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We describe the sets on which difference of solutions of the gas dynamics equation satisfy
some special conditions. By virtue of nonlinearity of the equation the sets depend on the
solution gradient quantity. We show double-ended estimates of the given sets and some
properties of these estimates.
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1. Main results

Consider the gas dynamics equation

Zai a(IVfI) fu) =0, (1.1)
c=1
where
B y 1 1/(y-1)
o(t) = (1 - t2> . (1.2)

Here y is a constant, —oo < y < +oo. This equation describes the velocity potential of a
steady-state flow of ideal gas in the adiabatic process. In the case n = 2 the parameter y
characterizes the flow of substance. For different values y it can be a flow of gas, fluid,
plastic, electric or chemical field in different mediums, and so forth (see, e.g., [1, Section
2], [2, Section 15, Chapter IV]). For y = 1 + 0 we assume

0(t)=exp{f%t2}. (1.3)
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2 Some elementary inequalities in gas dynamics equation

The case of y = —1 is known as the minimal surface equation (Chaplygin’s gas):

v 7Vf =

For y = — o0, (1.1) becomes the Laplace equation.

In general, a solution of (1.1) with a function ¢ of variables (xi,...,x,) is called o-
harmonic function. Such functions were studied in many works (see., e.g., [3, 4] and liter-
ature quoted therein).

We set Q, = R" for y < 1,

Qy={£€[R":|E|< l%} fory > 1. (1.5)

The following inequalities were crucial in previous analysis of solutions to (1.1) for
y =—1 (see [5-9]):

M:

ad E-n)* =S GUENE- ol E—n), Eney (1)

i=1

S (@(EN&—o(ly)m) <> (e(EN&—o(ln)n) (E—m), EneQ,  (1.7)
i=1 i=1
Here & = (&1,&5,...,8,), 1= (11,425--.>1n) and ¢; >0, ¢; > 0 are constants not depend-
ing on & and 7.

In general, the latter inequalities are valid only on subsets of Q, X Q, with ¢; and ¢,
depending on these subsets. The purpose of the present paper is to describe that depen-
dence.

Introduce the sets

Ay (er) = {(&n) € Q, xQ : &5 satisfy (1.6)}, (1.8)
By (c2) = {(&n) € Q) x Q, : &7 satisfy (1.7)}. (1.9)

Generally, the sets s4,(c;) and %, (c,) have a complicated structure. We will describe
them by comparing with canonical sets of the “simplest form.”
WesetZ, = {x € R:x >0} fory < 1and

2y={x€[R§:Osx< /%} fory>1. (1.10)
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For every y € R, define the functions I, and I} on X, X £, by

x0(x) —yo(y) .
I (ey) = {x_y ifx # y,
ox)+d'(x)x ifx=y,
(1.11)

<lxa(x) +yo(y) 21 y2 >0,
I (x,y) = xty
1 ifx=y=0.

Note that the functions I, and I} are continuous on the closing of X, X X, and they
are infinitely differentiable at each inner point of X, x X,.

For arbitrary £ > 0 we put W, (¢) = {&n) e, xqQ,: I;(IEI,InI) > e}, Wyle) =
(&) eQyxQ, II(1E]Inl) = e}, V, (&) = {(§n) € QyxQy 1 L (I€],In]) <&}, V) (e) =
{(§n) € Q) x QL (IE],In]) < e}

Also we will need the sets D), = {(£,) € Q, x Q,}, Q, = {(§,n) € Q, xQ,: {a(I€]) =
na(lnl)}.

The main result of our paper are the following theorems.

THEOREM 1.1. Foreveryy € R,

(Wy’(e) uD,) c d,(e) C (Wy*(s) uD,) Vee(0,1),

sd,(e) =D, Ve€[l,+o). (12
Tueorem 1.2. (a) Ify € (oo, —1], then
(Vi(e)uD)) cBy(e) € (V; ()UD,) Vee(0,1), (1.13)
By(e) =R Ve € [1,+). (1.14)
(b) If y € (=1, +c0), then
(Vi (e)n W, (0) CBy(e) € (V; () UQ,) Vee (0,1), s

W, (0) C By(e) Vee[l,+oo).

Relation (1.14) was first proved for y = —1 and € = 1 in [5] and later repeatedly in
[6-9].

2. Properties of o

Consider the equation

0'(t) =, (2.1)
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where 0(t) = to(t) and ¢ is an arbitrary parameter. It is easy to verify that for y # 1, (2.1)

can be rewritten in the following form:

+1
a1 - L) +e=0.
y—1
For arbitrary € € (0,1) we set

2(1—er71)
y—1

ri(e) =vV—-2lne.

ry(e) = ify #1,

Observe that r,(¢) € Z, for every y € R and every ¢ € (0,1).
The following assertions hold.

(2.2)

(2.3)

(1) Let y € R. Then the domain of ¢ is the set X,. Moreover, 0(0) = 1, o(+) =0

fory<lando(4/2/(y—1)) =0fory>1.

(2) For each y € R we have
0<o(t)<1 Vtel,.
(3) Let y € R. Then ¢’(0) = 0 and
a'(t)<0 Vt>0,tel,
(4) Ify € (—o0,—1], then

0'(0)=1, 0'(+)=0,

0'(t)>0 Vte[0,+).

(5) Ify € (—1,+), then
0'(0) =1, 9'( —) =0,
Y

0'(t)>0 Vte (0, %)

0'(t)<0 Vt> /i, tel,.
y+1

(2.4)

(2.5)

(2.6)

(2.7)



V. A.Klyachinetal. 5

Moreover,

0 (+00) =0 ifye (=1,1],

/ 2 _ .
9( —y_1>—0 ify e (1,2),

, > . (2.8)
0 < y—l) =-2 lf)/ = 2,

9'( l%—O) =—o00 ifye(2,+0).

(6) If y € (—o0,—1] U [2,+0), then 8”(0) = 0 and
0"(t)<0 Vt>0,tel,. (2.9)

(7) Ify € (—=1,2), then
0 (0) = 0, e”( i>: :

0" (t)<0 Vte(O, y—) (2.10)

0"(t)>0 Vt> /L, tel,.
y+1

(8) For every y € R and every € € (0,1), (2.1) has a unique positive solution s, (¢) €
(0,7,(e)) and

0'(t)>e Vte[0,s,(e)), 0 (t)<e Vi>sy(e), tex,. (2.11)

Moreover, for every y > —1 and € € (0,1),

[ 2
Sy(S) < m (212)

(9) Lety € R. Then forall x,y € £, x* + y* > 0,

I (x,y) < I;(x,y) <1 (2.13)
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Proof. The proof of assertions (1)—(7) follows from the equalities

( _ Q2-p)/(y-1)

—t(l - yTlt2> ify # 1,
o'(t) = :

—texp{—itz} ify=1,

— 2-p)/(y-1)

(1 yHtZ)(l—yTltz) ify#1,
0'(t) =

(1-#)exp] — =t? ify=1,

P Y
_ (3=2y)/(y-1)

—t(3 y+1t2)<1_yTlt2> ify #1,
6" () = |

t(t273)exp{77t2} ify=1

Lety € Rand € € (0,1). Suppose that s,(¢) € X, satisfies (2.1). We have

J(ry(s)) =e=0 (Sy(s)) = U(Sy(f)) +5y(5)0', (Sy(f)) < U(Sy(s))'

From this s, (¢) < ry(¢). Next, using assertions (4)—(7), we obtain assertion (8).

We prove assertion (9). Let x,y € £,, x> + y? > 0. If x = y, then
I (x,y) = 0(x) +x0"(x) <o(x) = I;“(x,y) < 1.

Suppose that x > y. Since

o(x)<a(y),
we obtain
I (x,y) = xo(x))c:ia(y) - xo(xi : io(x) — o(x)
_ x0(x)+ yo(x) - xo(x)+yo(y) .
a x+y - x+y =1, (0y)

- xa(y)+yo(y)

prrge =o0(y)<1.

The case x < y is analogous.

3. Properties of Wy’(s), W;’(e), Vy’(s), and V;f(e)

Here we study the sets Wy (e), Wy (e), V; (e) and Vy(e).

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

We say that a set G C R" is linearly connected if any pair of points x, y € G can be joined

on D by an arc.
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The following assertions hold.

Wy‘(s) = Wy*(s) = foreveryy € Rand e > 1.

Wy’(l) = W;r(l) = {0} for every y € R.

W, (0) = R* for every y < —1.

W;(O) =0, xQ, forevery y € R.

Wy‘(s) C Wy*(s) foreveryy € Rand e € (0,1).

(6) Vy’(s) = Vy*(s) =Q,xQ, foreveryy € Rand e > 1.

(7) Vy’(O) = foreveryy < —1.

(8) V;(O) = forevery y € R.

9) Vy’f(s) C Vy’(e) for every y € Rand ¢ € (0,1).

The set W, (e) is linearly connected for every y € Rand ¢ € (0,1).
The set wy (0) is linearly connected for every y > —1.

The set W,/ (¢) is linearly connected for every y € R and € € (0, 1).

(10
(11
(12
(13) For every y € R and € € (0,1), we have

— — — —

(&) € QyxQ,: 1€l <s,(e), Iyl <s,()} € W, (e).

Here s, (¢) is a unique positive solution of (2.1).
(14) For every y € R and € € (0,1), we have

W, (e) C {(&n) € Q) x Qy: [El <1y (&), Inl <7y (e)}.

(15) If y > —1, then

2 2
{(E,q) €O, xO,: [l < /m, Inl < /m} C W, (0).

(16) For every y € R and € € (0,1), we have

{&n) €y xQ,: 1€l <ny(e), Inl <ry(e)} € Wy(e).
(17) For every y € R and € € (0,1), we have

V, (&) € {(&n) € Q) x Qy: €] = 5)(e) or In] = 5,(e)}.
(18) For every y € R and € € (0,1), we have

{&n) € Q,xQ,: 1€l =ny(e) or In] = ry(e)} C V) (e).

(19) If y > —1, then

2 2
V;(O)C{(f,n)erny:Ifl > /))H or |7 Z"F}'

(20) For every y € R and € € (0,1), we have

Vy(e) C {(&n) € QyxQy: 8l = 1y(e) or In] = ry(e)}.

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Proof of assertions (1)—(9). The proof follows from assertions (4) and (9) of Section 2.
a

Proof of assertions (10)—(12). We prove assertion (10). Fixy € R, e € (0, 1), and a nonzero
point { = (&,77) € wy (¢). To prove the statement, it is sufficient to show that wy (¢)
contains the segment & = {({f,771) : 0 < t < 1} with the endpoints 0 and (.

Indeed, let {',{" € W, (¢) be arbitrary. Let &', L be the segments with the endpoints
0, " and 0, (", respectively. Denote by £’ U £"’ the double curve which consists of two
segments £’ and £”'. Then this double curve will join the points {’, {"’ and it will lie on
wy (e).

Assume that I, (x, y) = €. As above, for the case x > y we obtain

e< I;(x,y) <o(x)<o(y). (3.9)
From this x, y € [0,r,(¢)]. The case x < y is analogous. Suppose that x = y. Then
e<I (xy)= 0'(x) =0(x)+x0'(x) <a(x) =0a(y), (3.10)

and consequently x, y € [0,r,(e)]. Thus if I,(x, y) = €, then x, y € [0,7,(¢)].
Further we will need the function

p(x) = x(o(x) —¢). (3.11)
It is easy to see that for all x, y € [0,7,(¢)], x # ,
I (x,y) = & = pu(x) = u(y). (3.12)
Define the monotonicity intervals of y. Since
Wix)=0'(x) e (3.13)

from assertion (8) of Section 2 it follows that the function y is strictly increasing on
[0,s,(¢)] and strictly decreasing on [s, (&), 7, (¢)]. Moreover,

#(0) = u(ry(e)) = 0. (3.14)

Note that if I, (x,y) = e and x = y, then x = y = s5,(¢). Consequently for each x €
[0,7y(¢)] there is a unique number y € [0,r,(¢)], satisfying (3.12). Therefore there exists
the function g : [0,7,(e)] — [0,7,(¢)] such that for all x, y € [0,r,(¢)],

I, (x%,y)=e=y=g(x). (3.15)
In addition
sy(e) <g(x) <ry(e) ifx e [0,s,(e)),

(3.16)
0=<g(x)<s,(e) ifxe (s(e),r(e)],
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as well as

g(0) = ry(e), g(sy(e)) = s,(e), g(ry(e)) =0. (3.17)

Note that the function I, (%, y) is infinitely differentiable at each point of [0,r,(e)] x
(0,7, (e)]. Fix arbitrary xo, yo € [0,7,(¢)], X0 # yo, satisfying (3.15). We have

ily’ (x0, y0) = 6" (x0) (x0 = yo) = (9(2960) —0(y)) _ 0 (x0) —¢ Lo,
0x (x0 = y0) X0 =)o
(3.18)
0 0’ —xg) — (0 -0 0’ -
1 (0, 30) = (70) (yo = x0) — ( (2}’0) () _ 0" () —e
ay (o — x0) Yo~ Xo
Using the implicit function theorem, we obtain
, o .- ro _ (%) —¢
) == 1 GngoD |08 Goglood) | - gt a9
By assertion (8) of Section 2, (3.16), it follows that
g (x) <O. (3.20)
Thus the function y = g(x) is strictly decreasing on [0,r,(¢)].
We prove that the segment & lies in wy (e).
Indeed, assume that |£] < || and for some t € (0,1),
Iy’(lftl,lﬂtl)<£. (3.21)
Then there is a number fy € (0,1) such that
L (&, [nto]) =¢ (3.22)
and hence |nto| = g(1&to]).
Since 0 < r,,(¢) = g(0) and I;(0,0) =1>¢, we have 5] < g(&]). We deduce
I
g(BD _gUsnl) _ ) o ieyy, (3.23)
to to

From this ¢y > 1 and we arrive at a contradiction. The case |£] > |#| is analogous. Thus
Wy’(s) contains £.

The proof of assertion (11) is analogous.

Now we prove assertion (12). We fix y € R, € € (0,1), and a nonzero point { = (§,1) €
W (¢). As above, to prove this statement, it is sufficient to show that W (¢) contains the
segment £. We have

Ela(15t) + Inla(intl) &la(1€]) + 7o (Inl)
&1+ 171 €1+ 17

forall t € (0,1). Thus W (¢) contains £. O

Ly (1€l ntl) =

>¢ (3.24)
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Proof of assertions (13), (15), (17), and (19). Let
(&m) e {(&n) € QyxQy: 18] <5)(e), Inl < s,(e)}. (3.25)
By assertion (8) of Section 2 it follows that
0N =e  0(nl)=e (3.26)
Suppose that €] = |#]. We have
L (€L Igl) = 6 (1E1) = 6 (In1) > e. (3.27)

From this (&,7) € Wy (e).
Assume that || < |#]. Using the well-known Lagrange mean value theorem, we obtain

L (1ElL Inl) = 6'(c),  1&l <c<Inl. (3.28)
By assertion (8) of Section 2,
0'(c) >e. (3.29)

Therefore (¢,7) € W, (e). The case I€] > |n] is analogous.
The proof of assertion (15) is analogous. Assertion (17) follows from assertion (13),
and assertion (19) follows from assertion (15). O

Proof of assertions (14) and (18). Let (&§,1) € Wy’(e). Assume that |&] = |#]|. We have

e<I, (I€1n1) = 0"(1&1) = o (I€1) +1§10" (1€]) < a(1§]) = o (Inl). (3.30)

Then the inequalities

a(l&))=a(lnl) = ¢ (3.31)

imply
&1 = Il < 1y(e). (3.32)

Hence
&) e {En) € QyxQy: &l <1y(e), Il <ry(e)}. (3.33)

Now we assume that |&] > |]. We have

_ 181 (1€1) = Inlo(inl) _ 1€lo(I€]) — Inlo(1€]) _
1€1—=1Inl - €1 =17l

a(1&l) <a(lnl).
(3.34)

e<I; (1€, In)

From this

&m) e {&n) € QyxQ,: €l <ry(e), Iyl < (o)} (3.35)
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The case |&| < |7 is analogous.
Assertion (18) follows from assertion (14). O

Proof of assertions (16) and (20). Let
&) e {En) € QyxQy: &l <ry(e), Il <ry(e)}. (3.36)
Then
a(l§l) =z a(lnl) 2« (3.37)
Suppose |£] = |5|. Then
L (1€, 171) = o (1€]) = . (3.38)

Hence (¢,1) € Wy (e).
Assume that |&] > |5]|. We have

Ela(1€) +1nla(lnl) _ 1&lo(1€]) +1nla(IE]) _

> 3.39

1 (€ Inl) = =5 e o(lE) ze  (3.39)
From this (§,77) € W (e). The case I€] < I#| is analogous.

Assertion (20) follows from assertion (16). O

4. Proofs of main theorems

Introduce the sets H, = {(&,n) € Q, x Q, : |&] = |91,& # 1}, G, = {(E,n) € Q, x Qy:
1€l # 191}, Uy = {(&n) € Q, X Qy21{(|f|,|17|) <0}, Uy =1{(n) € Q,xQ,
(1€l 1) > 0}, Py, = {(&n) € Q) x Q, : [§lo(1€]) |17|0 Inl), &a(1€l) # 110(|17|)},
Ej(e) = (V) (e )ﬂU+)UQyU(V+( e)n ) F,(e) = (V, (&) nUy) U QU (Vy(e) N Py)
U(V+() U ).

For any &, € R”, their inner product is denoted by (&, 7). Obviously inequalities (1.6)
and (1.7) with some constant € > 0 can be written as

el&—nl* < (a(IENE—a(Inl)n,&—n), (4.1)
|6 (1€)E—a(lnD)n | <ela(1ENE - a(In)n,€ — 1), (4.2)

respectively. Let ¢ be the angle between the vectors & and 7. Then
& =nl* = 1§17 +1n1* = 2]yl cos g,
(0(1ENE—a(Inh)m&—n) = a(IENIE1 +a(In))Inl* = (a(I€]) +a(In1))1§l1n] cos g,

la(IENE—a(Inl)n]® = > (ENIEZ+a>(In1) 1712 = 20 (1€])a (In1) €] 17| cos .
(4.3)
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We set
Y(g) = 1€1* + 1% = 21€] 7] cos g,
O(p) = a(IENIEF+a(Inl)Inl* = (a(1€]) +a(In1)) 1€l 7] cos g, (4.4)
¥(p) = o*(IENIE1+0*(In) Inl* =20 (1€1)a (In]) €] Iy] cos ¢.

Proof of Theorem 1.1. Fix y € R and & > 0. It is clear that inequality (4.1) holds for all

(&) € Dy.
Let (§,1) € s, (e) N H,. In this case inequality (4.1) is rewritten in the form
e<a(l&l) =oa(lnl). (4.5)
Obviously
dAy(€) N Hy = W, (€) N H,. (4.6)

Using assertion (5) of Section 3, we see that
(W, (e) nH)) C (sdy(e) nHy) € (W, (e) N Hy). (4.7)

Let (§,77) € Gy. Then Y(¢) > 0 and after simple calculations we find

i(@(q))) _ (a(lnh) —a(1ED) (117 = [n1?) 1§l 1| singp (4.8)
dp \ Y(9) Y2 (¢) . .
It is clear that
(a(Inl) —a(1€1)) (1€1* = In1*) >o0. (4.9)
Therefore
iy (20) - 20
gelon) \ Y(¢) Y(0)
_ 0(|EI)|E|2+0(|11|)|11|2—(0(|2€|)+0(|11|))|f|\f1| _ L (1€l In),
(1€1=1n1)
s (20)) - 900
gelon) \ Y(@) Y ()
_ 0(|f|)|f|2+0(|71|)|f1|2+(0(|25|)+0(|f7|))|f||11| = I (€1 1)),
(1€1+Inl)
(4.10)
Thus for all (§,7) € G,
Iy_(|£|,|11|)$ <J(|f|)£_0(|’7|)’7’f_’7> 51;(|£|7|’7‘) (4.11)

1&—nl2
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This implies
(W, (&) N Gy) C (shy(e) N Gy) C (W) (e) N Gy). (4.12)

From this, by (4.7), and assertions (1), (2) of Section 3 we obtain (1.12). O

Proof of Theorem 1.2. (a) We fix y < —1 and € > 0. It is clear that inequality (4.2) holds
for all (¢,1) € D,.
Let (&,77) € B, (e) N Hy. In this case inequality (4.2) becomes

o(l&l) =a(lnl) <e (4.13)
Then
B,(e) N Hy = Vi (¢) N H,. (4.14)
Using assertion (9) of Section 3, we see that
(V) (e) nHy)  (By(e) N Hy) C (V, (e) N Hy). (4.15)

Let (§,7) € G,. Then by the inequality

W(g) = (a(1€1) 1€l —a(In)Inl)° (4.16)

and by assertion (4) of Section 2, we conclude that ¥(¢) > 0 for all ¢ € [0,7]. After simple
calculations, we obtain

%@Ez;) _ (0(|€|)G(IWI))(Iflzazélf(I;)|71|202(|71))|€||f1|sm¢_ (4.17)
By assertions (3) and (4) of Section 2, it follows that
(a(1&1) = a(lnD) (1E17a* (1€1) = I712a*(Inl)) <. (4.18)
Therefore
o, (L) - 000
pelon \¥(p) ) ¥(m)
_a(I&§D) &P +a(lnl) In1* + (o (1€1) +a(n1)) IEllnl 1

— 2(IENIEE+a2(Inl) In12+20(1E)a (In)1ElInl — LH(IEl,171)°
e (2) . 20
pcloq) \ ¥(gp) ¥(0)

_a(I€D)IEP+a(ln)In> = (a(1€D) +a(ln)1€lInl 1

— a2 (IEDIEIR+a2(Inl) In12 =20 (1€ a (In]) 1€l1n1 L (1€]171)”
(4.19)
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Thus for all (§,7) € G,

1 _(e€Dé—alnhné-—m _ 1 (4.20)

L(ELID) = |e(ENE=a(lnhn®  — Ly (UELInl)

This implies that

(V) (e)nGy) C (By(e) N Gy) C (V) (e)NGy). (4.21)

From this, by (4.15) and assertion (6) of Section 3, we obtain (1.13) and (1.14).

(b) We fix y > —1 and € > 0. It is clear that the inequality (4.2) holds for all (¢,7) € Q,.
By assertion (5) of Section 2, Q, # D,.

Let (§,17) € B, (e) N P,. Similarly we establish that P, # H,. We have

Y(p) =a*(IENIEIP+a*(In1) In1> =20 (1&1)a(In1) [ElIn| cosg = 202 (€1) [E[*(1 - cosg),
O(p) =a(IENIEP+a(ln)Inl* = (a(1€]) +a(In1))IElInlcosg
=a(IE)IEI*+a(IE])El1n] —a(IE])IE]In]cosg — o (I€])1€]* cosg

=a(IEN)IEIIEI+171) (1 = cos).
(4.22)

It is easy to see that cosg # 1. Indeed, if cos¢ = 1, then &a(|&]) = no(lxnl). Next, we
find

Y(p) _ 2(§lo(1ED)

Sl ~ eI+l ISR 1D (4.23)
Thus inequality (4.2) assumes the form
L(1ElLIgl) <e (4.24)
Then
By(e) NPy =V, (e) NPy (4.25)

Let (&) € U;’ . By assertion (3) of Section 2 we find that inequality (4.18) is valid.
Therefore inequalities (4.20) are true. Hence

(Vyi(e)nUy) € (By(e) nUy) € (V, (e) N Ty). (4.26)

Consider the remaining case (§,77) € U, . Observe that the set U, is not empty. It is
easy to see that

(a(1&]) = a(lnl)) (1€17a*(1E]) = 71%0*(In])) >0. (4.27)
Hence for all (§,1) € Uy,

L _(o(NE-olnhné-n) _ 1 (4.28)

L(ELID = Je(iENE—a(ny|®  — LrELInl)’
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which implies that
(B, (e) N Uy‘) C (V;r(e) N Uy‘). (4.29)
From this, by (4.25) and (4.26),
Ej(e) CBy(e) CF, (o). (4.30)
It is not hard to establish that
W;(O)C(PyUQyUU;), (PyUQyqu*qu*)zﬂnyy. (4.31)
Then, using assertion (9) of Section 3, we find
(Vi (&) nW, () CEle),  Fy(e)C (Vy (9)UQy). (4.32)

From this, by assertion (6) of Section 3 we obtain (1.15). O

5. Properties of x, (¢)

For every y € R and ¢ € (0,1) we set

X,(e)={xeX,:3ye Zy,l;r(x,y) > e},

(5.1)
x,(e) = sup X, (e).
If x,(¢) € Z,, then the following relations are true:
Wy (e) C {(&n) € Qy x Q)1 [E] < x)(e), Il < x,(e)}, o)
5.2

{(&n) € Q) xQ,: 1€l = x,(e) or In] = x,(e)} C V) (e).

For every y € R we will study the function x, (¢) of variable e. Let y € R and ¢ € (0, 1).
Then

L;(0,ry(e)) = a(ry(e)) = e, (5.3)

where r,(¢) is defined in Section 2. From this, r,(¢) € X, (¢). Therefore for every y € R
the function x, (¢) is defined everywhere on (0, 1). Moreover, for every y € R,

ry(e) <x,(e) Vee(0,1). (5.4)

As above, let s, (&) be a unique positive solution of (2.1) for every y € R and € € (0,1).
For y > 1 we put

A~ 2
& = max I;r( j,y>. (5.5)
y€[0,/2/(y-1)] Y



16  Some elementary inequalities in gas dynamics equation

The function x,(¢) has the following properties.
(1) Let y > 1. Then

xy(€) = 2 Vee (0,§], (5.6)
y—1
2 A~
xy(e) < ﬁ Vee (§,1). (5.7)
(2) Let
)/E(—OOJ], 86(0)1): (58)
or
y € (1,+00), g€ (§,1). (5.9)
Then x,(¢) € £, and
I} (xy(e),5,(e)) = & (5.10)
(3) For every y > 1 we have
. 2
lim x,(e) =, [—. (5.11)
e—&,+0 y—1

(4) The function x,(¢) is strictly decreasing on (0,1) for y < 1 and strictly decreasing
on (§,,1) for y > 1. Moreover,

, x,(&) +5,(e)
xy(s) = W (512)
for every y and e, satisfying (5.8) or (5.9).
(5) (a) If y € (—o0,1], then the function x, (¢) € C*(0,1).
(b) If y € (1,2], then the function x,(¢) € C*((0,&,) U (¢,1)) and it is continuous
at the point &;
(c) If y € (2,3], then the function x, (¢) € C*((0,&,) U (¢,1)) and it has the con-
tinuous derivative at the point &,;
(d) If y € (3,+00], then the function x,(e) € C*((0,&,) U (§,,1)) and it has the
second continuous derivative at the point €,.
(6) For every y € R we have

ELl{r}Oxy(e) =0. (5.13)
(7) For every y < 1 we have
lim x, (¢) = +o0. (5.14)

e—0+
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(8) (a) If y € (—o0,—1), then

-1
lim x,(e)e™® =0 forevery a< Y S (5.15)

e—0+

(b) If y = —1, then

lim x,(e)e = 2. (5.16)

e—0+

(c) If y € (=1,1), then

1)/(2y-2
+1)(y+)(y )

. _ (Y
sllrg}rxy(s)s = ( 5 (5.17)
(d) If y = 1, then
lim x,(e)e = exp{ - 3| (5.18)
lim x, (e)e = exp — 2 . .
(9) For every y € R we have
x,(&) 3 1
83{1_10(1_8)0‘ =400 forevery(x>2. (5.19)
Proof of property (1). Let y > 1. We set
2 6(y)
a(y) =I+< , > = . (5.20)
ey y+42/(y—1)

It is easy to see that the function a(y) is positive on (0,/2/(y — 1)) and it is continuous

on [0,,/2/(y — 1)]. Therefore there exists

A~

g = max a(y) >0. (5.21)
ye[0,,/2/(y—1)]

Next,

y 2
a)<s—2 <1 v e[o, /—] (5.22)
Y y+42/(y—1) Y y—1
Hence €, < 1. Therefore for every ¢ € (0,¢,] the equation

aly)=c¢ (5.23)

has at the least one solution y, € (0,4/2/(y — 1)). Otherwise the equation does not have
any solution.
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Fix e € (0,¢,] and x € X,. Let yy € X, be a solution of (5.23). We have

iy OO0 _6@+000)
e=a(y) y0+\/m— X+ o y(x:)’o)-

From this x € X, (¢). Hence X, (¢) = X, for all € € (0,&,]. This proves (5.6).
Now we prove (5.7). Fix & € (§,,1). Suppose that

2
Xy(S) = ﬁ

Then for arbitrary n € N there exists a number x, € X, (¢) such that

2 1
— — — <X
\Vy-1 n
Moreover,

N ]

and for arbitrary n € N there exists y, € £, satisfying the inequality
L} (xn, yn) = &
which implies
0(xn) — xn = €yn — 0(yu).

Further, we have

0(yn) N

p) = ———— < VneN.
% Ynt+4/2/(y—1) !

H(y,,)gé\y(yn+ /%) VneN.

Using (5.29), for all n € N we deduce

o

Then

0(xn) — exn = €yn — 0 (yn)

~ 2 ~ 2
2ZEYn— &\ Ynt ﬁ = =g ﬁ

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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Letting n — co in the inequality
0(x,) —ex, = —&,. [ —, 5.33
() —ee= =5 |2 (5.33)
we see that ¢ < &, and we arrive at a contradiction. a
Further we will need the following lemma.
Lemma 5.1. If (5.8) or (5.9) holds, then x,(e) € £, and there exists a number y,(¢) € X,
such that

I} (xy(e), yy(e)) = . (5.34)

Proof. Show that the set X, (¢) is compact for every y and every € satisfying (5.8) or (5.9).
Introduce the set

Zy(e) = {(x,y) €Z) X2, I (x,y) = e} (5.35)

Let 7 : R? — R, 7(x, y) = x be natural projection. It is clear that n(Z,(e)) = X, (e).

Assume that (5.8) holds. The set Z, (¢) is closed since the function I;f (x,y) is contin-
uous. The set Z,(¢) is bounded. Indeed, we can find a sequence Z,(¢) > (x4, yn) — .
Assume that x,, — co. Then for the bounded subsequence of {y,} we have

e < L} (xp yn) = 500 (%) + 70 (yn) < %00 (%) Tn.
Y Xn+ Yn Xn

(5.36)

The right part of this inequality tends to zero as n — oo. Thus we obtain a contradiction
to (5.8). For an unbounded subsequence of {y,} we have

e < I} (X yn) < 0(xa) +0(yn). (5.37)

The right part of this inequality tends to zero as n — co. Again we obtain a contradiction
to (5.8). Hence Z,(¢) is bounded. Therefore Z,(¢) is compact. Because the mapping 7 is
continuous, the set X, (&) = n(Z,(¢)) is compact too.

Assume that (5.9) holds. By (5.7) it follows that m CZ,xZ,. Here m denotes
the closure of Z,(¢). Since the function I; (x, y) is continuous, Z, (¢) is compact. Therefore
X, (&) is compact too.

Similarly we establish that the set

Xy(e)={xeZy:3y e, (xy) =¢} (5.38)

is compact for every y and € satistying (5.8) or (5.9).
We fix y and € satisfying (5.8) or (5.9). Prove that

m;lxX},(e) = m;lx)_(y(e). (5.39)
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We set

a= m;tny(s), b= m)flx)_(y(e). (5.40)

Obviously, a > b. Show that a < b. Since a € X, (¢), there exists a number y, € X, such
that

I (a, ) = &. (5.41)
Assume that

I} (a,y0) =& (5.42)
Then a € X, (¢) and hence a < b.

Now we assume

I;r(a,yo) > e (5.43)

For y < 1 we have
xlirpwl; (x,0) =0. (5.44)

Since the function I;f (x, y) is continuous, there exists a number x” > a such that
I;r (x',30) =& (5.45)

Then x” € X, (¢). Hence a < x" < b and we arrive at a contradiction. For y > 1 we have

I;( /%,yo> <g<e (5.46)

Then there exists anumber x” € (a,,/2/(y — 1)) satistying (5.45). Hence x” € Xy(e). There-
fore a < x’ < b and we arrive at a contradiction.
Thus we establish that

xy(€) = m;lx)?y(s) (5.47)

and arrive at the desired result. O

Proof of properties (2)—(5). Fix y and g satisfying (5.8) or (5.9). By Lemma 5.1 the num-
ber x, (&) € £, and there exists a number y, (&) € Z, such that

I} (xy (€0), yy (€0)) = €0 (5.48)
We set

F(x,y,¢) = I;r (x,y) —e. (5.49)
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Observe that the function F(x, y,¢) is C*-differentiable in some neighborhood U C R3
of the point py = (x, (&), y,(&0),€) and F(py) = 0. We have

oF 0 (x(e0)) — I} (x)(20), yy(20)) 6 (x(e0)) — &0
ox (po) = xy(€0) + yy(€0) - xy (&) + yy (&) (530

By assertion (8) of Section 2, 0 < s, (&) < ry(&p). Therefore the inequality r, (&) < x,(&o)
yields

3—5(1)0) <0, (5.51)

By the well-known implicit function theorem, there exist a 3-dimensional interval I =
I, x 1, x I, C Uand a function f € C*(I, x I;) such that for all (x, y,&) € I, X I, X I,

F(x,y,6) =0 <= x = f(y,¢). (5.52)
Here

ILi={xeR:|x-x,(e)| <al}, I ={yeR:|y—y(e)| <b},

L={ecR:|e—g] <c}. (5.53)
Moreover,
! 0" (yy(e0)) — &
(5.54)
L tahn) = ~ o) )] = G

It is easy to see that at the point y,(e) the function x = f(y,&) reaches a maximum
on I,. Therefore

% (yy(e0),€0) = 0. (5.55)

From this

0 (yy(e0)) = €o. (5.56)

Hence y, (&) = sy(&) and property (2) is proved.
Further, we set

G(y,e)=0'(y) —e. (5.57)

Observe that the function G(y,¢) is C*-differentiable in some neighborhood V' C R? of
the point qo = (s,(&9),€) and G(qo) = 0. By assertions (6)—(8) of Section 2 we have

0G

3y (q0) = 6" (sy(20)) <0. (5.58)



22 Some elementary inequalities in gas dynamics equation

By the implicit function theorem, the function s,(¢) is C*-differentiable at the point &.
Therefore there is an interval

I[={ceR:|e—gl| <}l (5.59)
such that
sy(e)el, Veel,. (5.60)
Hence for all (x,¢) € I, X I,
F(x,5,(¢),e) =0 = x = f(s,(e),e). (5.61)
We fix ¢ € I;. Next,
x = f(sy(e),e) (5.62)
and hence
F(x,sy(¢),e) = 0. (5.63)

Rewrite the latter equality in the form

u(x) = —u(sy(e)), (5.64)
where
u(t) = p(te) = 0(t) — te. (5.65)
We have
wt)=0(t)—e (5.66)

By assertion (8) of Section 2 we conclude that the function u(¢) is strictly increasing on
(0,s,(¢)) and strictly decreasing on (s, (e),+o) N X,. Moreover, u(0) = u(r,(e)) = 0 and
by property (2), u(x,(e)) = —u(sy(¢)). Then it is not hard to check that x = x, (¢). Thus

xy(e) = f(s,(e),e) Veell. (5.67)
Hence the function x, () is C*-differentiable at the point & and

360 = G e o) + 5Ly o) = Gy eoh) = 2 ) <o

(5.68)

This proves property (4).
Let y > 1. We show that

lim x,(e) = (5.69)

e—£,+0 Y- 1
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Let yo € Z, be a solution of the equation

Here, as above,

Then
9(}’0) _2
o+ 2/y—-1)
, 0 () (y0+2/(y = 1)) = 0(30)
44 (}’0) = 2 =0
(yo+2/(y-1)
From this

0(0) - 6'<yo>(yo+ %)

Using (5.72), we conclude that
0 (yo) = gy’

that is, yo = s,()).
We rewrite the equality

Iy (xy(e),sy(e)) = €
in the form
G(xy(s)) _xy(£)5 = _(6(5)}(5)) - Sy(e)s)-

Using (5.72), we obtain

lim (6(x,(e)) - x,(e)e) = —(8(s,(§))) —5,(§,)8)) = —5,

e—&,+0

y—1

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)
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Thus

. ~ 2
sljgoy(xy(e),s) =-§& F (5.78)

Suppose that (5.69) is not true. That is, for some sequence & — &, +0 of numbers the
inequality

xy(e) < | ———-m (5.79)

holds with some constant m > 0. Note that x, (¢) € [r,(¢),/(2/y — 1)) forevery ¢ € (¢, 1).
By assertion (8) of Section 2 it follows that the function u(t) is strictly decreasing on

)>4/(2/y —1)). We have
2

y(xy(ei),si)z;,t( ﬁ—m,ei)>—( %—m)si. (5.80)

Letting & — %, + 0, we obtain a contradiction to (5.78). Thus property (3) is proved.
Hence the function x, (¢) is continuous at the point ¢, for every y > 1.
For y > 1 we have

xy(€) = xy (&) xy(€) +5,(e)

Ay =i = = lim x)(¢) = lim ——F—. 5.81
4 ealg}ro £—& saléryl}rox (&) si@ryl}ro 0 (x,(e)) —¢ (5:81)
By assertion (5) of Section 2 and by property (3) we obtain
2/(y—1)+s,(&)
Ay =~ 4 = 2o fory e (1,2),
&y
2/(y—1)+5,(8) (5.82)
Ay=-— y — o <0 fory=2,
2+¢g,

A,=0 forye(2,+om).

Hence x,(¢) is not differentiable at the point &, for y € (1,2] and it has the continuous
derivative at the point €, for y € (2,+).
For y >2 we have

B~ lim x;(e)—ﬁi;(?y) lim xy(€) +5y(¢)

£—8,+0 e-§ e~5,10 (0" (x,(e)) —¢) (e — &)

(5.83)
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Using L'Hospital rule and property (3), we find

y—1 Q2=p)/(y-1)
lim (1 - 2xf,(e)> (e-§)

£—¢y+0

£E—¢&

— i
e P (1 ((y = 1)/2)x3(e)) V207"

= lipq ! -1/(y-1)
=610 —(y = 2)x, (e)x) () (1 — ((y — 1)/2)x3(e)) "
(5.84)
_ 1 - 0o (xy(e)) (6 (xy(e)) —¢)
Y= 2e-gr0  xy(e)(x,(e) +5,(e))
_ 1 lim (xy( ))Gl(xy(s))
Y- 28—'£y+0 XY(S)( ( )+5y(8))
1 (G028 (- (- 1)/2)x2(e)) 707V
B Y- 2 e—£,10 Xy(S) (xy(e) + Sy(é')) .
Then
L xy(e) +5,(e)
b= I o @) -8
) (5.85)
. xy(€) (x, () +5,(e))
—(y-2) lim 2 EEOEE
=540 (1— ((y + 1)/2)x)2,(e)) (1= ((y- 1)/2)x§(s))
By property (3) we find
B, = -0 forye(2,3),
By=—(1+s,(§)) <0 fory=3, (5.86)

B, =0 forye(3,+0m).

Therefore the function x, (¢) is not doubly differentiable at the point ¢, for y € (2,3] and
it has second continuous derivative at the point g, for y € (3,+00). Thus property (5) is
proved. O

Proof of property (6). By assertion (8) of Section 2,
0 <sy(e) <ry(e) (5.87)
for every € and y satisfying (5.8) or (5.9). Letting ¢ — 1 — 0 we obtain

SB{HOSY( g)=0. (5.88)
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Show that

ELl{r}Oxy(e) =0. (5.89)

Indeed, suppose that this is not true, that is, there will be a number & € (0,1) and a
sequence & — 1 (& < & < 1) such that the inequalities

m < x, (&) <x, (&) (5.90)

hold with some constant # > 0. We can consider that

limx, (&) = a € [m,x,(g)]. (5.91)
S[—'l
Using property (2), we have
1= lime = lim I} (xy(&:),5y(&1)) = I} (a,0) = o(a). (5.92)
Then a = 0 < m and we arrive at a contradiction. O

Proof of property (7). Letting € — 0+ in the inequality x,(¢) = r,(¢), we obtain (5.7). [
Proof of property (8). (a) Let y < —1. By assertion (8) of Section 2,

0<s,(e)<ry(e) Vee(0,1). (5.93)
From this
lim s, () =0 f -t (5.94)
lim s, (e)e™* = or every a 5 .
We set
-1
o, _ytl, oyl
9(t) = (1 5 t ) (1 = t . (5.95)
Obviously
lim 9(¢) = 2L (5.96)
t—+o0o y - 1

It is easy to see that the function 9(¢) is strictly decreasing on [0,+). Therefore

() > ;—fll Vit >0, (5.97)

Next, for all e € (0,1),

—p,, M +1 +1
e=0'(s,(c)) = (1 - y2 sf,(s)) (1 - y—sz(e)) >a(sy(e));f. (5.98)
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From this

P o (sy(e)) Py y—1
€ y+1

for all € € (0,1). We note that the equality I;’ (x,y) = € can be written as

o) Y~ (;_2W)
X(£—1>—y<1 e )

By (5.94) and (5.99) we obtain

0= lim sy(g)g*"‘ (M _ 1) - lim XY(S)S‘X(I _ O'(Xy(s))
e—0+ & —

e—0+ &

for each a < (y — 1)/2.
Assume that there exits a < (y — 1)/2 such that

li e *#0.

lim x, (e)e™* #

Then for some sequence ¢; — 0 of positive numbers the inequality
-

xy(e)e* =m

holds with some constant m > 0. By (5.101) we find

i C ()
&—0+ &
By (5.103),
. o
lim ny(sl)) < lim 70<m8i) =0
&—0+ Ei &—0+ Ei

and we arrive at a contradiction.
(b) Let y = —1. We have

e=0'(s)(e)) = (1 +s§(£))73/2.

Then
sy(e) =Ve 23 -1, a(sy(e)) =¢€.
By property (7),
E111319(3@(5)) =1.
We have

1= lim (8(sy(e)) —s,(e)e) = lim (x,(e)e — O(x,(e))).

e—0+ e—0+

(5.99)

(5.100)

(5.101)

(5.102)

(5.103)

(5.104)

(5.105)

(5.106)

(5.107)

(5.108)

(5.109)
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From this
lim x,(e)e = 2. (5.110)
€e—0+

(c) Lety € (—1,1). By property (7),

lim 0(x,(e)) = 0. (5.111)

e—0+

Assertions (7) and (8) of Section 2 yield

. 2
elllasy(s) = ﬁ (5.112)

Then, using (5.111), we obtain

(y+1)/(2y-2)
Y“) - (9( /2> = lim (6(s,(g)) —sy(€)e)
( 2 y+1) emor ’ (5.113)

= }i%l (xy(e)e = O(xy(e))) = gi%xy(s)s.

(d) The proof is analogous. O
Proof of property (9). Assume that y > 1. Then

2(1 —er-!
x,(e) = ry(e) = g (5.114)
y—1
Using L'Hospital rule, we find
o l—et -1 er?
slj{r}o o= 2a ng{r}O et~ +00 (5.115)
for every a > 1/2. From this we obtain desired result. The case y < 1 is analogous. O
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