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We consider the basin of the zero-solution to a semilinear parabolic equation on RN with
the Ornstein-Uhlenbeck operator. Our aim is to show that the Ornstein-Uhlenbeck oper-
ator contributes to enlargement of the basin by using the logarithmic Sobolev inequality.
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1. Introduction

Let «, 3 > 0 be given constants. We consider the following semilinear parabolic problem:

ut:lAu—ocx-Du+ﬁu10gu in (0,00) x RN,
5 (1.1)
u0,-)=¢ inRY,

where the initial data ¢ satisfies
¢>0 inRN, y:=logg € Lip (RYN). (1.2)

When o = 0, problem (1.1) was considered by Samarskii et al. in [8, pages 93-99]. When
a >0, the operator L defined by

L:%A—ocx-D (1.3)

is called the Ornstein-Uhlenbeck operator and has been studied by many authors ([1-
4, 6]). In linear parabolic equations, the Ornstein-Uhlenbeck operator contributes good
properties to their solutions such as ergodicity and hypercontractivity. However, to semi-
linear parabolic equations, a contribution of the Ornstein-Uhlenbeck operator is hardly
known.
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2 On the basin of zero-solutions

Our motivation to study problem (1.1) is that it provides an example of semilinear
parabolic equations to which the Ornstein-Uhlenbeck operator contributes. Indeed, in
(1.1), the Ornstein-Uhlenbeck operator L contributes to enlargement of the basin of the
zero-solution.

Our aim of this paper is to clarify this contribution by using the relation between
the parameters a, . Our result states that if « is sufficiently larger than /2 then the
basin of the zero-solutions is large enough; on the other hand, if « is sufficiently smaller
than /2 then it is small enough. Note that as & increases the attractive power to the
origin is stronger in the Ornstein-Uhlenbeck operator. Hence, the results above show that
enlargement of the basin arises from a contribution of the Ornstein-Uhlenbeck operator.

The contents of the paper are organized as follows: in Section 2, we state existence
and uniqueness of a classical solution to (1.1). In Section 3, we derive L1-estimates of the
classical solution to (1.1). These estimates are based on the logarithmic Sobolev inequality
and the Jensen inequality. In Section 4, we state our main results and prove them.

2. A classical solution to (1.1)

In this section, we will show existence and uniqueness of a classical solution to (1.1). In
order to show existence and uniqueness of a classical solution to (1.1), we consider first
the following semilinear parabolic problem:

N = %Aq—cxx Dy + %e/ﬁIDql2 in (0,00) x RN,

(2.1)
7(0,-) = y(-):=loge(-) inRN.
Note that 7 is a classical solution to (2.1) if and only if the function u defined by
u = exp (efln) (2.2)

is a classical solution to (1.1). For this reason, we consider (2.1). When the time-depend-
ent Hamiltonian ef! |Dn|2/2 of (2.1) is replaced by the time-independent Hamiltonian
H(Dp) for some H € C'(RY), existence and uniqueness of a classical solution to (2.1)
was shown in [6]. Our proof for (2.1) is almost same as that of [6]. So, we omit it. Let

Q=(0,00) x RN, (2.3)

TaEOREM 2.1 ([6]). Assume (1.2).Then, (2.1) admits at least one classical solution 1 such
that n € C(Q) (N C"*(Q) with the property

IDx]] . < 0. (2.4)

Now, we state existence and uniqueness of a classical solution to (1.1).

THEOREM 2.2. Assume (1.2). Then (2.1) admits the unique classical solution u € C(Q)
Ch2(Q) satisfying the following: u(-) >0 in Q, and for each T >0 there exists a constant
Cr > 0 satisfying

|Dlogu(t,x)| <Cr, (t,x) € (0,T] xRY. (2.5)
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Proof. Existence of u satisfying the theorem follows from Theorem 2.1. Let u; and u; be
such solutions. Let 7; = e P'logu;. Then 7; satisfies

1 1 .
(1), = EA’” —ax - Dnj+ Eeﬁt|D17j |2 in (0,00) X RN,

7j(0,-) =y(-) inRN,

(2.6)

Hence, we obtain in (0, ) x RN,

1 1
(i —=m2), = 5800 —n2) + [ —ax+ Eeﬁt(Dm +D772)] ‘D(m—m).  (2.7)
Note that, for each T > 0, there exists a constant K7 > 0 such that

—ax+ %e’“(Dm + D) (£,x) ‘ <Kr(1+1xl), (t,x)€(0,T]xRY,
(2.8)

| (m —m2)(6,x)| <Kr(1+1x]), (t,x) €[0,T] xRV,

Hence, by the comparison theorem for parabolic equations (cf. [5, Theorem 9, page 43]),
we deduce that 77, = 7, on [0, T] X RN. Since T > 0 is arbitrarily, we conclude the theorem.
The proof is complete. O

3. Li-estimates of the solution to (1.1)

In this section, we will give L1-estimates of the unique classical solution to (1.1). Let v be
the Borel probability measure on RN defined by

dv(y) = (a/m)N2e~ " dy, (3.1)

This measure is called the invariant probability measure for the Ornstein-Uhlenbeck op-
erator L of (1.3), because we have

J Lydv=0, yxeCi(RN) (3.2)
RN

(see [2, 3]). We give the logarithmic Sobolev inequality without proof (cf. [7]).
Lemma 3.1 [7]. Forany q>1and0<y € C}(RN), we have
e

q q 1
I[RNX logyddy < 2

Ty | v Il og Il G3)

Next, we have the following lemma.

Lemma 3.2. . Forany q >1and 0 <y € CE(RN),

J ¥ 'Lydv < 0. (3.4)
RN
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Proof. Let xu(x) = y(x) + (1/n) for n € N. Since XZ € CE(RN), it follows from (3.2) that

J L[yildv=0. (3.5)
RN
Since
_ 1 _
L[t = gt 'Ly +5a(q— s " 1Dx1%, (3.6)
we obtain
q-1
I xn Lyxdv<0. (3.7)
RN
We conclude (3.4) from the Lebesgue’s dominated convergence theorem. O

The following proposition follows easily from Theorem 2.2.

LeEmMMmaA 3.3. Assume (1.2). Let u be the unique classical solution to (1.1) obtained in Theorem
2.2. Then, for any T > 0, there exists a constant Ct > 0 such that

e~ Cri+ixl) < 4t x) < CrU+D (¢ x) € [0, T] x RN,

3.8
| Du(t,x)| < e+ (,x) € (0,T] x RV, (38)

Now, we state the main results of this section.

THEOREM 3.4. . Assume that (1.2) holds and 2o > 3. Let u be the unique classical solution
to (1.1) obtained in Theorem 2.2. Then, for any q = 20/ (2t — f3),

[|u(t, -)||Lq(,,) <exp{eflogllglliam}, t=0. (3.9)

Proof. Let p € C*(RN) be a function such that 0 < p(-) < 1 and

plx) = {(1) :i: i ; (3.10)
We set
pn(x)=p(f). (3.11)
n
Now, we define the function u, by
uy(t,x) = u(t,x)pn(x). (3.12)

Note that

(u), = quzflpn(Lu + Bulogu),
pnLu = Lu, —uLp, — Du - Dp,, (3.13)

utlogu = utlogu, — ullogp,.
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Here and henceforth, we interpret that 0log0 = 0. Using these equalities, we get for g >

20/2a — B),

||un Misry

=g | w0 Lt v B e Iogu (1, )|

_ qJRN [un(t, Y (u(t,)Lp, + Du(t,-) - Dp,) + Bun(t, -)qlogpn]dv

=1(t) = J ().
Since 1 = qf3/2a(q — 1), we have by Lemmas 3.1 and 3.2
10 <q|1- D) ” Lt (t, Yttty )1y + Bt (8, )| |2, log (2,

</3||”n(t )||L'1(v log””n(t)')”m(y)’ t>0.

Next, let us fix T > 0 arbitrarily. By Lemma 3.3, it is easy to see that
0,(T):=sup{|J(t)| | t€[0,T]} — 0 asn— oo.
Then the function f,(¢) defined by
FAORTACR] |
satisfies

%fn( <Bfu(t)log fu(t)+6,(T), 0<t<T.

Note that since suppp, D {x | |x] < 1} forall n > 1, we have

ful) = J u(t,x)idy = J e aCH I gy — 50, 0<t=<T,
tlx|=<1} {lx|=<1}

in view of Lemma 3.3. Then, by (3.18), we obtain

ilogfn(t) sﬁlogfn(t)+9" , O0<t<T.
dt )4

From this inequality, we have

0,.(T _
e #og (0, L) <o el + oD (1= ), 0= r<T

(3.14)

||Lq

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Letting #n — o and using the Lebesgue’s dominated convergence theorem, we conclude
that

e Plogllu(t,)||fs) <loglglly,, 0<t<T. (3.22)

Since T > 0 is arbitrary, we obtain the desired result easily. The proof is complete. O

THEOREM 3.5. Assume that (1.2) holds and a, 3 > 0. Let u be the unique classical solution to
(1.1) obtained in Theorem 2.2. Then,

[|u(t, -)||L1(v) > exp {eP'logllgllpin}, t=0. (3.23)

Proof. Let u, be the function defined by (3.12). Similarly to the arguments of the proof
of Theorem 3.4, we get

%””n(t’ My = [J{RN Lu,(t, ')dv+/3ﬁRN uy(t,-)logu,(t, - )dv]
- JRN (u(t,*)Lp, + Dul(t,) - Dp, + Bun(t, -)logp,)dv (3.24)
=1(0) - J (o).
By (3.2) and the Jensen inequality, we have

I(t) = ||un(t, ) oy Log | [1n(Es Iy >0, (3.25)
Next, let us fix T > 0 arbitrarily. By Lemma 3.3, it is easy to see that
0u(T) :=sup { /()1 1 £€ [0,T]} — 0 asn— co. (3.26)
Then the function g,(¢) defined by
gn(t) = ||1/ln(t, ')||L1(v) (3.27)
satisfies
d A~
Eg"(t) = fga(t)log ga(t) — 0,(T), 0<t<T. (3.28)

Similarly to (3.19), we note that for each T > 0 there exists a constant €7 > 0 such that

G(t)zer>0, 0<t=<T (3.29)
Then, by (3.28), we obtain
ilogg,,(t) > Blog gu(t) — Hn(T)’ 0<t<T. (3.30)
dt €T
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From this inequality, we have

6,(T)

Ber

Letting n — o and using the Lebesgue’s dominated convergence theorem, we conclude
that

e*ﬁtlog||un(t,-)||y(v) > log||ua(0, )| — (1-eP), 0<t<T (3.31)

e Plog||u(t, -)||L1(v) >logllgllp), 0<t<T. (3.32)
Since T > 0 is arbitrary, we obtain the desired result easily. The proof is complete. O

4. The main results

In this section, we will state our main results of this paper and prove them. For o, >0,
we write (1.1) 4 for the parabolic problem (1.1) to emphasize the dependence on a, 8 > 0.
We denote by u, . s the unique solution of (1.1)44 for ¢ with (1.2).

Definition 4.1. Let o, 3 >0 and g > 1. We define T'y(a, 8) by

Ty(ap) = {9 1 9(-) >0, logg € Lip (RY), B ||ug, 088 )|l oy = of, (1)

where v is the Gaussian measure of (3.1). We call T;(«, 8) the basin of (1.1),.

We are interested in the problem to compare I';(a, 8) with the ball of the radius § >0
defined by

By(8) = {91 ¢(-) >0, logg & Lip (RV), llgllza) < 8. (4.2)
TueEOREM 4.2. Let o, 3 >0 and q > 1. Then,
Ty(a, ) C Bi(1). (4.3)

Proof. Let ¢ & Bi(1). Then, |l¢llri) = 1. Since v is the probability measure, it follows
from Theorem 3.5 that

lirtr_liwnf||”<p,m/3(t>')”Lq(v) = liminf et (s |1y = 1. (4.4)
This implies that ¢ ¢ T'y(a,3). The proof is complete. O

Now, we state the main result of this paper.

THEOREM 4.3. Let 8 >0 and q > 1. Then, we have the following.
(1) There exists a constant ay = ao(f,q) (B/2 < &) such that

By(1) c Ty(a, ), &= ap. (4.5)
(ii) For each 0 < § < 1, there exists a constant «; = o1 (f3,0,9) (0 < oy < /2) such that

By(8) ¢ Ty(a,p), 0<a<a. (4.6)
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By Theorem 4.3, we see that the Ornstein-Uhlenbeck operator L contributes to en-
largement of the basin. Indeed, if & > ap, then the basin is large enough to include B,(1).
On the other hand, if 0 < & < , the basin is small enough not to include Bq((? ).

Proof. (i) Let
__ap
Xy = Z(q—l) (47)

When a > a, we get g = 2a/(2a — 3). Hence (i) follows from Theorem 3.4.
(ii) Let

82q/N -q
a =P (4.8)

We will construct ¢, € B,(6) such that ¢ ¢ I'y(a, ) for 0 < & < a;. For 0 < a < &y, we set

p(x)=exp{—(g—a><|x|2—g>}, x € RN, (4.9)
It is easy to see that
lpllse = ] N(/Z? 2a) Hogoos +2a]mq. (4.10)

Since 0 < & < a1, we get q(f8 — 2a0) + 2 = B. Hence, for 0 < & < a;, we see that

llpllagy < exp{ %ﬁmx)} (2/3—“)1\]/2‘1 < exp{ % - % } Se N2 <6. (4.11)

Now, choose C >0 so that e“||pll1(,) < 8. This is possible by (4.11). We define the
function ug by

uo(t,x) = p(x)exp {Cef'}, (t,x) € [0,00) x RV, (4.12)
We set
@o(x) 1= up(0,x) = p(x)ec. (4.13)
Then, it is easy to see that 1 is a solution of (1.1)4 with ¢ = ¢g. Furthermore, we have

llpollpagyy < 8 }1}2 uo(t,x) = +oo(x € RN). (4.14)

However, note that ¢y does not fulfill (1.2). Hence, we need the following device.
First of all, let us choose R > 0 so that

[ 2C N q
R> [37206-'—?’ V(|x‘>R)<(Sq_||‘PO||Lq(V)- (4.15)
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This is possible by (4.14), because v(|x| > ﬁ) -0 (IAQ — 00). We set

Yo(x) := logo(x) = C— (g—a)(uﬁ—%). (4.16)

Then, it is easy to see that

Yo(x) <0, I[x|>R. (4.17)

Next, we choose y € C*(RYN) such that 0 < y(-) < 1 on RN and

(x) Lol =R, (4.18)
X) = .
x 0, Ix|=R+1.

Then, we define the functions y, and ¢y,
vi(x) = x(X)wo(x), @1(x) =exp{yi(x)}, x€RY. (4.19)
It is clear to see that ¢ fulfills (1.2). By (4.17), we have
vi(x) = yo(x), xRN (4.20)

Let u; = uqp,, which is ensured by Theorem 2.2. By (4.15)—(4.17), we see that

||¢1||zm) = J R eXp{q%}dHL

R exp {qxyoldv < ||‘P0||zq(v)+7’(‘x| >R) < &1.

(4.21)

[x|<

Hence, we see that ¢; € By(9).
On the other hand, for j = 1,2, define ; (j = 0,1) by n;(t,x) = e’ﬁ‘loguj(t,x). Since
1; satisfies

1 1 .
(nj), = Equ —ax-Dyj+ §e5t|D17j |2 in (0,00) x RN,

(4.22)
1nj(0,-) =yj(-) inRN,
we obtain on (0,00) x RN,
1 1

(m =10), = 5807 —n0) + [ —ax+ Eeﬁt(Dm +D'70)] - D(m1 = 1o). (4.23)

By Theorem 2.2, we see that for any T > 0 there exists a constant K7 such that

—ax+ 1eﬁt(Drll +Dno) (t,x)| < Kr(1+1x]), (t,x) € (0,T] x RN,

2 (4.24)

m(t,x) —no(t,x) = —Kr(1+1x]), (t,x) €[0,T] x RN,
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By (4.20) and the comparison theorem for parabolic equations (cf. [5, Theorem 9, page
43]) we deduce that

m(tx) —no(t,x) =0, (t,x) € [0,00) X RV, (4.25)

Hence, by (4.14), we see that

}Lrg u(t,x) = +o0, xeRYN. (4.26)

By Fatou’s lemma, we have
lim |[uy (£ )|y = +oo. (4.27)
The proof is complete. 0

References

[1] S. Cerrai, Second Order PDE’s in Finite and Infinite Dimension. A Probabilistic Approach, Lecture
Notes in Mathematics, vol. 1762, Springer, Berlin, 2001.

[2] G. Da Prato and B. Goldys, Elliptic operators on R? with unbounded coefficients, Journal of Dif-
ferential Equations 172 (2001), no. 2, 333-358.

, Erratum: Elliptic operators on R* with unbounded coefficients, Journal of Differential
Equations 184 (2002), no. 2, 620.

[4] G.DaPrato and A. Lunardi, On the Ornstein-Uhlenbeck operator in spaces of continuous functions,
Journal of Functional Analysis 131 (1995), no. 1, 94—114.

[5] A. Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall, New Jersey, 1964.

[6] Y. Fujita, H. Ishii, and P. Loreti, Asymptotic solutions of viscous Hamilton-Jacobi equations with
Ornstein-Uhlenbeck operator, to appear in Communications in PDE.

[7] L. Gross, Logarithmic Sobolev inequalities, American Journal of Mathematics 97 (1975), no. 4,
1061-1083.

[8] A.A.Samarskii, V. A. Galaktionov, S. P. Kurdyumov, and A. P. Mikhailov, Blow-Up in Quasilinear
Parabolic Equations, De Gruyter Expositions in Mathematics, vol. 19, Walter de Gruyter, Berlin,
1995.

Yasuhiro Fujita: Department of Mathematics, Toyama University, Toyama 930-8555, Japan
E-mail address: yfujita@sci.toyama-u.ac.jp


mailto:yfujita@sci.toyama-u.ac.jp

	1. Introduction
	2. A classical solution to (1.1)
	3. Lq-estimates of the solution to (1.1)
	4. The main results
	References

