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We establish upper bounds for the eigenvalues of second-order and fourth-order differ-
ential equations. The inequalities are obtained via rearrangements of higher degree.
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1. Introduction

Let LL(0,1) denote the set of all nonnegative functions from L'(0,1), I being a positive real
number. The decreasing rearrangement of a function f € L1(0,/) is defined by

f*(x) =sup{t>0:us(t) >x}, (1.1)
for all x in [0,1], where
ur(t) = [{xe©,]): f(x)>t}], t=0, (1.2)

is the distribution function of f. The increasing rearrangement of f is simply f**(x)=
f*(I—x). The function f* is nonnegative, right continuous and we have (see for instance

[1,8])

J:fdt < J:f*dt, xe 01,

| ; (1.3)
J Fdt= J Frdt.
0 0
Furthermore, if g € L*(0,/) is nonnegative, then we have
I I I
Jf**g*dxsjfgdxsjf*g*dx. (1.4)
0 0 0

We denote by f,/ (resp., f,) the symmetrically increasing (resp., decreasing) rearrange-
ment of f of degree n. The function f,} is uniquely defined by the following conditions
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2 Differential inclusions

(see [11]):
(i) f,} is periodic on [0,1/n] with period I/n,
(if) f,} is symmetric in [0,//n] about I/(2n),
(iii) f;f(x) = f*(2nx) for x € [0,1/(2n)].
The function f, is uniquely defined by (i)-(ii) and (iii): f, (x) = f**(2nx) for x €
[0,1/(2n)]. For more information on rearrangements see [1, 11].

In this paper, we derive upper bounds for eigenvalues of some classes of differential
equations via rearrangements of higher degree. Many results concerning lower and upper
bounds for eigenvalues have been obtained [2-5, 9-11]. For instance in [5], lower bounds
for the first eigenvalues of the equations (p(x)y’) +q(x)y +uy =0 and (p(x)y”)" +
q(x)y +uy = 0, subject to Dirichlet boundary conditions, are found. In [11], lower and
upper bounds for the nth eigenvalue of the equation y”" + pp(x)y = 0 are obtained via
rearrangements of higher degree. In [7], it is shown that the first eigenvalue of Euler
problem decreases when one replaces the design (coefficient function) involved in the
problem by its decreasing rearrangement. In [9], we derived upper bounds for the nth
eigenvalue of the equation y” + p(x)y +uq(x)y = 0 with Dirichlet boundary conditions,
under some conditions on the coefficients p and g. The first goal of this paper is to com-
plete the results obtained in [9], by deriving upper bounds for the eigenvalues of the
problem

(P(x)y) +Aq(x)y =0, 0<x<L y(0)=y(l)=0. (1.5)

This will be achieved by first considering the intermediate problem in (2.1). The second
goal is to establish upper bounds for fourth-order differential equations. In order to sim-
plify the presentation, we assume throughout the paper that the functions p and q are
positive and continuous on [0,1].

2. Second-order problem

Consider the boundary value problem

(p(x)y") +uqx)y =0, y(0)=0, y'(I) =0. (2.1)

According to a variational principle, the first eigenvalue y;(p,q) of this problem can be
written as

. fop x)y )2dx
s f —_—_— 2.2
#I(P q) yeHl((lJrll =0 foq x )de ( )

Another characterization of y;(p,q) can be found in [6, 7]

1 12 )
(t t)dt) dx, 2.3
[Al(p,q) VEL2 |\v\| 1,[0 p (J q )Tl x 23)
where || - || denotes the standard L?(0,/) norm. This maximum is attained at v; = q"/?y,

where y; is a first eigenfunction of (2.1). Let ¥ = v; when (p,q) = (p*,g*). If ¥ is chosen
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nonnegative then the function x — Lﬁ q*(£)V2(t)v(t)dt is nonincreasing. Thus, arguing as
in [7], we have

M@Lﬁ)zﬂpé@<£fUW%UM03x

sﬁhia(ﬂqu%umgaxsaciﬁy

The first inequality follows from the fact that (1/p)** = 1/p* and from (1.4). As ¥ is not
necessarily nondecreasing, we cannot introduce g(t) in these inequalities. We then return
to representation (2.2). Let y be an eigenfunction of (2.1) associated with u; (p,q*). y* is
obviously nondecreasing. Hence, by using (1.4), we have

(2.4)

fop x)y (x)*dx fop(x (x)?dx
fog* (x x)zdx f1q(x)7(x)2 dx

wi(p,q*) = > (p,q). (2.5)

If i (p,q*) = 1 (p,q) then y is also an eigenfunction for p;(p,q) and therefore g* = q.
The equality y; (p*,q™) = u1(p,q™) leads similarly to p = p*. We have then

TaEOREM 2.1. t1(p,q) < 1 (p*,q™) and equality holds only if (p,q) = (p*,q™*).

Now let v;(p,q) denote the second eigenvalue of the following problem

(p(x)y") +Aq(x)y =0, y'(0)=0, y'() =0, (2.6)

and let a be the unique zero in (0,[) of the eigenfunction associated with v,(p,q). Then by
applying Theorem 2.1 on each subinterval [0,a] and [a,]] and by arguing as in the proof
of [9, Theorem 7.4], we can show that v,(p,q) < v2(p;,q; ). More generally, we have the
following result.

THEOREM 2.2. Let v,(p,q) be the nth eigenvalue of problem (2.6). Then, v,(p,q) < v2(pn_1>
qn-1) for all n > 1, and equality holds only if (p,q) = (pr_1>Gn-1)-

The next result is a direct consequence of this theorem and arguments from [9].

TueoRrREM 2.3. Let A,(p,q) be the nth eigenvalue of
(p(x)y") +Aq(x)y =0, y(0) =0, y(I) =0. (2.7)
Then, Au(p,q) < Au(p},qt) for all n, and equality holds only if (p,q) = (p}:,q;}).

3. Fourth-order problem

Let u1(p,q) denote the first eigenvalue of the fourth-order differential equation

(px)y")" +uqx)y =0

3.1
YO =y (0)=0, Yy ()=y"()=0. (3-1)
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Lety = py”. Then ¢y = —uq(x)y and w(0) = y/'(I) = 0. It follows that

1
X) = yL 2(x,0q(D)y(Ddt, (3.2)

where g(x,t) = min{x,¢}. Hence,

., o (!
y(x) = Wjo 2(x,0q()y(Ddt. (3.3)

Since the right-hand member belongs to L'(0,1) and y(I) = y'(I) = 0, we have

y(x) = [”J g(x,t) (J g(t,8)g s)y(s)ds)dt (3.4)

Let L be the operator defined by

(Lv)(x J 2(x,0)q(x)2p(8) V2u(¢)dt, (3.5)

v € L*(0,1). The kernel I(x,t) = g(x,t)q(x)"?p(t)~V? is square integrable and therefore
L is a Hilbert-Schmidt operator from L?(0,[) in L?(0,1). It is in particular compact on
L2(0,1). Its adjoint L* is given by

I
(L)@ = | gluna®pe) v, (3.6)
0
v € L*(0,]).Equation (3.4) can be written now as
v=u(LL*)v, (3.7)

where v(x) = g(x)"?y(x). The operator (LL*) is compact, selfadjoint and positive, there-
fore there exists an infinite sequence of eigenvalues 0 < y;(p,q) < y2(p,q) < - - - which
increases without limit. The first eigenvalue can be found as

1 L]

el [l

(3.8)

The maximum is attained at v; = q"/?y;, where y, is the first eigenfunction of (3.1). From
general theory of compact operators with positive kernels [6], we know that y; is simple
and y; can be chosen positive on [0,!]. We finally notice that

JOI 2(x,0)q(H)2v(1)dt = JO (qu(s)l/%(s)ds) dt, (3.9)

and therefore y; can be found as

Mil e Jop (J Jq(s 2y dsdt) dx. (3.10)
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Let 7 = (q*)"?y, where y is a positive eigenfunction corresponding to y;(p**,q*) and
such that ||v]| = 1. We have

st~ QY ([ o)
1

L o) (J J q*( s)l/zv(s)dsdt> dx < W

On the other hand, reasoning as in the previous section, we find that y; (p,q*) = p1(p,q)-
As a result, we have

(3.11)

THEOREM 3.1. ui(p,q) < m(p**,q*) and equality holds only if (p,q) = (p**,g*).
By using this theorem and arguments from [9], we prove the following.
THEOREM 3.2. Let A,(p,q) be the nth eigenvalue of

(p(x)y")" = Agq(x)y =0,

. (3.12)
y(0)=y"(0)=0,  y(I)=y"(l)=0.
Then, Ay(p,q) < Au(p;,>q;t) for all n, and equality holds only if (p,q) = (p,,q})-

4. Another problem

In this section, we denote by y; (p,q) the first eigenvalue of the following problem

y W —[uq(x) — p(x)]y =0,

YO =y =0, yD=y" (=0, b
Let h and H be positive numbers such that i < gq(x) < H on [0,/]. Then, we have
LemmMma 4.1. If
Hmfxp(x) - hrrgcinp(x) < hntl=*/16, (4.2)

then p(x) —ui(p,q)q(x) < 0 for all x € [0,1]. If y1(x) is a positive first eigenfunction of
problem (4.1) and 1fcond1tlon (4.2) holds, then y,(x) is nondecreasing.

Proof. We have

I I
pi(p.q) = irylf [I y'"? dx/J qy* dx] +min p(x)/H
0 0 x

>H /)] +min p(x)/H.

(4.3)

If (4.2) holds, then from the last inequality we get 1 (p,q) = max, p(x)/h, and therefore
wi(p,q)q(x) — p(x) = 0 for all x € [0,]]. If y;(x) is a positive eigenfunction of problem
(4.1) associated with y; (p,q), then y§4)(x) = [ (p,q)q(x) — p(x)]y1(x) = 01in [0,I]. This
means that y;'(x) is a convex function. As y;"(0) = y;""(I) = 0, it follows that y;'(x) is
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nonnegative and therefore y,(x) is concave and nondecreasing, since y,(0) =

TaeoreM 4.2. If condition (4.2) holds, then

u(pg) <m(p™,q%).
Moreover, equality holds only if (p,q) = (p**,9*).

=0.
]

(4.4)

Proof. Suppose that (4.2) is fulfilled and let y, (x) be a positive first eigenfunction of prob-
lem (4.1) associated with the couple (p**,g*). Since p** and g* satisfy also condition
(4.2), Lemma 4.1 tells us that y,(x) in nondecreasing. Therefore, we have

fo)’ilzdeL foP}’l dx
JOCDH dx

*k

m(p**,q*) = w(p,q),

and it is easily seen that equality holds only when (p,q) = (p**,q™).

Once again, by using Theorem 4.2 and arguments from [9], we prove

TaEOREM 4.3. Let A,(p,q) be the nth eigenvalue of

- [Ag(x) - p(x)]y =0,
y(0)=y"(0) =0, y()=y"()=0.

Then, A,(p,q) < Au(p;,»q;;) for all n, and equality holds only if (p,q)
We have in particular the following.

CoROLLARY 4.4. Let A,(p) denote the first eigenvalue of the problem

-A-p)]y=0,
y(0) =y"(0) =0, y()=y"()=0.

If max, p(x) — miny p(x) < 7*/(21)*, then
Mi(p) = Au(py).

Moreover, equality holds only if p = p,,.
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