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The concepts P — lim sup and P — lim inf for double sequences were introduced by Pat-
terson in 1999. In this paper, we have studied some new inequalities related to these con-
cepts by using the RH-conservative four-dimensional matrices.
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1. Introduction

A double sequence x = [xjk];szo is said to be convergent to a number [ in the Pringsheim
sense or P-convergent if for every ¢ > 0, there exists N € N, the set of natural numbers,
such that |xjx — I| < e whenever j,k >N, [5]. In this case, we write P — limx = [. In what
follows, we will write [x;¢] in place of [xjk];szo.

A double sequence x is said to be bounded if there exists a positive number M such
that |xjx| <M for all j, k, that is, if

x|l = sup |xjk | < oo. (1.1)
ik

Let £2, be the space of all real bounded double sequences. We should note that in con-
trast to the case for single sequences, a convergent double sequence need not be bounded.
By ¢5°, we mean the space of all P-convergent and bounded double sequences.

Let A = [“ﬁn];?ho be a four-dimensional infinite matrix of real numbers for all m,n =
0,1,.... The sums

Ymn = Z Z a;’}("xjk (1.2)
=0 k=0

are called the A-transforms of the double sequence x. We say that a sequence x is A-
summable to the limit s if the A-transform of x exists for all m,n = 0,1,... and convergent
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in the Pringsheim sense, that is,

P q
lim Z Z ag’,’( Xik = Ymn>
j=0k=0 (1.3)

A matrix A = [a "] is said to be RH-regular (see [1, 6]) if Ax € ¢5” and P —limAx =
P —limx for each x € ¢y’ If a matrix A is RH-regular, then we write A € (¢3°,¢5 )reg. It is
shown that A is RH-regular if and only if

- hma =0 foreach j,k, (1.4)

—hmz Za]k = (1.5)

P—lrinmz |a%"| =0 foreachk, (1.6)
N j
—hmz |a’'| =0 foreach j, (1.7)
Al =sup>. > |af"| < co. (1.8)
m,n ] k

A matrix A = [a}’}("] is said to be RH-conservative if Ax € ¢5° for each x € ¢5°. In this

case, we write A € (¢37,¢5’ ). One can prove that A is RH-conservative if and only if the
condition (1.8) holds and

P—l)Lr)Lm’J?}(” =vjr foreach j,k, (1.9)
P—lnig}Z%ajk =V exists, (1.10)
i
P-lim> |a —via| =0 foreachk, (1.11)
>N j
P—lyinl:lr‘ll% |af" —vi| =0 foreach k. (1.12)

For an RH-conservative matrix A, we can define the functional

T(A) =v=> > Vit (1.13)
j k

where Zj 2k [Vjk| < 0o which follows from (1.8) and (1.9). Note that I'(A) = 1, when A is
an RH-regular matrix.

Moricz and Rhoades [2] have defined almost convergence of a double sequence as
follows.
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A double sequence x = [xjx] of real numbers is said to be almost convergent to a limit

lif

mtp—1n+qg—1
lim sup |— Z z xjk— 1| =0 uniformlyinm,n=1,2,.... (1.14)

pa—cemn=0 | P4 5, 42,

Note that a convergent single sequence is also almost convergent but for a double se-
quence this is not the case, that is, a convergent double sequence need not be almost con-
vergent. However, every bounded convergent double sequence is almost convergent. By
f» we denote the space of all almost convergent double sequences. A matrix A € (2,65 )reg
is said to be strongly regular and the conditions of strong regularity are known [2].

For any real bounded double sequence x, the concepts I(x) = P — liminfx and L(x) =
P —limsupx have been introduced in [4] and also an inequality related to the P — limsup
has been studied as follows.

LemMA 1.1 [4, Theorem 3.2]. For any real double sequence x, P — limsupAx < P —
limsupx if and only if A is RH-regular and

—hmZZm | =1. (1.15)

Let us define the sublinear functionals L*!(x), [**!(x) on 2, as follows:

m+p—1nt+q-1

L*(x) = P —limsup sup — Z z Xjk

pg—° mn=0 q j=m

(1.16)

m+p—1n+q—1

[*(x) = P — liminf sup — Z

p>q — © m,n=0 q -m

Then, the MR-core of a real bounded double sequence x is the closed interval [[*(x),
L3(x)], [3]. Also, it is proved in [3] that L(Ax) < L*!(x) for all x € £2 if and only if A is
strongly regular and (1.15) holds.

In this paper, we have proved some new inequalities related to the P — limsup by using
the RH-conservative matrices.

2. The main results
Firstly, we need two lemmas, the first can be obtained from [4, Lemma 3.1].

LemMa 2.1. If A = [a7}'] is a matrix such that the conditions (1.4), (1.6), (1.7), and (1.8)
hold, then for any y € €2 with ||yl < 1,

P —limsup > Za;’}(”yjk=P—limsupZZ la% . (2.1)
m,n ] k m,n ] k
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LEMMA 2.2. Let A = [a;“,‘(”] be RH-conservative and A € R*. Then,

Plimsup > >, [afy" —vje| <A (2.2)
™Gk
if and only if
_hmsuPZz " i) +_/1+£(A)’
_hmsupz Z ) = A —g(A)’ (2.3)

where for any y € R, y* = max{0,y} and y~ = max{—y,0}.

Proof. Since A is RH-conservative, we have

—hmsupz Z - vjk) = [(A). (2.4)

Therefore, the results follow from the relations
ZZ = vik) ZX(aﬁ”—V;k ZE ~Vik)
ik
ZZla;k—VjH:ZZ(aﬁ"—VJk +ZZ ~vjk)~
ik ik

(2.5)

O

THEOREM 2.3. Let A = [a’f,‘("] be RH-conservative. Then, for some constant A > |[T'(A)| and
for all x € €%, one has

- hmsupz (e v = M - ATy (2.6)
if and only if (2.2) holds.
Proof. Suppose that (2.6) holds. Define the matrix B = [ 7] by (a —vjx) for all

m,n, j,k € N. Then, since A is RH-conservative, the matrlx B satlsﬁes the hypothesis of
Lemma 2.1. Hence, for a y € ¢2 such that || y|| < 1, we have (2.1) with b;’}c” in place of
aS’}{". So, from (2.6), we get that

Polimap 33 b < AT ) AT

(2.7)

- [)L+F(A) N A—T(A)

: : ]nynsA

which is (2.2).



C. Cakan and B. Altay 5

Conversely, suppose that (2.2) holds and x € ¢2. Then, for any ¢ > 0, there exists an
N € N such that

I(x) —e<xjr<L(x)+e (2.8)

whenever j, k > N. Now, we can write

Db = > D b > D bRt DL D b
ik

j<N k<N j=N k>N j>N k<N (2.9)
+3 3 ) - X ) e
j>N k>N j>N k>N

where b%" is defined as above. Hence, by the RH-conservativeness of A and Lemma 2.2,
we obtain

_hmsupz Z Xk < )+£)(A+F(A)) () _£)<A—I‘(A))

2 2
(2.10)
AT oy ATT@ e
2 2
Since ¢ is arbitrary, this completes the proof. O
In the case I'(A) >0 and A = I'(A), we have the following result.
THEOREM 2.4. Let A be RH-conservative and x € €2, Then,
— hrnsupz z v]k xjk < T(A)L(x) (2.11)
if and only if
P—lim> > [af —vj| =T(A). (2.12)
"

Also, we should note that when A is RH-regular, Theorem 2.4 is reduced to Lemma 1.1.

THEOREM 2.5. Let A = [a’f,‘("] be RH-conservative. Then, for some constant A > |T'(A)| and
for all x € €%, one has

A— F(A)

—hmsupz Z —ViK)Xjk < A+E(A)La“(x) + —— ' (—x) (2.13)

if and only if (2.2) holds and
pP- 1%12 Z | Avoaly" | =0, (2.14)

—hmz Z |A01a | =0, (2.15)
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where

mn _ mn __ _mn .. mn _ mn _ _mn .
Avoafy = aj’ —ajl i (Vik = Vjs1k)s Agafy = aly —aly,, (Vik = Vike1)-
(2.16)

Proof. Suppose that (2.13) holds. Then, since L*'(x) < L(x) and **'(-x) < —I(x) for all
x € €% (see [3]), the necessity of (2.2) follows from Theorem 2.3.

Define a matrix C = [cj3"] by " = (03" — b} ) for all m,n, j,k € N; where b7" is as
in Theorem 2.3. Then, we have from Lemma 2.1, a y € £ such that [|y|| <1 and (2.1)
holds with ¢ in place of a7". Also, for the same y, we can write

> ZC?]‘(n}/;ﬂ,k => Zbﬁn (jk = Yj+1k)- (2.17)
j ok ik
So, we have from (2.13) that
P—limsup> > || =P~ limsup > Zc;’,’{”yjﬁ,k
m,n ik m,n ik
=P —limsup > Zbﬁ"(yjk — Yj+1k)
Kk

m,n j

+T(A)

< TLa“()/jk — Yjrik) +

A-T(A)

2 laSt()’jH _)/jk)-

(2.18)

Now, let y = [yjx] = 1 for all j,k € N. Then, since (yjx — yj+1k) € £, the space of all
double almost null sequences

L (yjk = yjsrk) = P (yje1 — yj) = 0. (2.19)

This implies the necessity of (2.14). By the same argument one can prove the necessity of
(2.15).

Conversely, suppose that the conditions (2.2), (2.14), and (2.15) hold. For any given
€ >0, we can find integers p,q > 2 such that

m+p—1ntq—1
B (—x)—e<— > > xp<L®(x)+e (2.20)

j=m  k=n

whenever j,k = N. Now, one can write

DO = DA A A, (2.21)
k 1 2 3 4

i
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where
1 j+p—1k+g-1
Soyyerl's Y,
Tk 2L B E——,
p-2q-2

(2.22)
0 00 ( s ¢ )
z - Z Z — Z Z I i B
k k sty
’ jep1t=q-1 NP4 j=Tpi kmimgi ! g
p=24q-2
4 j=0 k=0
and b;’}(” is defined as in Theorem 2.3. Then, since
p=2q-2 p-2q-2
'Z sllxllszﬁn, ‘z <||x||zZ|b , (2.23)
: j=0k=0 j=0 k=0

using the condition (1.9), we observe that >, — 0, >, — 0 (m,n — o). On the other
hand, since

p-lq-1
Edl

<|— Z( 5—1 zZ|A10a1k|+ t—l)ZZ|A0107;(n|),
j k

- pq s=0 t=0
(2.24)

2.

3

by the conditions (2.14)-(2.15), >3 — 0 (m,n — o). Thus, we can write

jtp—-1k+q-1 ]+p71 k+q—-1
D=2 2R Y Yt X DU > D
1 jsNk=N pq s=j 1=k j=N k=N pq s=j 1=k
(2.25)
1 jtp—1k+q-1
—2 bR Y X A
j=N k=N p s=j  t=k
By (1.9), (2.20) and Lemma 2.2, we get that
—hmsupz zb Vxik < (L*(x) +¢) A+T(4) E(A) + (P(-x)+¢) A-T(4) E(A)
. (2.26)
AT po ) 4 AT B e
which is (2.13), since ¢ is arbitrary. O

In the case T'(A) >0 and A =T'(A), we have the following.



8 A class of conservative four-dimensional matrices

THEOREM 2.6. Let A be RH-conservative and x € €2,. Then,

- 11msupz z —vjK)Xjk < T(A)L*(x) (2.27)

if and only if (2.12), (2.14), and (2.15) hold.

We should state that when A is strongly regular, Theorem 2.6 is reduced to [3, Theorem
3.1].

References

[1] H. J. Hamilton, Transformations of multiple sequences, Duke Mathematical Journal 2 (1936),
no. 1, 29-60.

[2] E Moricz and B. E. Rhoades, Almost convergence of double sequences and strong regularity of
summability matrices, Mathematical Proceedings of the Cambridge Philosophical Society 104
(1988), no. 2, 283-294.

[3] Mursaleen and O. H. H. Edely, Almost convergence and a core theorem for double sequences, Jour-
nal of Mathematical Analysis and Applications 293 (2004), no. 2, 532-540.

[4] R.F Patterson, Double sequence core theorems, International Journal of Mathematics and Math-
ematical Sciences 22 (1999), no. 4, 785-793.

[5] A. Pringsheim, Zur Theorie der zweifach unendlichen Zahlenfolgen, Mathematische Annalen 53
(1900), no. 3, 289-321.

[6] G. M. Robison, Divergent double sequences and series, Transactions of the American Mathemat-
ical Society 28 (1926), no. 1, 50-73.

Celal Cakan: Faculty of Education, Inonii University, 44280 Malatya, Turkey
E-mail address: ccakan@inonu.edu.tr

Bilal Altay: Faculty of Education, Inénii University, 44280 Malatya, Turkey
E-mail address: baltay@inonu.edu.tr


mailto:ccakan@inonu.edu.tr
mailto:baltay@inonu.edu.tr

	1. Introduction
	2. The main results
	References

