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The chaotic order A > B among positive invertible operators A,B > 0 on a Hilbert space
is introduced by logA > log B. Using Uchiyama’s method and Furuta’s Kantorovich-type
inequality, we will point out that A > B if and only if ||BPA~P2B~P/2||A? > B? holds
for any 0 < p < po, where p is any fixed positive number. On the other hand, for any
fixed po >0, we also show that there exist positive invertible operators A, B such that
|BP A=P2B=P/2|| AP > BP holds for any p > po, but A > B is not valid.
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1. Introduction

In what follows, a capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive, in symbol T > 0 if (Tx,x) > 0 forall x € H.
In particular, we denote by A >0 if A > 0 is invertible. By the operator monotonicity of
the logarithmic function, we know that A > B > 0 implies the chaotic order A > B. For
the chaotic order, several characterizations were shown by many authors, for example,
[1-3, 6]. The following well-known results about chaotic order were obtained.

TueoreM 1.1 [1, 2]. Let A and B be positive invertible operators. Then the following prop-
erties are mutually equivalent:
(i) logA = logB;
(i) (BP2APBP/2)1/2 > BP forall p > 0;
(iii) (B"2APB"2)"(?*") > B" forall p > 0 and r > 0.

TreoreM 1.2 Kantorovich type inequalities [3]. Let A > 0 and for positive numbers M, m,
M = B = m >0. Then the following parallel statements hold. Moreover, (ii) can be derived

from (i).
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2 A characterization of chaotic order

(i) A > B implies (MP~! +mP~1)2/(4mP~IMP~1))AP > BP forall p > 2.
(i) logA > log B implies ((MP? + mP?)?/(4m? MP))A? > BP for all p > 0.

TaEOREM 1.3 [6]. Let A and B be positive invertible operators. Then A = B > 0 if and only
if |[BP~1A=(P=22B=P/2||AP=1 > BP~! forall p > 2.

As a parallel statement of Theorem 1.3, we point out the following result on the chaotic
order of two positive invertible operators.

THEOREM 1.4. Let A and B be positive invertible operators. Then for a fixed py >0, the
following assertions are mutually equivalent:
(i) A> B;
(i) [|[BPA~P/2B=P2||AP > BP holds for all p > 0;
(iii) [[BPA~P2B~P/2||AP > BP holds for any p € (0, po).

On the other hand, we will prove that the condition p € (0,po) in Theorem 1.4 is
essential as follows.

TaeoreM 1.5. For a fixed py > 0, there exist positive invertible operators A, B such that
|BPA=P/2B=P/2|| AP > BP holds for any p > po, but A > B is not valid.

2. The proofs of the main results

To give a proof of Theorem 1.4, we also need the following well-known theorem used in
[3] which is essentially the same as [5].

THEOREM 2.1 [3,5]. Let X >0, then lim, .. (I +logX/n)" = X.

Proof of Theorem 1.4. (i)=(ii) Suppose that logA > logB. Let p >0, then for sufficiently
large n, we have I +logA/n > I +1logB/n >0 and np > 2. Put A} = +logA/n and B, =
I +logB/n. Then we have A; > B; > 0 and applying Theorem 1.3, the following inequality
holds:

! ATV grtp=lm) (2.1)

for all np > 2. By Theorem 2.1, we have A7 — A and Bf — B as n — o. Hence let n — o
in (2.1), then we obtain ||[B?A=P2B~P/2||AP > BF holds for all p > 0;

(ii)= (iii) Obvious.

(iii)=(i) Let 0 < p < pp and A, = ||[BPA~P2B~P/2||. Then B? < A,A? by (iii). By L-H the-
orem, we also have B2 < A},/ZAP/Z, thus B3?/2 < /\},/ZBP/ZAP/ZBP/Z. Now suppose that 0 <
m < B <M. So 0 < m3? < B32 < M3P2, Applying (i) of Theorem 1.2, we obtain

Bn(pfl/n)AT(f(p72/n)/2)B;1(7p/2)‘

(M3P2 + m3p/2)2

3p
BY < AMB3P/2143p/2

A, (BP?AP/2BP2)?, (2.2)
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Hence

(M3p/2+m3p/2)2

2p M7 " 7
B =< AM3P/2143p/2

ApAP2BP AP, (2.3)

By (2.3) and A, = || BP2A~P2B2P A=P/2B~P/2||1/2, we have

2
(MR mPR2)
AP = AMB3P/243p/2 P (24)
So
(M3 + mSp/2)2
AP s AMB3P/243p/2 (2.5)
Therefore
(M3P/2 4 m3p/2)2
BF < AMB3P/2133p/2 (2'6)
By (2.6), we also have
1 (M3 + msp/z)2
IOgB =< E IOg W + IOgA (2.7)
Let p — 0, we obtain (i). O

To prove Theorem 1.5, we first cite the following simple inequalities.

LEMMA 2.2. Let a, b, d be three positive numbers, then

@ b= (e8I,
(ii) (£%) <(a+b+d)l.

Proof of Theorem 1.5. Suppose po >0.Let A = ( %5 2£),and B = (3 ?), wheree € (0,(1/
2)[(2 —217P0/2)2/(7 43 - 27P0)4] Vo),

Note that A = U* (3 9)U, where U = (1//5)(7? 1) is a unitary operator, by a simple
computation, we have

B—p/ZA—p/ZBZPA—p/ZB—p/Z

2302 (1 4 2270/2)

_ 2 _ _ 2 _
(14227P/2)"2pP 4 27Pe2P (2 217P2) (2-2 P/z)[ 72
£3p/2 (4+2—p/2)

1 T on

=25 23p/2(1 4 02-p/2
(2—21P/2)[( 7 ) e p(am 21 p2) e (442 92)
s3‘17/2(4_'_2—117/2)
2072

(2.8)
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Applying (i) of Lemma 2.2, we obtain

||pr/2A—p/2BZPA7p/ZB—p/2||1/2

172
3p/2 2—-p/2 3p/2 —p/2
>;{(2_21_p,2)[2p (1+227P/2)  &3/2(4427P )]}

= &b/2 + 2p/2 (2.9)
_ e P3P (2 — 21—p/2)1/2 . e P3P (2 — 21—p0/2)1/2
- 5 - 5
On the other hand, we can compute that
A~P2BP A—P/?
20(1+4-27P2) 4 4eP(1-27P2)"  (1—27P2)[2P*1 (144 -27P72)
1 +2eP (4+27P2) ]
25 (1—27P2)[2P*1 (144 -27P2)
+26P (4+27772)] 4.20(1—27P2)% 4 gp (44 2°P2)°
(2.10)
Hence by Lemma 2.2 (ii), we have
A~P2BPAP2 < % {21’ (1+4-27P2)% 4¢P (1-2772)°
+(1=27P2)[2P T (1 +4-27P2) + 2P (4+27F%)]
LOP(1 =2 P2)2 o gh -p/2)?
+4-2P(1—-27P2)" +eP(4+27P7) (2.11)
2° eb
= [7+6-27P2+12-27P]+=-[28-6-27P2+3.27°
55l I+ |
2P 2P
< —[35+15-27P| < —[7+3-27P].
= 1= 2 )
Because 0 < (2&)P/4 < (2 = 217P/2)V2/(7 43 . 27P0) < 1, s0 for p > po,
9 21*P0/2)1/2
p/4 (
(2e)P* < i3 am <1. (2.12)
Therefore by (2.9), (2.11), and (2.12), we have
g PR3P (2 — 21—p0/2)1/2
||pr/2A—p/ZBZpA7p/ZB—p/2||1/2 >
> (2.13)

w2

[7+3.27P] = AP2BPAP2,

=
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To complete the proof of Theorem 1.5, we only prove that (AB2A)"? £ A? for very
small € > 0 by Theorem 1.1. But by a simple computation, this is equivalent to prove

1/2
B, Bs 324 +4e2 —72—12¢2 17 -6
= £ . (2.14)
B; B, —72—12e2 16+ 36¢> -6 8

Let Ay = 324 +4¢€%, Ay = 16+ 36¢%, and A3 = —72 — 12¢%. By [4], if

VAT —Ar+ & *\/a
V= S R (2.15)

A-&v2a | g A Ara

where
260 = —A1+A) +4 (A1 —A2)2 +4A% (216)
Then
B, Bs VAL & 0
-V V. (2.17)
B3 Bz 0 \/Az —&
Hence
(A1 - A, +€])\/A1 + & +£1\/A2 — &
B = . 2.18
! Al —A)+28 ( )
When ¢ is very small, we have
5 224 , 5
2e; = —308+32¢ +\/115600 — 128002 +0(e2) =32+ e o(e?);
112
g =16+ —¢&>+o(e?); VA +e = /340 +0(e); (2.19)

17
Ay — Ay +2e =340+ 0(e); e1vA; — g1 =0(1).

Hence by (2.18), we have B; = 324/+/340 + o(1). Because 324//340 > 17, so (2.14) is valid
for some small ¢ > 0.
Therefore the proof of Theorem 1.5 is complete. O

The following corollary can be derived from Theorem 1.4.

CoroOLLARY 2.3. Let T be an invertible operator. Then T is a log-hyponormal operator if
and only if

[T PP 1T1-p 7% | 7P||iT %P = | 7| (2.20)

holds for any small p > 0.
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