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We study an implicit predictor-corrector iteration process for finitely many asymptoti-
cally quasi-nonexpansive self-mappings on a nonempty closed convex subset of a Banach
space E. We derive a necessary and sufficient condition for the strong convergence of this
iteration process to a common fixed point of these mappings. In the case E is a uniformly
convex Banach space and the mappings are asymptotically nonexpansive, we verify the
weak (resp., strong) convergence of this iteration process to a common fixed point of
these mappings if Opial’s condition is satisfied (resp., one of these mappings is semicom-
pact). Our results improve and extend earlier and recent ones in the literature.
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1. Introduction and preliminaries

Let E be a real Banach space equipped with norm || - ||, let C be a nonempty subset of E,
andlet T:C — C. Theset F(T) = {x € C: Tx = x} consists of all fixed points of T

Definition 1.1. T is said to be
(1) nonexpansive if

ITx-Tyll <llx—yl, Vx,yeC (L.1)

(2) asymptotically nonexpansive [3] if there exists a sequence {k,},—-, C [1,c0) with
lim,— « k,, = 1 such that

|| T"x — T"y|| < kollx—yll, Vx,y€C,n=1; (1.2)

(3) asymptotically quasi-nonexpansive if F(T') # &, and there exists a sequence {k,} ;- C
[1,00) with lim,, . k, = 1 such that

||T"x - p|| < kullx—pll, Vx€C, peF(T), n=1; (1.3)
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(4) semicompact [9] if for any bounded sequence {x,} C C with lim,_ [|x, — Tx,|l =
0, there exists a strongly convergent subsequence of {x;}.

The class of asymptotically nonexpansive mappings, as a natural extension of that of
nonexpansive mappings, was introduced by Goebel and Kirk [3]. They proved that if C is
a nonempty bounded closed convex subset of a uniformly convex Banach space E, then
every asymptotically nonexpansive self-mapping T on C has a fixed point. Furthermore,
the study of iterative construction for fixed points of asymptotically nonexpansive map-
pings began in 1978. Bose [1] first proved that if the uniformly convex Banach space E
satisfies Opial’s condition [5], then {T"x} converges weakly to a fixed point of T, pro-
vided T is asymptotically regular at x, that is, lim,_ || T"x — T""'x|| = 0. A Banach space
E is said to satisfy Opial’s condition [5] if whenever {x,} is a sequence in E which con-
verges weakly to x, one has

lilr;rlglfﬂxn—x”<li£lrlio£1f||xn—y||, Vy€EE, y#x. (1.4)

It is well known that every Hilbert space satisfies Opial’s condition (see, e.g., [5]).
Xu and Ori [8] first introduced an implicit iteration process for N nonexpansive map-
pings in a Hilbert space and proved the following weak convergence theorem.

THEOREM 1.2 (see [8]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let {T;}Y., be N nonexpansive self-mappings on C such that F = N, F(T;) #
@. Let xo € C and let {a,},_, be a sequence in (0,1) such that lim,_.. a, = 0. Then the
sequence {x,} defined implicity by

Xn = QpXp—1 T (1 - (xn)Tn(modN)xm nx1, (1.5)

converges weakly to a common fixed point of mappings {Tj}?':l.
Later, Sun [7] introduced and studied another implicit iteration process

Xn = QpXp_1+ (1 — (xn)T,lq“(;iodN)xn, n>1, (1.6)
for N asymptotically quasi-nonexpansive self-mappings { T }?7:1 on a nonempty bounded
closed convex subset C of a Banach space E, where {a,} is a sequence in (0, 1), xo is an
initial point in C, and n = [,N +n (mod N). Moreover, he proved that the sequence {x,}
defined by his iteration process converges strongly to a common fixed point of {Tj}ﬁyzl
under suitable conditions.

At the same time, in [10], Zhou and Chang introduced and studied the following im-
plicit iteration process:

Xn = nXn—1F P Ty moan)Xn + Yuthn, n 21, (1.7)

for N asymptotically nonexpansive self-mappings { T }?’:1 on a nonempty closed convex
subset C of a Banach space E, where {«,}, {f,}, {y.} are three sequences in [0,1], xp is
an initial point in C, and {u,} is a bounded sequence in C. Moreover, they proved that
the sequence {x,} defined by their iteration process converges weakly to a common fixed
point of {Tj}?’:l under suitable conditions.
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As indicated in [10], if T}, T5,..., Ty : C — C are N asymptotically nonexpansive map-
pings, then there exists a sequence, called common Lipschitz constants, {k,} C [1,0) with
lim,,—.» k, = 1 such that for each i = 1,2,...,N,

|| Trx — T!'y|| < kallx—yll, Vx,y€C, n>1. (1.8)

A similar situation occurs when T, T5,..., Ty are asymptotically quasi-nonexpansive. By
convention, we write T, := Ty(modN), for integer n > 1, with the mod function taking
values in the set {1,2,...,N}. In other words, if n = [,N + g for some unique integers
l,=z0and 1 < g <N, thenwe set T, = Tj,.

In this paper, we introduce the following implicit predictor-corrector iteration process
with an auxiliary finite family of asymptotically quasi-nonexpansive self-mappings on C.

Definition 1.3 (basic setup). Let C be a nonempty closed convex subset of a Banach space
E, and let {T4,T5,..., Ty} and {TI,YA“Z,...,YA};,} be two families of asymptotically quasi-
nonexpansive mappings from C into C with common Lipschitz constants {k,} and {kn}
such that 3%, (k, — 1) < +00 and 3=, (k, — 1) < +09, respectively. Let {x,} be an itera-
tive sequence in C generated from an arbitrary xo € C by the following three steps.

Auxiliary step. With x,_;(n = 1) established, y, is computed implicitly by
Y = QyXn_1 +/J’A,,7A“ny,, + Pulin. (1.9a)
Predictor step. With y, obtained in the auxiliary step, z, is computed implicitly by
Zn = 0nyn+ B, Tz, + 7, hn. (1.9b)
Corrector step. With z, obtained in the predictor step, x, is computed explicitly by
X, = oc,,y,,+ﬁnT,’1"zn+ynun. (1.9¢)

Here, Ty, := Ty(modn) and Tn = Tn(modﬁ) for n = 1,2,.... On the other hand, {u,},_;,

{tin} oy, {Ha}i, are three bounded sequences in C; and {a, )y, {&uliey, {Qntieis

Batozts {B\n nel> {Bn}ﬁo:p {ynbazt> (Pntizy, {9, )21 are nine real sequences in [0, 1] such
that

ap+tPutyn=1 (Vnz=1), Z)’n<+°°>

An4PBu+Pn=1 (Vn=1), D Pu < +00,
n=1 (1.10)

@ +B,+y,=1 (Vn=1), >y, <+,

0<//))\H,BnSC<K_1 (Vn=1), K=max{supk,,,suplzn}zl.

nx=1 n=1
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Remark 1.4. Since 0 <ﬁn,ﬁn <c<K™1, it is clear that the mappings y — Qnx,—1 + [§n Thy+
Pntly and z — @, ¥y +Bn Thz+ ¥, Un are two contractions from the nonempty closed con-
vex set C into itself. Thus, by the Banach contraction principle, there exist the unique
points y,,z, € C such that (1.9a) and (1.9b) hold, respectively. Therefore, the sequence
{x,} is well defined.

Our aim is to consider and study the strong and weak convergences of the above im-
plicit predictor-corrector iteration process. To this end, we need the following lemmas.

LemMa 1.5. Let {b,}, {b,}, {En} be three nonnegative real sequences with finite sums. Then

S An < oo, where A, = (1+b,)(1+b,)(1 +b,) — 1 for each > 1.

LEmMA 1.6 (see [10]). Let {a,}, {An}, {un} be three nonnegative real sequences such that
DAy <400, X° | Uy < +o00, and

an1 < (L+An)an+py, VYn>1 (1.11)

Then lim,,—. « a, exists.

Lemma 1.7 (see [6]). Let E be a uniformly convex Banach space, {t,} C [b,c] C (0,1),
and {x,},{ys} CE. If lim,_c lltyxy + (1 — ty)yull = d < 400, limsup,_, llx,ll < d, and
limsup,,_ , lyull < d, then limy,— llx, — yall = 0.

LemMA 1.8 (demiclosed principle [2]). Let E be a uniformly convex Banach space, let C be
a nonempty closed convex subset of E, and let T : C — C be an asymptotically nonexpansive
mapping with F(T) # &. Then I — T is demiclosed at zero, that is, for any sequence {x,} C
G

xn — q € C weakly

(I—=T)xy — O strongly (I-T)q=0. (1.12)

2. Main results

Lemma 2.1. Let C be a nonempty closed convex subset of a Banach space E, and let (TN,
and {Tj }?’:1 be two finite families of asymptotically quasi-nonexpansive self-mappings on C
such that ﬂﬁlF(Ti) N ﬁszlF(YA"j) # . If {xu}, {yn}, and {z,} are the iterative sequences
defined by (1.9a), (1.9b), and (1.9¢), then for each p € N, F(T;) N mﬁll F(T;), there hold

%£%||xn—p|| =d, limsup ||y, — p|| < d, limsup||z, — p|| < d. (2.1)

Proof. Since {uy} o1, {tin} -1, {tin} -, are three bounded sequences in C, for any given
p € M E(T) n L E(T5), we have

M:= max{sup”un = pll,sup||in — pl|,sup ||un —p||} < +o0, (2.2)
nx1 nx=1

nx=1
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Note that 1 —f8,k;, > 1 —cK >0and 1 _ﬁ”]?fn >1-cK >0.Put

_ 1-8 ~ _B
:#, by =Pk, — 1), b, = ,ﬁ" -1, b, = ! Aﬁi -1
1-cK 1-8,k 1 - Bnk;
(2.3)
Then we have
0<by,=Pulk,—1) <k, -1, 1+b, <K
_ k 1 _
Osbn=MsL(kh—l), 1+b, <L,
1-B,k, (2.4)
" PBalk —1 . .
OSanﬂ(l’j\A)SL(kf*l), 1+b, <L
1= Bak; '
Observe that
||)’n_P||:||&n(xn71_P)"'ﬁn(ﬂ;")’n_l))"')’n Un — ||
PN (2.5)
< ullxn-1 = pll+Buks |1y = Il + Pallitn = plI-
It follows
n < ~~ n—1— Upy —
I =pll = =2 sl =
1-4 (2.6)
~——||xp=1 = p|| + LMY,
<l pl Lot
= (1+bn)||xn_1 - pl|+LMPp,.
Similarly,
l|zu = pll = [[@ (yn = p) + B, (Tizn = p) +7, (@ — p)|
B _ o (2.7)
< ®nllyn = pll + Bk, ||zw = pll +7,[7: — pl|
Consequently,
Zn — —n n Uy —
Iz = pll < " i ||y - pll+ ﬂnkl,,H pll
1— (2.8)
" + LMy
eyl oy,

= (1+bn)||}’n_P||+LM7n-
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Therefore,

||xn_P||:||‘xn(yn_P)+,3n(T£znzn_P)+Yn Uy — ||
< aullyn = plI + Buki,llzn = pl| + yullun — pl|

< (1=Bu)llyn = pll+Buks, [ (1+b2) |30 = pll+ LMY, ] + yuM
< (1+Bu(ki, = 1)) (1+b4) |[yn — pll + M[KLY, + yu]
< (1+b4) (1+ba) 1y = pll + KLM[7, + ya] (2.9)
< (1+5,) (1+5,) [(1+5)[[xa-1 = pl[+ LM3,] + KLM[5,, + ]
< (14 B) (14 B) (14 b) [|xu-1 — pl| + KL2 M7y + KLM[F,, + yu]
< (14b2) (14+B2) (14 b) [|a-1 = pl| + KL2M([yn +7,,+ a]
= (14 )| |xn-1 = pl[ + >

where A, = (1+b,)(1+b,)(1+b,) — 1,and p, = KLI2M[y, + 7, + ).

Since 3., (k;, — 1) < +o0 and fo:l(l;fn —1) < +o0, it follows from (2.4) that >~ b, <
+o0, 3% b, < +00, and fo:lg,, < 400, Hence, we derive >, A, < +c by Lemma 1.5.
Note that >,y < +00, 37§, < +0o,and X, P, < +oo. This provides >;"_ | i, < +c0.
By Lemma 1.6, lim, . I|x, — pll exists. Let lim, o [lx, — pll =

Since lim,,— l;n =limy—« Pn = 0, from (2.6), we obtain

limsup ||y, — p|| < limsup (14 b,)||xs—1 — p||+ LMlimsup7, < d. (2.10)

n— oo n—oo n— oo
Further, since lim,—.o b, = lim,_.c y, = 0, from (2.8), we obtain

limsup ||z, — p|| < limsup (1+by)||yn — p|| + LMlimsupy, < d. (2.11)

n—oo n—oo n—oo
(]

Tueorem 2.2. Let C be a nonempty closed convex subset of a Banach space E. Let (T,
and {T } _, be two finite famlhes of asymptotically quasi-nonexpansive self-mappings on C

such that F := ﬂ,=1F( )N ﬂFlF(T ) # @. Let {x,} be the iterative sequence defined by
(1.9a), (1.9b), and (1.9c). Then {x,} converges strongly to an element of F if and only if

liminfd(x,,F) = 0. (2.12)

n—oo

Proof. The necessity is obvious. For the sufficiency, we assume liminf, .. d(x,,F) = 0.
Let p be any given element in F. Then from (2.9), we obtain

[ltn = pll = (14 X)) [1%0-1 = P + phs (2.13)
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where 3.7 1A, < +o0 and X, py < +0. Taking the infimum over all p € F, we get
d(xp, F) < (1+M,)d(x4-1,F) + th. (2.14)

Hence, lim,,_. ., d(x,,, F) exists. Furthermore, we have lim,,_., d(x,,F) = 0.
By Lemma 2.1, we know that lim,, .« [|x, — p|l exists. Hence {x,} is bounded. Put §,, =
Aullxn—1 = pll + phn. Then .77 | 8, < +00, and (2.13) can be rewritten as

llxn = plI < lxu-1 = pll+ 8. (2.15)

For arbitrary ¢ > 0, choose Ny such that d(xy,,F) < &/4 and Z;o:NO d; < &/4. Conse-
quently, for all n,m = Ny, we have

[l = x| < [l2n = pl| + |20 — pl

<bowv = pll+ X0 8j+[low, —pll+ > 9

j=No+1 j=Np+1 (2.16)

S2||XNU —p||+2 Z (Sj.

j=No
Taking the infimum over all p € F, we obtain

(% — x| < 2d (xny, F) +2 D 8 < ze +% =e (2.17)

j=No 4

This shows that {x,};_; is Cauchy. Let lim, .. x, = u. It is easy to verify that F is closed.
Since lim,, ., d(x,,F) = 0, we must have that u € F. O

As a consequence of Lemma 2.1, the iterated sequence {x,} is bounded. If the under-
lying space E is reflexive, then we can expect that its weak cluster points provide common
fixed points of T}, T»,..., Tn. This leads to the following theorem.

THEOREM 2.3. Let E be a uniformly convex Banach space, let C be a nonempty closed convex
subset of E, and let {T;}Y, (resp., {f"j}ﬁ»\jzl ) be a finite family of asymptotically nonexpan-
sive (resp., asymptotically quasi-nonexpansive) self-mappings on C such that ﬂ;\’:l F (YA“]') N

ﬂfilF(Ti) + . Suppose limnamﬁn =0and {B,};-, C [b,c] C (0,K™1), where K is as in
(1.10). Then every weak cluster point of the bounded iterative sequence {x,} defined by
(1.9a), (1.9b), and (1.9c) belongs to ﬂfilF(Ti).

Proof. Let p € ﬂi] F(fj) N ﬂfil F(T;). By Lemma 2.1, we have

%ijlgo||xn—p|| =d, limsup||y, — p|| < d, limsup||z, — p|| < d. (2.18)

Obviously, {x,}, {y.}, and {z,} are bounded sequences in C.
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Observe that

[l = pll = [I(1 _ﬁn)[)’n_P"')’n(un_)’n)]+ﬁn[Trl1nzn_P+)’n(un_)’n)]H —d,

as n — 0. Since lim, . y, = 0 and {u,} is bounded, we have

limsup|[y, = p +yn (tn = yu)[| < limsup [[[y = pl[+ yulls = yull] < d,

n—oo

limsup || T2y — p+ yn (ttn — yu) || < limsup [y, [|z0 = pll + pullun = yull] < d.

n—oo n—oo

It follows from Lemma 1.7 that

lim [| T2, = yul| = 0.
Thus,
Yimn [z, = yull = lim [y -+ B, T 20 + 7,780 = ol
= lim |8, (Tirzn = yu) + 7, (#n = y)|| = 0.
Similarly,
Yirm [l = yll = Tim [lecuyn + Ba T2+ Yot = yall
= lim || (T3 zn = yu) + yu (s = ya) | = 0.
Moreover,
19 = Xl = Nnos + BTl i+ Puths — |

= 1B (Tl yn = 1) + P =200 |
< Bul Ty = ol ullitn = 5oa || — 0, s — oo,
since lim,,— ﬁn =lim,—« Pn = 0. As a result, we have
[ln = 1| = [l = yul[ + [[yn = 01| — 0, asn— oo,
It forces
%i_nOlonn —Xu4il| =0, foreachi=1,2,...,N.
On the other hand, we have

||xn - sz"an = ||xn _)’n” + ||)’n - T;len” + ||T£;"Zn - T;lfxn”

< |0 = yull + |yn — Thza|| + ki, |20 — x4|| — 0, asn — oo,

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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Asn=1I1,N+n (modN) for n >N, we get
n—N=(l,—1)N+n (modN), (2.28)
and hence I,_y = [, — 1. Thus, we have
Th=1l = Thx (2.29)
Consequently, we derive
||xn - Tnxn” = ||xn - lenxn” + ||T111"xn - T,,x,,”
< ||xn — Tiz"an +K||T:l1"_1xn — Xnl|
= ||xn - T,lq"an +K||Ti":%xn _xn”
<|ln = Thocy|| + K[| T2 Nox0 = T Noxn | (2.30)
+ ||T£zn:%xan = XN ||+ |[n-n — 2]
< ||x = Thsu|| + K[(1 + K)||x0-n — %]

[T N tnn = xunl]] — 0, asn — oo,
This implies that for each j = 1,2,...,N,

||-xn - Tn+jxn|| = ||-xn _xn+j|| + ||-xn+j - Tn+j-xn+j|| + ||Tn+j-xn+j - Tn+jxn|| (2.31)
< (L+ K)||xn — x| + [|%n4j — TasjXnsjl| — 0, asn— oo. '

Note that the closedness and convexity of C imply the weak closedness of C. Let X € C
be any weak cluster point of the bounded sequence {x,}. Let {x,,} be a subsequence
of {x,} such that x,, — X weakly (see, e.g., [4, page 313]). Since the pool of mappings
{Ti:1 <i< N} is finite, we may further assume (passing to a further subsequence if
necessary) that for some integer I € {1,2,...,N}, Ty, = T; for all i > 1. Then it follows
from (2.31) that for each j = 1,2,...,N,

Xn; — Tivjxn, — 0, asi— oo, (2.32)
that is, for each j = 1,2,...,N,
Xn; — Tjxy, — 0, asi— oo, (2.33)

By Lemma 1.8, we can conclude that X € ﬂ?’zl F(T)). a

THEOREM 2.4. AIn addition to the conditions in Theorem 2.3, assume further that & +
N E(T) < NG F(T)).
(a) If E satisfies Opial’s condition, then {x,} converges weakly to an element of
N F(T).
(b) If A(rme of {T,-}f\il is semicompact, then {x,} converges strongly to an element of
iz, F(T)).



10  Implicit predictor-corrector iteration process

Proof. We continue the argument in the proof of Theorem 2.3.
For (a), we claim that {x,} is weakly convergent. Were this false, there existed another
subsequence {x, j} of {x,} such that x, ;X E C weakly and x # X. Utilizing the same

argument as in Theorem 2.3, we can prove that X € ﬂ;il F(T}). Note that by Lemma 2.1,
both lim,—.« [|lx, — X|| and lim, .« [|x, — X|| exist. It follows from the Opial condition of E
that

lim [|x, — X|| = liminf||x,, — X||
R e
<liminf{|x,, — || = lim |lx, ~x|| = liminf ||, — ]| (2.34)

<liminf ||x,; - %|| = lim ||x, — X||.
Jj—® n—oo

This contradiction indicates that X = X, and so {x,} converges weakly to X.
For (b), by (2.33), we can assume that a subsequence {x,,} of {x,} exists such that
X, — X € ML, F(T;) in norm. It then follows from Lemma 2.1 that

lim [[x, — %[| = lim |x,, - %]| = 0. (2.35)
This completes the proof. O
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