; and finishes the first part of the proof.
In the case p > 1, we start from the inequality
w27 (3)|| < S i, wex, (2.16)
with « =2+ 2P +2 - 37 + 4P, This leads to
x 1 1 ae
_on - — il p
lr-27(2)| < 5= (1- g ) S, xexmen.  @a7)

Consequently, for each x € X, the sequence (2" f (x/2")),en is a Cauchy sequence and we
may define

aw = lim2f(3), xex (2.18)

From (2.17), we get
1fG) = al| < 55— IxllP, xeX. (2.19)
The rest of the proof goes similarly to the adequate parts of the first part. O

Remark 2.2. If (X,(-|-)) is an inner-product space and f : X — Y is an odd function
satisfying

xLy=|[f(x+y)—fx)— fO < ellxI*+yl?), (2.20)

then since the condition x L y is equivalent to [|x[|* + || y[I? = llx+ y[I?, and since for a
chosen y in the proof of Lemma 2.1 we have actually || y|| = ||x||, we get a much better
approximation, namely

|If(x) —a(x)|| < 4ellx|?, xeX. (2.21)

LemMma 2.3. If an even function f : X — Y satisfies (2.1) for some € = 0 and p # 2, then
there exists a unique quadratic mapping b: X — Y such that

Ife - bl < LD e, e, (2.22)
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where f = 6+5 2P +2- 3P + 4P in case p is nonnegative and f = 4+ 10 - 21°P in case p is
a negative real.

Proof. Fix arbitrarily an x € X, and choose (as in the proof of Lemma 2.1) a y € X}, such
thatx L y and x+ y L x — y. Then x L —y as well, whence by (2.1) and the evenness of

f>we get
1f(2x) = flxty) = flx =yl < e(llx+ 1P+ llx = ylI?),
fx=y) = fG) = fFDIl < e(llxlI? + 11y lIP).
On the other hand, since (1/2)(x+ y) L (1/2)(x — y) and (1/2)(x+ y) L (1/2)(y — x), we

infer that
Jreo-s(52) (2= - F2)

rn=r(552) 1057 =< )

As a consequence, we obtain

||f(2x)_4f(x)||S||f(2x)—f(x+y)—f(x—y)||+||f(x+y)_f(x)_f(y)H
+f =)= F0) = F(p) |+2ny> f(“y) f(yT—x)

A (552) s (552) o
)

X
< s(z||x||P+zuy||P+ x4 yllP + ||x—y||P+4H

(2.23)

x+yH‘7

Ak

|

2
(2.25)
Using the same approximations as in the proof of Lemma 2.1 and denoting
6+5-2P+2-3P+4P ifp>0, p#2,
- (2.26)
4+10-2-¢ if p<o,
we infer
||f(2x) —4f (x)|| < Belxll”, x€X,. (2.27)
Assume first that p < 2. From (2.27) we have
2
Hf(x)—%“s%\lxl\l’, x€X,. (2.28)

By induction we get

Hf(x)—zlnf(Z"x)Hs 4fggzp(1—2”<1’*2))||x||1’, xEXp neEN, (2.29)
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which immediately shows that for every x € X, the sequence ((1/4") f (2"x)) sen is a Cauchy
sequence. Let

b(x) = lim 4—1” F2"%), xeX. (2.30)

Relation (2.29) implies that

£ () = b0 < ﬁszpllxllp, x€X,. (2.31)

Similarly to the considerations before, one must still prove that b is orthogonally ad-
ditive, consequently quadratic (cf. [12, Theorem 6]), and that it is unique.
Assume now that p > 2. Write (2.27) equivalently in the form

[rea-ar(3)|| = Ematr, xex, (232

with f=6+5-2P+2- 3P +4P. This leads to

Hf(x)—ﬂf(zin)H < 2ff4(1— zn(;z))nxnp, xeX, neN. (2.33)

Analogously as in the first part of the proof, we may define

b(x) = lim 4" f( ) xeX, (2.34)
and then standard considerations finish the proof. O

THEOREM 2.4. Let (X, - ||) with dimX = 2 be a real normed linear space with Birkhoff-
James orthogonality and let (Y, || - |I) be a real Banach space. If a function f : X — Y satisfies
(2.1) for somee = 0, p € R\ {1,2}, then there exists a unique orthogonally additive mapping
g:X — Y such that

If(x) —g(x)|| < Kellx|IP, x€X,, (2.35)

where

apsgn(p—1) N Bisgn(p —2)

forp =0, p+1,2,

K — 20 -2 20— 4
[49] 2
— <
-2 T a—pp forp <0, (2.36)
o =2+2P+2-3P +4P, o =4+217P,

Pr1=6+5-2P+2-3P +4P, Pr=4+10-277.

Function g is of the form a+q with a: X — Y additive and q : X — Y quadratic and if,
moreover, the norm in Y does not come from an inner product, then g is unconditionally
additive.
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Proof. Let f, and f. denote the odd and the even parts of a solution f : X — Y of (2.1),
respectively. A simple calculation shows that both f, and f, are solutions of (2.1). Apply-
ing Lemmas 2.1 and 2.3, we derive the existence of an additive function a: X — Y and an
orthogonally additive quadratic function q : X — Y such that for all x € X,

|| fo(x) —a(x)|| < Aellx|I?, || fe(x) — q(x)|| < Bellx|I?, (2.37)

where A and B are suitable constants depending on p. Plainly, the function g:=a+q is
orthogonally additive and the estimation

|1 (x) = g(0)|| = [|(fo(x) —alx)) + (fe(x) — q(x))|| < Kellx||? (2.38)

with K obtained by summing up suitable constants holds true for all x € X,.

To prove the uniqueness, assume g : X — Y to be another orthogonally additive func-
tion such that [| f(x) — g1 (%) || < Ke||x||?, x € X,,. Then g := g — g1 is orthogonally addi-
tive as well and

llgo(x)|| < 2Kellx|I?, x € X,. (2.39)

Applying Ritz’s result [12] once more, we get the representation gy = ag + qo, where ay :
X — Y is additive and go : X — Y is quadratic. Then, for all x € X, and n € N, we have
for p <2 that

||nao(x) + n?qo(x)|| = ||go(nx)|| < 2nPKellx||?, (2.40)

‘ 1

;ao(x)+qo(x)H <2nP72Ke| x| (2.41)

that is,

This proves that gy = 0, whence gy = ao is a bounded additive mapping. Thus g, = 0, that
is, g = g¢1. For p > 2, we have
' 1

;ao(x) + %qo(x)

X 2Ke
i - p
ga(n)Hs P llxI1£, (2.42)
that is,
[|nao(x) + go(x)|| < 2n* PKellx||?. (2.43)

This shows that ag = qo = 0, whence gy = 0, that is, g = g;, which was to be proved.
The form of g in case the norm in Y does not come from an inner product follows
from the results of Ritz [12] and Szabé [15] O

Remark 2.5. A special case for p = 0 in (2.1) was considered by Ger and Sikorska in the
paper [5], were the same approximation constants were obtained.

The values p = 1 and p = 2 were excluded in Theorem 2.4. We are going to show that
in these cases, we do not have any stability result. Each of the following examples is a
slight modification of a result of Gajda [4].
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Example 2.6. Let ¢ : R*? — R (we consider R? with the Euclidean norm) be given by the
formula

pxy if (x1,x2) € (=1,1)%,
(x1,%2) 1= . (2.44)
U lf(xbe) € RZ\(_171)2)
for some y > 0. Define the function f: R? — R as
flx):=> (p(;x), x = (x1,%) € R2. (2.45)
n=0
Then
f)] < zﬂ —2u, xeR. (2.46)
n=0
In what follows, we will show that
| flety) = f0) = fFO | < 6ulllxll +1yll) (2.47)

for all vectors x, y € R?, and also for orthogonal ones.

Fix arbitrarily x, y € R%. Assume first that 0 < ||x|| + || y[| < 1. There exists N € N such
that 1/2N < ||x|| + | yll <1/2N~ 1. Then 2N |x|| < 1,2V y|l <1,2N"Y|x + y|l < 1, whence
2" x| < 1,2 y11 < 1,2"|x; + y1| < L forall m € {0,1,...,N — 1}. Consequently,

N-1 n _on on
Gt y) = fo— )] = 3 12t n) =2k = 2wy |

n=0 2n
N i |p(2"x+2"y) —2(;:1(2%) —9(2"y) | (2.48)
n=N
< 3 5= g s el + Iy
Let now |[x]| + 1l yll = 1. Then
| fx+y)=f0)-fy)] < i |p(2"x+2"y) —24;(2”9‘)—9’(2”)’”
(2.49)

=6 < 6u(llxll +1Iyl).

n=0
[o+]

N"‘:

Suppose now that there exist an orthogonally additive function g : R* — R and a posi-
tive real number # such that

| f(x)—gx) | <nlxl, xeR. (2.50)
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Then since f is bounded, g is bounded on some neighbourhood of zero, so g has the
form

gx) = alx)+clxl?, xeR? (2.51)
for some continuous linear functional a : R? — R and a constant ¢ € R. Hence,
| f(x)—alx)—clxl*| <gllxll, xeR?, (2.52)
but since f is odd, we also have
| f(=x) —a(=x) —cll =xI*| = | = f(x) +a(x) —clx|*| <nlxl, xeR?®  (2.53)
whence [c][|x]|? < nllx]l, x € R?, which yields ¢ = 0 and

| f(x)—ax)| <qyllxll, xeR? s
2.54
flx) < (n+llal)llxll, xe€R2

Let N be a positive integer such that Ny ># + |lall and let (x;,0) € R? be chosen so that
x1 € (0,1/2N-1), Then 0 < 2"x; < 1 forall n € {0,1,...,N — 1} and we have

s Gle(nx) N 2t
/) go 2" Z,;) 2" go 2 (2.55)

= Nuxy > (n+llall) llxl,

which gives the contradiction.

Remark 2.7. Function ¢ given in Example 2.6 is not continuous. It was given for the sake
of simplicity, but there are also continuous functions for which the stability result fails to
hold. Such a function can be given by

p(x +x2) if (x1,x) € (=1,1),
(P(xl)xZ) = X1 +x;
Hmax {[xi[, [x2 ]

if (Xl,xz) c R? \ (_1’ 1)2. (2.56)

Example 2.8. Let ¢ : R? — R (we consider R? with the Euclidean norm) be given by the
formula

pllxll? i flxll < 1,
o(x):= ] (2.57)
Y if [|x]] = 1,

for some y > 0. Define the function f: R? — R as

f(x) = i (P(i:x)

n=0

, xe R (2.58)
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Then
> 4
IGIED 4% =m xeR: (2.59)

In what follows, we will show that

xLly= |fx+y)—fx)=fO)| <4u(lxI*+yl?). (2.60)

Fix arbitrarily x, y € R?,x L y. Assume first that 0 < [|x[|?+ [| y[I> = [[x+ y||* < 1. There
exists N € N such that 1/4Y < [|x|1> + ||ylI* < 1/4N~1. Then 2V 7!|x|| < 1, 2N~ 1|yl < 1,
2V"Ux + yll < 1, whence [127x]| < 1, 12"yl < 1, [|2"(x+ )|l < 1 for all n € {0, 1,...,N —
1}. Consequently,

N ul2nx+2ny | - 2P - 2yl

[ fx+y) = f) - f)] = > 4n
n=0
. i lp(2"x+2"y) —Zjl(Z”x) —9(2"y) | (2.61)
n=N
< > 2 <+l IP).
n=N

Let now [|x[|>+ 1| ylI*> = 1. Then

—9(2"x) —9(2"y) |
411

|ty - fo) - f(y)] < 3 12ZE*2Y)
(2.62)
=4y < 4u(llxl1?+ 1 y11?).

n=0
[ee)
<33

H}

Suppose that there exist an orthogonally additive function g : R? — R and a positive
real number # such that

| f(x)—gx) | =qlxl?, xR (2.63)

Then since f is bounded, g is bounded on some neighbourhood of zero, so g has the
form

gx) =alx)+clxl?, xeR? (2.64)
for some linear a: R? — R and a constant ¢ € R. Hence,
| f(x) —cllxl?| = gllxl?, xeR? (2.65)
but since f is even, we also have

| f(—x) —a(—x) —cll = xII*| = | f(x)+a(x) —cllxl*] <xlxl? xeR? (2.66)
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whence |a(x)| < 7llx]|?, x € R?, which yields that a = 0 and

| F(x) —cllxl?| <qlxl?, xeR?,
2.67
F) = (n+le) =l xR (2.67)

Let N be a positive integer such that Ny >+ |¢| and let x € R? be chosen so that ||x|| €
(0,1/2N-1). Then ||2"x|| < 1 for all n € {0,1,...,N — 1} and we have
flo= 3 02 N e sl

n=0 4" n=0 4" n=0 4" (268)

= Nullxll* > (7 + Icl) lIxlI%,

which gives the contradiction.

2.2. James orthogonality. For the next results, assume that (X, || - [|) is a real normed
linear space with dimension greater than 2 and (Y, | - ||) is a real Banach space. In the
space X, we consider the orthogonality relation in the sense of James. In order to get the
same kind of results to those obtained in the previous section, we have to show that for
each x € X, thereexistsa y € Y such thatx L yandx+y L x— y.

For this aim, fix an x € X. If x = 0, then it is enough to take y = 0. So, assume that
x # 0. Consider a sphere Sy (0, ||x]|) with the center at the origin and with radius [|x||, and
a continuous function ¢ : Sy(0, [|x]|) — R given by the formula

o(u):=lIx+ull = llx—ull, ueS(0,lxl). (2.69)

It is an odd nonzero function which changes its sign and which is defined on the con-
nected set. So, there exists a y € So(0, [|x||) such that ¢(y) = 0, whence |[x+ yll = [[x — yl
and ||x|| = ||y |l, which means thatx L yand x+y L x — y.

With the above result, we are able to go along the same lines as in the proofs of Lemmas
2.1 and 2.3. The only things we have to recalculate are the constants & and f3.

As in Lemma 2.1 for an arbitrary odd function f : X — Y satisfying (2.1), we have the
condition

[[f(2x) —2f(x)|| < ellxII? + 20y II? + llx + yII? + [lx = pI?). (2.70)
Using the definition of the orthogonality, from x L y we derive [[x + y|| = ||x — yll,and
from x+y L x — y we derive x|l = || yll. On account of the triangle inequality, we have

additionally [|x+ yll = [lx — yll < 2llx|l and [Ix[| < [[(x+ y)/2[l + [[(x — y)/2]| = [Ix+ | =
llx = Il
In case where p is a nonnegative real number, we have the approximations

lx+ ylI? = llx— yll? <2?|x]|?, (2.71)
otherwise,

llx+ylI? = llx— ylI? < [Ix]*. (2.72)
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Let

a =

44201 ifp >0,
(2.73)

6 if p<O.

As in Lemma 2.3 for an arbitrary even function f : X — Y satisfying (2.1), we have the
estimation

x+y|? x—y|?
||f(2x)—4f(x)||se(2||x||P+2Hy||1’+Hx+y\|1’+||x—y||1’+4HTyH +4H zyH )
2.

This allows us to define the constant 5. Namely, we have

6+2rt1  ifp>0,
_ (2.75)
6+27F1 ifp<o.
Now we are able to formulate our next theorem.
TaeoreM 2.9. Let (X, || - ||) be a real normed linear space, dimX > 3, with James orthog-

onality and let (Y, || - ||) be a real Banach space. If a function f : X — Y satisfies (2.1) with
some € = 0 and p € R\ {1,2}, then there exists a unique orthogonally additive mapping
g:X — Y such that

|f(x) —g)|| = Kelxl?, x€X,, (2.76)

where

arsgn(p—1) N Bisgn(p —2)

forp =0, p+#1,2,

K= (XZP—Z ) 20 —4 (2.77)
2
2—2P+4—2P for p<0,

and ay = 4+2P oy = 6, By = 6+2P%L By = 6+ 27P*L. Moreover, if the norm in X does
not come from an inner product, then g is unconditionally additive.

Proof. Proceeding along the same lines as in the proof of Theorem 2.4, we use the results
of Szabé and Riitz telling that each odd orthogonally additive mapping in the space of
dimension not smaller than 3 is additive (cf. [16]) and each even orthogonally additive
mapping in the space of dimension not smaller than 2 is quadratic (if X is an inner-
product space, then James orthogonality coincides with the natural orthogonality defined
by means of the inner product [12], if X is not an inner-product space, the mapping
simply vanishes [17]). Consequently, we reach our thesis. g

3. Jensen functional equation

Since the results concerning James orthogonality differ from those concerning Birkhoff-
James orthogonality only in constants, from now on we restrict ourself only to the later
one.
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Fact 3.1. Let (X, ] - ||) with dimX > 2 be a real normed linear space with Birkhoff-James
orthogonality, (G,+) an abelian group uniquely divisible by 2, and let f : X — G be a
mapping satisfying the condition

x+y> _ S+ ) G.1)

xLy=f ( 7 7
Then there exist an orthogonally additive function a: X — G and a constant y € G such
that f is of the form f =a+y.
Now we are able to formulate a stability result for the Jensen functional equation.

THeOREM 3.2. Let (X, - II) be a real normed linear space with dim > 2 and with Birkhoff-
James orthogonality and let (Y, || - |I) be a real Banach space. If a function f : X — Y satisfies
the condition

ey = [r(532) - LI Seqee + 1yie) (3.2)

forsomee >0, p>=0, p# 1, and p # 2, then there exists a unique (up to a constant) map-
ping g : X — Y satisfying (3.1) such that

If(x) —g(x)|| < Kellx|IP, x€X, (3.3)

where

o' sgn(p—1) N B sgn(p—2)

K=" 27 —4 G
witho =2(2+3-2P+2-3P+2-4P)and ' =2(8+7-2P +4-3P +2 - 4P).
Proof. Define a function f : X — Y by the formula
7(x) = f(x) - f(0), xeX. (3.5)

This function satisfies (3.2) and 7(0) = 0. Since x L 0 for each x € X, from (3.2) we have

+(x\ _ f&)
IrG)-5
Approximation (3.6) together with (3.2) allows us to write for an arbitrary x,y € X,
x L y, the inequalities

<ellx||?, xeX. (3.6)

If et y) = fx) = F)]
<[ n-27(52)| + p7(*57) - GeorFon] 6

< 2e(llx+ ylIP + llxlI? + [l yII7).
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Now, using standard computations and the relations between x, y, x + y, and x — y for
orthogonal vectors x and y, we get in case of the odd part of function f that

[f,(2x) = 2f (x)|| < 2e(2llx[IP + 2] ylI? + 22 |IxI? + 2[1x + y I +2]lx — ylIP)

(3.8)
<2e|lx|P(24+3-2P+2-3P+2-4P) = o¢l|x||?,
where o =2(2+3 2P +2-3P+2-4P), and in case of the even part of function 7,
|If.(2x) = 4f (|
x+yP |lx—y|P
<2e(4llx|IP + 4l ylI? + 2P ||x|I? +2]lx + y|IP + 2l|x — ylIf + 4 - +4 5
<2¢ellx||P (847 2P +4-3P+2-4F) = f'el|x]||?,
(3.9

where ' =2(8+7-2P +4 - 3P +2 - 4PF). Considerations as in proofs of Lemma 2.1 and
Lemma 2.3 leads to proving, in case of the odd part of the function, the existence of an
additive function a : X — Y such that

a’esgn(p—1)

> eX, 1
T x (3.10)

£, () = a0l <
and in case of the even part lead to proving the existence of a quadratic and orthogonally
additive function b : X — Y such that

Besgn(p—2)

10 = bl = =25

xeX. (3.11)
Since each function has unique decomposition for its odd and even parts, the above re-
sults together give the desired assertion with g = a+ b+ f(0). Such a function is a solution
of (3.1). O

Remark 3.3. A special case of Theorem 3.2 for p = 0 gives the approximation constant
K = 32, which is better than the constant obtained while using standard considerations
starting just from the condition

xJ.y:”f(x;y)—f(x);f(y)"SZS (3.12)

with a nonnegative constant e. Then we get the estimation by 128/3¢ (cf. [13]).

4. Pexider functional equation

Fact4.1. Let (X,] - ||) with dimX > 2 be a real normed linear space with Birkhoff-James
orthogonality, let (G, +) be an abelian group, and let f,g,h: X — G be mappings satisfy-
ing the condition

xLy= f(x+y)=gx)+h(y). (4.1)
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Then there exist an orthogonally additive function a: X — G and constants &, € G such

that f =a+&é+y,g=a+é h=a+y.

Now we are able to formulate a stability result for the Pexider functional equation.

THEOREM 4.2. Let (X, || - II) be a real normed linear space with Birkhoff-James orthogonality
and let (Y, || - ||) be a real Banach space. If functions f,g,h: X — Y satisfy the condition

xLy=|f(x+y)-glx)—h(yl <e(lxll?+yI?)

(4.2)

withsomee >0, p >0, p # 1, and p + 2, then there exist unique (up to constants) mappings

fi.g1,h : X = Y satisfying (4.1) such that
1) = il < Kellxll?,  x€X,
llg(x) —ga(x)|| < (K+ Dellxll?, xeX,
[Ih(x) = i (x)]| < (K+ Dellx|I?, x€X,
where

asgn(p—1) N Bsgn(p —2)
20 -2 2P —4

and o =2+2P+2-3P +4P, f=6+5-2P +2 3P +4P.

K =

Proof. Since x 1L 0 and 0 L x, for each x € X, from (4.2) we have
|If (x) — g(x) = h(0)]| < ellxll?, x€X,
[| f(x)—g(0) = h(x)|| < ellxll?, xe€X.
Define functions fy,g0,ho : X — Y by the formulas
for= f=g0)=h(0),  g:=g=g(0),  hy:=h—h(0).
Immediately we have
| fo(x) —go(x)|| = ellxll”, xeX,
[|fo(x) —ho(x)|| < ellxll?, x€X.
In what follows, we will have the implication
xLy=|[folx+y) = folx) = ol = 2e(llx|I” + 1 y[I7).
Indeed, from (4.2), (4.5), we have

| folx+y) = folx) = oI = ||f (x+y) — f(x) = f () +g(0) + h(0)]|

<|[f(x+y)—gx) —h(y)||+]lgx) +h(0) — f(x)]]

+[h(y) +g(0) — f(¥)|| < 2e(lIxlI? + lyl?).

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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From Theorem 2.4, there exists a unique orthogonally additive function a: X — Y such
that

| fo(x) —a(x)|| < 2Kel x|, xeX, (4.10)

where

K asgn(p—1) +ﬁsgn(p—z)
20 -2 2P -4

(4.11)

and o =2+2P +2-3P+4P, B =6+5-2P+2 3P +4P,
Define mappings fi,g1,h : X — Y as fi := a+g(0) + h(0), g1 := a+g(0), hy :=a+
h(0). These functions satisfy (4.1). Moreover, for all x € X, we have

LAi(x) = fF)] = [la(x) — fo(x)]| < 2Kellx]|?,
|lg1(x) — g = l|a(x) — go ()|

< la(x) = folo||+]|fo(x) — go(x)|| = 2K + Dellx||?, (4.12)
[l (x) = h(x)[| = |la(x) = ho(x)]|

< [laCx) = o+ fo(x) = ho(x)]| < 2K + Dellx[?,

which finishes the proof. O

Remark 4.3. A special case of Theorem 4.2 for p = 0 gives the approximation constants
64/3, 67/3, and 67/3, respectively. Similarly to the case of Jensen equation, constants ob-
tained in this way are better than the constant obtained while using standard considera-
tions starting just from the condition

xLy=||f(x+y)—gx)—h(y) <2e (4.13)

Then we get 32, 34, and 34, respectively (cf. [13]).

5. Quadratic functional equation

In this section, we will study the stability of a quadratic functional equation postulated
for orthogonal vectors, namely we will investigate the following condition:

xLy=|[fx+y)+flx—y)=2f(x)=2fM|| < e(llxlI” + I ylI?). (5.1)

The main result reads as follows.

TaEOREM 5.1. Let (X, (+,+)) be a real inner product space, dimX > 3, and let (Y, || - ||) be
a real Banach space. If a function f : X — Y satisfies (5.1) with somee = 0 and p € R\ {2},
then there exists a unique quadratic mapping q : X — Y such that

3esgn(p —2)

1f ) - gl = =2

[P,  xeX,. (5.2)
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Proof. Fix x € X, and choose yp,zp € X, such that x L yo, x L 2, yo L 20, and |[|x|| =
[lyoll = llzoll. Then, using the fact that x + yy L x — yo, we get

|1 f(2x)+ £ (230) =2 (x+ y0) = 2f (x = yo) [ < ([ + yoll” +1lx = ylI”),  (5.3)
whence

[1f(2x)+ f (2y0) =41 (x) =4 f (yo)|| < || (2x) + £ (2y0) = 2f (x+ y0) = 2f (x — y0) ||
+][2f e+ yo) +2f (x = yo) = 4f (x) = 4f (o)l
< e(|lx+ yoll” +1lx = yoll”) +2e(Ilxl1? + || yo”)

=e(4+2-20%) x|,
(5.4)

So,
[ £(2x)+ f(2y0) —4f(x) —4f (yo)|| < 2e(2+2P2) ||| 2. (5.5)
In the same way, from the conditions x +zy L x — zp and yo +2y L yo — 29, we obtain

I1f(2x) + £ (220) —4f (x) — 4f (20)|| < 2e(2+2P) ||x]|®,

1) + £ o) —4f ()~ 4f )| 260420y .
Hence,
l2f@0) 8 Goll = /@) + £ (230) £ ) £ (o)l
FIF@0+ f(220) £ ()~ 4f (=)
G0 +af )~ fo) — F)ll
<6e(2+272)|1x||.
Thus, we have obtained
If(2x) —4f ()| < 3e(2+2P2) Ix[|P = yllxlIP, x € X, (5.8)

where y = 3¢(2 +27/?). Using the induction step, it is easy to show that in the case p > 2,
we have

y 1 ,
‘S 2p_4(1—2n(p,2)>\|x|\ , xeX,neN, (5.9)

fo-es(2)
which yields

3
1fG) - q@oll = 55— lIxll?, xeX, (5.10)
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where g : X — Y is defined as g(x) := lim,,—» 4" f (x/2"),x € X. The approximation in the
case p < 2 we get from the inequality

Hf(x) - 4% (Z”x)H < 4_”2P (1-27¢-2)|x|P, xeXp, neN. (5.11)

In fact, we have

£ - gl < 5= el x€ X, (5.12)

where q: X — Y is defined as g(x) := lim,_»(1/4") f (2"x), x € X.

Using standard approach, we show that in both cases g is orthogonally quadratic, and
on account of the results by Vajzovi¢ [20] and Fochi [3], it is quadratic. Also the unique-
ness is proved via standard methods. O

The function considered in Example 2.8 shows that for p = 2, we do not get any sta-
bility result.

6. Some generalizations

In this section, we will study a more general conditional functional inequality, namely

xLy=|[f(x+y) = flx) = fWIl = olxy), (6.1)

for a given function ¢, but before we introduce a definition of an orthogonality space.
An ordered pair (X, 1) is called an orthogonality space in the sense of Ritz [12] when-
ever X is a real vector space with dimX > 2 and L is a binary relation on X such that
(i) x LO0and 0 L x forall x € X;
(i) if x,y € X\ {0} and x L y, then x and y are linearly independent;
(iii) if x,y € X and x L y, then for all o, f € R we have ax L fy;
(iv) for any two-dimensional subspace P of X and for every x € P, A € [0, o), there
existsa y € Psuch thatx L yandx+y L Ax — y.

A normed linear space with Birkhoff-James orthogonality is a typical example of an
orthogonality space. James orthogonality, since it is not homogeneous, cannot act how-
ever as an example of a binary relation in such a space.

Let now (X, 1) be an orthogonality space. Consider function ¢ : X — [0, %) such that

(a) one of the series >, 127 "¢(2" 1x,2"'x) and 3., 2" 1¢(27"x,27"x) is conver-
gent; denote such a sum by ®(x);

(b) one of the series >, o4 "¢(2" 'x,2" 1x) and >, 4"¢(27"x,27"x) is conver-
gent; denote such a sum by ¥(x);

(c) forall x, y € X such that x L y, we have

lim 27"¢(2"x,2"y) =0 or lim2"p(27"x,27"y) =0 (6.2)

n—oo

for respective cases from (a);
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(d) for all x, y € X such that x L y, we have

lim4 "¢(2"x,2"y) =0 or 11m4”(p(2_”x,2_"y)=0 (6.3)

n—oo — 00

for respective cases from (b);
(e) there exists an M >0 such that forall x,y € X ifx L yand x+ y L x — y, then

max {¢(x,9),9(x,—y),p(x+ y,x — y)} < Me(x,x). (6.4)

THEOREM 6.1. Let (X, L) be an orthogonality space, let (Y, || - ||) be a real Banach space, and
let ¢ : X — [0, c0) satisfy conditions (a)—(e). If a function f : X — Y satisfies the condition

xLy=|[[fx+y)= )= fODIl = plx ), (6.5)
then there exists exactly one orthogonally additive function g : X — Y such that
| f(x) —g(x)|]| < M(3D(x) +¥(x)), x€X. (6.6)

Proof. Fix x € X. From (iv) in the definition of the orthogonality space, there exists a
y € X such thatx L yand x+y L x — y; then, moreover, x L —y. From (e) we have

max {¢(x,9),9(x,—y),p(x+ y,x — y)} < Me(x,x) (6.7)

for some constant M > 0.
In the proof, we consider again separately the odd and even parts of function f. Like
in the proof of Lemma 2.1, using now (e), we have for the odd part of f that

[| fo(2x) = 2fo(X)|| < p(x+ y,x— y) + (x, ¥) + @(x,—y) < 3Mo(x,x). (6.8)

From the above inequality, we get

n

<350 - 540

=1 i=1

-2 ()] <S55

Jo(x) = fu (2"x)
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On account of (6.9) and (a), one can show that one of the sequences ((1/2") f (2"x)) nen
and (2" f (x/2"))nen is convergent, let us denote the limit by a(x) for each fixed x € X, and
hence

[[fo(x) —a(x)]| <3MP(x), xeX, (6.10)
with @ defined in (a).

In order to show that a is orthogonally additive, choose arbitrarily x, y € X such that
x L y. Then 2"x L 2"y, x/2" 1 y/2", and

|z

S h@ ) = 2 f(2%) = 2 f(2)| = 5r0@n2), neN,

fr(57) - 2a () 2| =20l 30) mem

From (c), the right-hand side of one of the above inequalities tends to zero while n tending
to infinity, so a is orthogonally additive.

For the even part of f, we proceed analogously as in Lemma 2.3, using the approxi-
mation

(6.11)

|| fe(2x) —4fe(0)]] < @(x+y,x— y) + ¢(x,y) + ¢(x,—y)

xX+y y—x X+y x—
+2¢< 20 2 >+2¢( 20 2 ) (6.12)

<3Mo(x, x)+4M(p<x x)

which is valid on account of (e) and which leads to the following inequalities:

= g2 < 3 | e - )|

"1 T3 . ) ) .
< 21 yr [ZM(p(Z"lx,Z"lx) +Mq)(2"2x,2"2x)]

n
=3MZ43¢(21 Ix,217 1x +MZ 9(272x,2"%x)

i—1
i=1 114

n—1

:MZ%go(zi‘lx,zi‘lx)+1—]:Igo(2”‘1x,2” ! )+Mgo(x x)

i=1
n—1

1 . . 3M _ _
=M % Z(P(Zl L, 2071 x) + F(p(Z” Lx, 2" 1x),
i
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| <2 e (55) - (5]

< 4’1[3M¢< x)+4M(p< - ’il)]
: 27172

i=

Lo (x x\ x X
:MZ4‘P<2 2>+3M¢< )+4M‘P<2n+1’znﬂ>

i=2

o-rs(3)

n

. X X X
:MZMP(z 21) 4nM¢<2ﬂ+1’2"+1)'

i=1

(6.13)

From (b), one of the sequences (1/4" f (2"x))sen and (4" f (x/2"))pen is convergent. Let
us denote the limit by b(x) for each fixed x € X. Moreover, the last summand in the
appropriate above approximations tends to zero while # tending to infinity. Hence, we
get

Ife(x) = b(x)|| <« M¥(x), x€X, (6.14)

with ¥ defined in (b).

Similarly as in the first part of the proof, using now (d) we show that b is orthogonally
additive. Standard approaches show also that both a and b are unique. From [12] we
know, moreover, that a is unconditionally additive and b is quadratic.

Since f = f, + f., the function g = a + b fulfills the requirement of our assertion, which
completes the proof. O
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