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Let H(B) denote the space of all holomorphic functions on the unit ball B ¢ C". We
investigate the following integral operators: Tg(f)(z) = fol f(tz)Rg(tz)(dt/t), Lg(f)(2) =
fol R f(tz)g(tz)(dt/t), f € H(B), z € B, where g € H(B), and Rh(z) = X|_; z;(0h/0z;)(2)
is the radial derivative of h. The operator T, can be considered as an extension of the
Cesaro operator on the unit disk. The boundedness of two classes of Riemann-Stieltjes
operators from general function space F(p,q,s), which includes Hardy space, Bergman
space, Q, space, BMOA space, and Bloch space, to a-Bloch space %8¢ in the unit ball is
discussed in this paper.

Copyright © 2006 Songxiao Li. This is an open access article distributed under the Cre-
ative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Letz = (z1,...,24) and w = (wy,...,w,) be points in the complex vector space C" and
(zZ,w) =zZ1W1 + -« - + 2, Wy, (1.1)

Let dv stand for the normalized Lebesgue measure on C". For a holomorphic function f
we denote

Vf=(ﬁ af). (1.2)

0z,”""" 9z,

Let H(B) denote the class of all holomorphic functions on the unit ball. Let R f(z) =
2;':1 zj(df/0zj)(z) stand for the radial derivative of f € H(B) [21]. It is easy to see that,
if f € H(B), f(z) = >, a42% where « is a multiindex, then

Rf(z) =D lalasz® (1.3)
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2 Riemann-Stieltjes operators from F(p,q,s) to RB*

The a-Bloch space B*(B) = B*, a > 0, is the space of all f € H(B) such that

ba(f) =sug(1 — 1z R f(z)| < oo. (1.4)

On %B* the norm is introduced by

[ fllgse = | £O)] +balf). (1.5)

With this norm %B* is a Banach space. If &« = 1, we denote B* simply by A.
For a,z € B, a # 0, let ¢, denote the Mébius transformation of B taking 0 to a defined

by

_ a—Py(2) — V1 121°Qu(2)

¢a(2) =0

> (1.6)

where P,(z) is the projection of z onto the one dimensional subspace of C" spanned by a
and Q,(z) = z — P,(z) which satisfies (see [21])

(1-lal?)(1- |Z|2)'

11— (z,a)|
(1.7)

Pa© Pg = id, (Pa(o) =a, (Pa(a) =0, 1- |(Pa(z) |2 =

Let0< p,s< o0, —n—1<q<oco.Afunction f € H(B) is said to belong to F(p,q,s) =
F(p,q,s)(B) (see [19, 20]) if

Lf U pge) = |f(0)|p+sug , |V F(2) |7 (1-121%) g (z,a)dv(z) < 0,  (1.8)

where g(z,a) =loglg,(z)|! is Green’s function for B with logarithmic singularity at a.
We call F(p,q,s) general function space because we can get many function spaces, such
as BMOA space, Q) space (see [9]), Bergman space, Hardy space, Bloch space, if we take
special parameters of p,q,s in the unit disk setting, see [20]. If g +s < —1, then F(p,q,s)
is the space of constant functions.
For an analytic function f(z) on the unit disk D with Taylor expansion f(z) =
> 0 anz", the Cesaro operator acting on f is

Cfl)=S (f;;ak)zn. (19)
-0

n=0

The integral form of € is

14

1(? 1 1(* 1
U@ = [ FOTpdc = 2| 02 ) de, (1.10)
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taking simply as a path of the segment joining 0 and z, we have

4

dt. (1.11)

({=tz

C(f)(z) = Llf(tz)<1nl%()

The following operator:

2(f)(2) = j:{(—_(édc, (112)

is closely related to the previous operator and on many spaces the boundedness of these
two operators is equivalent. It is well known that Cesaro operator acts as a bounded linear
operator on various analytic function spaces (see [4, 8, 11-13, 16] and the references
therein).

Suppose that g € H(D), the operator

z 1 z
Jof (2) = jo F(E)dg(&) = jo F(t2)zg (t2)dt = L FOF@dE, zeD,  (113)

where f € H(D), was introduced in [10] where Pommerenke showed that J, is a bounded
operator on the Hardy space H?(D) if and only if g € BMOA. The operator ], acting on
various function spaces have been studied recently in [1-3, 14, 17, 18].

Another operator was recently defined in [18], as follows:

Lf)= | O (114

The above operators J,, I, can be naturally extended to the unit ball. Suppose that
g:B — C! is a holomorphic map of the unit ball, for a holomorphic function f, define

tz)
=

1 1
Tyf(2) = JO f(tz)dg; L f(tz)?%g(tz)%, z € B. (1.15)

This operator is called Riemann-Stieltjes operator (or extended-Cesaro operator). It was
introduced in [5], and studied in [5-7, 15, 17].

Here, we extend operator I, for the case of holomorphic functions on the unit ball as
follows:

1
Lf(z) = L ‘Rf(tz)g(tz)%, zeB. (1.16)

To the best of our knowledge operator L, on the unit ball is introduced in the present
paper for the first time.

The purpose of this paper is to study the boundedness of the two Riemann-Stieltjes
operators Ty, Ly from F(p, g,s) to a-Bloch space. The corollaries of our results generalized
the former results and some results are new even in the unit disk setting.
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In this paper, constants are denoted by C, they are positive and may differ from one

occurrence to the other. a < b means that there is a positive constant C such that a < Cb.
Moreover, if both a < b and b < a hold, then one says that a =~ b.

2. Ty, Lg : F(p,q,s) — B*

In order to prove our results, we need some auxiliary results which are incorporated in
the following lemmas. The first one is an analogy of the following one-dimensional result:

([ fQg @) = f2)g @), ([ f OO = f g @)
0 0
LemMa 2.1 [5]. Forevery f,g € H(B), it holds that

R[T(N](2) = f(2)Rg(2),  R[Lg(f)](2) = Rf(2)g(2). (2.2)

Proof. Assume that the holomorphic function f®Rg has the expansion >, a,z%. Then

1
R[T,()](2) = %L S au(tz) 4t %(Z ﬂz“) = S a2, (23)

laf
which is what we wanted to prove. The proof of the second formula is similar and will be
omitted. O
The following lemma can be found in [19].
LEMMA 2.2. For 0<p, s< o, —-n—1<g<o, g+s> -1, if f € F(p,q,s), then f €

%(n+1+q)/p and

Il fllggrsrsave < Cll f l1p(p,g,9)- (2.4)

The following lemma can be found in [15].

LemMa 2.3. If f € B, then

| O] + 11 f llgpes O<ac<l;
1
|f(2)| <C | f(0)] + IIfII%nlogm, a=1, (2.5)
I| f 1|93
|f(0)|+m, a>1,

for some C independent of f.

2.1.Case p < n+1+gq. In this section we consider the case p < n+ 1+ q. Our first result
is the following theorem.
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THEOREM 2.4. Let g be a holomorphic function on B, 0 < p, s< o, —n—1<g< 00, q+s>
—Ln+1+q<pa, p<n+1+gq. Then Ty :F(p,q,s) — B is bounded if and only if

sup (1 - [z]2) 7 DP | Ro(2) | < oo, (2.6)

z€B

Moreover, the following relationship:

- /
||Tg||F(p,q,S)a%"‘ ~ Sup (]_ _ ‘Z‘Z)Oﬁl (q+n+1)/p | %g(z) | (27)
z€B

holds.
Proof. For f,g € H(B), note that T, f(0) = 0, by Lemmas 2.1, 2.2, and 2.3,

T

sup (1123 |R(Tef)(2)|

=sup (1-1z1)°| f(2)] | Rg(2)|

zZEB ( )
2.8
< Cll fllggwsrsavs sup (1 — \z\z)“ﬂf(wlww |Rg(2)|
z€B
< Cll fllrpgesup (1= 1212 7D Rg(2) |
z€EB
Therefore (2.6) implies that T, : F(p,q,s) — %% is bounded.
Conversely, suppose Tg : F(p,g,s) — 9PB* is bounded. For w € B, let
1—|wl|?
TR 22
It is easy to see that
3 1 N lwl|?
fwlw) = (1- |W|2)(n+1+q)/p—1 > |‘wa(w)| ~ (1- |W|2)(n+1+q)/P' (2.10)

If w=0 then f, =1 obviously belongs to F(p,q,s). From [19] we know that f, €
F(p,q,s), moreover there is a positive constant K such thatsup,,. || fiwll F(p,q,5) < K. There-
fore

l—|Z| |fw Z)| :(1_|Z| |ER gfw | <|| fw||973a—K||T||qu,s)a%“’
(2.11)

for every z,w € B.
From this and (2.10), we get

(1= 1w R (w) | = (1= 1wl?) | fu(w)RgW) | < K| Tellpp g0
(2.12)

from which (2.6) follows. From the above proof, we see that (2.7) holds. |
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THEOREM 2.5. Let g be a holomorphic function on B, 0 < p, s< o, —n—1<g< 00, g+s>
—L,n+1+q<pa, p<n+1+gq. Then Ly :F(p,q,s) — RB* is bounded if and only if

sup (1= [212) "7 | o(2) | < oo, (2.13)

zEB

Moreover, the following relationship:

- /
HLg”F(p,q,s)—%a ~ sug(l —1z%)* (r+1+a)p lg(2)] (2.14)
ze

holds.
Proof. Assume that (2.13) holds. Let f(z) € F(p,q,s) C B"1+9/7, then

sup (1 [z12) " P | R £(2)| < oo. (2.15)

z€EB

Therefore by Lemmas 2.1 and 2.2 we have

IL

« = sup (11211 [R(Lef) () |

=sup (1 —z[*)*|Rf(2)| |g(2)|

z€B
<sup (1= 1212) " PR f(2) [ sup (1= 12P) " P g(2)] (51
z€EB z€B

< Cl f gyt sup (1 — |2|2) " "HHDP | o) |

z€EB

1+q)/
< Cll f g sup (1 — 212 9P g (7).
zEB

Here we used the fact L, f (0) = 0. It follows that L, is bounded.
Conversely, if L, : F(p,q,s) — B* is bounded. Let B(z,w) denote the Bergman metric
between two points z and w in B. It is well known that

1. 1+ |e(w)]
z,w) = —log —————. 2.17
Plaw) = 108 T w)] (217
For a € B and r > 0 the set

D(a,r)={z€B:p(a,z)<r}, a€B, (2.18)

is a Bergman metric ball at a with radius r. It is well known that (see [21])

_ 2 n+l

(1-la»)"™" 1 . 1 L1 (2.19)

11— (a2 ™Y (1-1z22)"" " (1-1a)™" "~ [D(an)]
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when z € D(a,r). For w € B, let f,,(z) be defined by (2.9), then by (2.10) and (2.19) we
have

(1—|W|) n+1+q/p| (W |2\W\4

C
M Ol v LS CIRPCIRE

C

< WL(W | R fu( z)| |g(2) | (1-1z| ) mdv(z) (2.20)
SCJ dv—(zzw sup (1-121) R f(2) ] |g(2) |
wr) (1 - 1z]2) zeD(w,r)
< oy ltelf
that is,
(1- \W\Z)zwz(ﬁlw)/p |g(W)|2|W|4 < C||Lg fil ésa = CKZHLgszr(p,q,s)—%a- (2.21)

Taking supremum in the last inequality over the set 1/2 < |w| < 1 and noticing that by
the maximum modulus principle there is a positive constant C independent of g € H(B)
such that

sup (1— lez)“_(q+"+1)/p|g(w)| <C sup |w|*(1- lez)“_(q+"+1)/p|g(w)|.

lw|<1/2 1/2<|w|<1
(2.22)
Therefore
a—(g+n+1)/
sup (1= [wi2) ™ T Vg (w) | < Cl|Lel Iy gy e (2.23)
zEB
the result follows. |

Remark 2.6. Note that if « < (¢ +n+1)/p in Theorem 2.5, then the condition (2.13) is
equivalent to g = 0.

COROLLARY 2.7. Let g be a holomorphic function on B, & > 0. Then the operator Ty : A*> —
B* is bounded if and only if

sup (1 - |Z|2)u—(n+l)/2 |

zeB

Rg(z)| < oo. (2.24)

Ly : A* — B is bounded if and only if

sup (1-1z12)* "™ g(2)| < oo, (2.25)

z€B
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Ty : H? — R is bounded if and only if

(x n/2

sup (1—z]?) |Rg(2)| < 0. (2.26)
z€B

Ly : H* — B* is bounded if and only if
sup (1 — Izlz)wn/Ll |g(2)] < oo. (2.27)

zEB

22.Casep>n+1l+gq

THEOREM 2.8. Let g be a holomorphic function on B, 0< p, s< 0, —n—1<g< 0, g+s>
-La=0,n+1+q<pa, p>n+1+q. Then Ty :F(p,q,s) — B* is bounded if and only if
g € B¥. Moreover, the following relationship:

||Tg||F(p,q,s)—v%rx ~ sug (1 - ‘Z‘Z)(x | %g(z) | (2.28)
ze

holds.
Proof. Since f € F(p,q,s) C B 1+2/P by Lemmas 2.1, 2.2, and 2.3,

1T fllope = sup (1 - 12I) “1f@)][Rg(2)]

. (2.29)
= C”f”F(p,q,s) sup (1 - |Z|2) |‘Rg(z) |
zZEB
Therefore g € B¢ implies that T, : F(p,q,s) — PB* is bounded.
Conversely, suppose T : F(p,q,s) — %% is bounded. For w € B, let

1— (p+n+1+q)/p _ 2

fulz) = (1= wl) 1= lwl +1. (2.30)

(1 —{z >) 2(n+1+q)/p (1 —(z W>)(n+1+q)/p
Then it is easy to see that

C(1—Iwl?)
|17< Zw )| (n+1+q+p)/p°

lw|?
(1 - |W|2)(H+1+q)/p.

(2.31)

fuw) =1, [Rfy(2)| = |R fu(w)| ~
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By [19], we know that f, € F(p,q,s), moreover there exists a constant L such that
sup,cp |l fwllF(p.qs) < L. Hence

C

2 2
[Rg(w)|” = [ fu(w)Rg(w)]| SW

[RRIZCIREYCIRS
D(w,r)

C J 2 2 2a 1
S T W(@) |7 Rg(2) |7 (1= 121*) " ————,dv(2)
(1= w[2)"™" Joown @) Rg@ [ ) (1-1z[2)?
dv(z) 2
scj B (11217 (@) P Re(2)
b (1— |z |2)2++12€D(5” |f | |Rg(2)]|
C 2
S - 4 T W |ORa>
(1_|W|2)2a|| gf |J3
(2.32)
that is,
(1= 1w?)*[Rgw) | = ClITg fullge = CLI Tl lp(pg.0 - (2.33)
for every w € B. The result follows. g

THEOREM 2.9. Let g be a holomorphic function on B, 0 < p, s< o0, —n—1<g< 0, g+s>
-La=0,n+1+q=<pa p>n+1+q. ThenLy:F(p,q,s) — B* is bounded if and only if

sup (1 [z]2)* P g(5) | < (2.34)

zeB

Moreover, the following relationship:
a—(n+l+q)/
el ppq0- = sup (1= 121" "7 g 2)| (2.35)
ze

holds.
Proof. Suppose (2.34) holds. Let f(z) € F(p,q,s) C B"+1+0/P, then

sup (1 - Izlz)(”+1+q)/p [Rf(2)] < co. (2.36)
zE€B
Hence
IIL « = sup (1-121)*|Rf(2)] |g(2)|
<sup(1—| | ) n+1+q)/p|%f(z)| sup 1_ Izl )a n+1+q/p| |
zEB zEB (2 37)
< Cl f gy sup (1 — |2|2) " DP | o(2) |
zeB
< Cllf g sup (1 122) "9 | g(2) .
zZEB

It follows that L, is bounded.
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Conversely, if Ly : F(p,q,s) — B* is bounded, for w € B, let f,,(z) be defined by (2.30).
Then by (2.31),

(1—|W|) n+1+q/p| (W |2\W\4

C 2 2
~ [Rfu(wigw)|” < 7,1J Rfw(2)|"|g(2) | dv(z)
ol LG el
C J’ 1
<S——3 R fu(z (2)]2(1- |zI2 —adv(z
dv(z) 2a 2 2
scj e (- 1) R () P g(2)
Dowr) (1 |z|2)2 il ZGD(E)” IR f, 1" 1g(2) |
C 2
R
that is,
(1—|wl )Zoc 2nt+1+q)/p |g(W)| lw|* < C||Lgfw| e < CL”LgHqus (2.39)
Similarly to the proof of Theorem 2.5, we get the desired result. O

23.Casep=n+1l+gqg

TuEOREM 2.10. Let g be a holomorphic function on B,0< p,s< o0, —n—1<g< o0, q+s>
—Ls>na>1,p=n+1+q. Then Ty : F(p,q,s) — RB* is bounded if and only if

sup (1 - |z|%)"log S| Rg(2) | < 0. (2.40)
zZEB 1- |Z|
Moreover the following relationship:
1
~ —#]2)% - -
HTg”F(p,q,s)—'%“ ~ i‘elg(l 2[)" log 1— |22 |Rg(2)| (2.41)

holds.
Proof. Since f € F(p,q,s) C B, by Lemmas 2.1, 2.2, and 2.3,

||Tgf||w = sug(l - |Z|2)a|‘?\(Tgf)(Z)|

=sup(1—1z1*)%| f(2)] | Rg(2)
e 4 @%@ (2.42)
« 1
< Cll fllrpgo sup (1= |21) log 15 [ Rg(2) .
zEB - Z‘

Therefore (2.40) implies that T, is a bounded operator from F(p,q,s) to %*.
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Conversely, suppose T is a bounded operator from F(p,g,s) to 9RB*. For w € B, let

1

fw(Z) = 10g m (2.43)
Then by [19] we see that f,, € F(p,q,s) and
fuolw) =log IR fy )| = (2.44)
" 1w’ " (1—1wl?)’ '
Moreover there is a positive constant M such that sup,,p || f [lr(p,q.s) < M. Hence
(10 ! >2|9a W)’
S1—qwiz) 178
- angn P — || 0| Bgl@) v
(1—1wl?) D(w,r)
<SP %@ (- ) @) (24s)
(1-1wl?) D(wr) (1-1z]2) )
dv(z) 2 2
scj IR sup (1— 1212 £u(2) | Rg(2)
Dowr) (1 12 ‘2)2 il ZeD(Ijr |f )" [Rg(2)]
C 2
S - A T w a)d
oyl
that is,
1
(1= Iw?)* (log 7= ) [ Rg ()| = ClITefullge = CMITellgoge (246
The result follows. O

TueOREM 2.11. Let g be a holomorphic function on B,0< p,s< 00, —n—1<g< o, q+s>
~Ls>na=1,p=n+1+q. Then Ly : F(p,q,s) — B* is bounded if and only if

sup (1—-121)"" |g(2) | < . (2.47)

zEB

Moreover the following relationship:
ILgl (g0 %wsup(l—\z\ g2 (2.48)

holds.
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Proof. Suppose (2.47) holds. Let f(z) € F(p,q,s) C B, then sup,5(1 — |z]?)|R f(z)
co. By Lemmas 2.1 and 2.2 we have

ILg fllgpe = sug(l —121) R f(2)| |g(2)]
< Cl\fll.%sug(l —lz1*) | g(2) | (2.49)

< Cll f (g sup (1 - 1217)* " g(2) .

z€B

It follows that L, is bounded.
Conversely, if L, : F(p,g,s) — %% is bounded. For w € B, let f,,(z) be defined by (2.43),
then by (2.44) we have

(1= 1wl?) % | g(w) |} 1w]*

C 2 2
R g < S | R @) 5@ dve)
< IRl s [ IR A@I @)
C J 1
. ¢ Rf,(z (1= 12l) ™ dv(2)
(1_ |W|2) +1 D(w,r)| f | |g | ) (1_ |Z|2)2 (2‘50)
dv(z «
scf s s (1) R4 @)
D(w,r) (1—‘ ‘2) zeD(w,r)
C
S —— L w ad
(1_|W|2)2(x|| gf ||93
that is,
(1= [w?)* 7 | gw) | Iwl* < C||Lg fol [ (2.51)
Similarly to the proof of Theorem 2.5, we get the desired result. O

Similarly to the proof of Theorems 2.10 and 2.11, we can obtain the following results.
We omit the details.

CoROLLARY 2.12. Let g be a holomorphic function on B, 0 < p < o, and « = 1. Then Ty :
Qp — B is bounded if and only if

sup (1 - [z]2)"log [ Rg(2)] < 0. (2.52)
zEB 1- | |
Lg : Qp — B is bounded if and only if
sup (1 - 1z]2)*! |g(2)] < co. (2.53)

z€EB

COROLLARY 2.13. Let g be a holomorphic function on B. Then Ly : B — B is bounded if and
onlyifg e H®.

Especially, we have the following known result (see [6, 15, 17]).
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COROLLARY 2.14. Let g be a holomorphic function on B. Then Ty : B — R is bounded if
and only if

1
sup (1 - ‘Z‘Z)k’gm |Rg(z)] < oo. (2.54)

z€B

Acknowledgment
This author is supported partly by the NNSF of China (no. 10371051, 10371069).

References

[1] A. Aleman and J. A. Cima, An integral operator on H? and Hardy’s inequality, Journal d’Analyse
Mathématique 85 (2001), 157-176.

[2] A. Aleman and A. G. Siskakis, An integral operator on H?, Complex Variables. Theory and Ap-
plication 28 (1995), no. 2, 149-158.

, Integration operators on Bergman spaces, Indiana University Mathematics Journal 46
(1997), no. 2, 337-356.

[4] G. H. Hardy and J. E. Littlewood, Some properties of fractional integrals. II, Mathematische
Zeitschrift 34 (1932), no. 1, 403-439.

[5] Z.]J.Hu, Extended Cesaro operators on mixed norm spaces, Proceedings of the American Mathe-
matical Society 131 (2003), no. 7, 2171-2179.

, Extended Cesdro operators on the Bloch space in the unit ball of C", Acta Mathematica

Scientia. Series B. English Edition 23 (2003), no. 4, 561-566.

, Extended Cesaro operators on Bergman spaces, Journal of Mathematical Analysis and
Applications 296 (2004), no. 2, 435-454.

[8] J. Miao, The Cesaro operator is bounded on H? for 0 < p < 1, Proceedings of the American Math-
ematical Society 116 (1992), no. 4, 1077-1079.

[9] C.Ouyang, W. Yang, and R. Zhao, Mobius invariant Q, spaces associated with the Green’s function
on the unit ball of C", Pacific Journal of Mathematics 182 (1998), no. 1, 69-99.

[10] C.Pommerenke, Schlichte Funktionen und analytische Funktionen von beschrinkter mittlerer Os-
zillation, Commentarii Mathematici Helvetici 52 (1977), no. 4, 591-602.

[11] J.-H. Shi and G.-B. Ren, Boundedness of the Cesaro operator on mixed norm spaces, Proceedings
of the American Mathematical Society 126 (1998), no. 12, 3553-3560.

[12] A. G. Siskakis, Composition semigroups and the Cesaro operator on HP, Journal of the London
Mathematical Society. Second Series 36 (1987), no. 1, 153—164.

[13] —, The Cesaro operator is bounded on H', Proceedings of the American Mathematical So-
ciety 110 (1990), no. 2, 461-462.

[14] A. G. Siskakis and R. Zhao, A Volterra type operator on spaces of analytic functions, Function
Spaces (Edwardsville, IL, 1998), Contemp. Math., vol. 232, American Mathematical Society,
Rhode Island, 1999, pp. 299-311.

[15] S. Stevi¢, On an integral operator on the unit ball in C", Journal of Inequalities and Applications
2005 (2005), no. 1, 81-88.

[16] J. Xiao, Cesaro-type operators on Hardy, BMOA and Bloch spaces, Archiv der Mathematik 68
(1997), no. 5, 398—406.

, Riemann-Stieltjes operators on weighted Bloch and Bergman spaces of the unit ball, Jour-
nal of the London Mathematical Society. Second Series 70 (2004), no. 1, 199-214.

[18] R. Yoneda, Pointwise multipliers from BMOA® to BMOAF, Complex Variables. Theory and Ap-
plication 49 (2004), no. 14, 1045-1061.




14  Riemann-Stieltjes operators from F(p,q,s) to B«

[19] X.J. Zhang, Multipliers on some holomorphic function spaces, Chinese Annals of Mathematics.
Series A 26 (2005), no. 4, 477-486.

[20] R.Zhao, On a general family of function spaces, Annales Academiae Scientiarum Fennicae. Math-
ematica. Dissertationes (1996), no. 105, 56.

[21] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball, Graduate Texts in Mathematics, vol.
226, Springer, New York, 2005.

Songxiao Li: Department of Mathematics, JiaYing University, 514015, Meizhou,
GuangDong, China

Current address: Department of Mathematics, Shantou University, 515063, Shantou,
GuangDong, China

E-mail addresses: lsx@mail.zjxu.edu.cn; jyulsx@163.com


mailto:lsx@mail.zjxu.edu.cn
mailto:jyulsx@163.com

