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Let U" be the unit polydisc of C" and ¢ = (¢,,...,¢,) a holomorphic self-map of U".
RBe(UM), %g (U™), and 9/35* (U™) denote the p-Bloch space, little p-Bloch space, and little
star p-Bloch space in the unit polydisc U", respectively, where p,q > 0. This paper gives
the estimates of the essential norms of bounded composition operators Cy induced by
¢ between B2(U") (BL(U") or B (U™)) and BI(U™) (BA(U™) or BE_(U)). As their
applications, some necessary and sufficient conditions for the (bounded) composition
operators Cy to be compact from %B#(U") (%g(U”) or 9735* (U™)) into B4(U") (BL(UM)
or %3* (U™)) are obtained.

Copyright © 2006 Z. Zhou and Y. Liu. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

The class of all holomorphic functions with domain Q will be denoted by H(Q2), where
Q is a bounded homogeneous domain in C". Let ¢ be a holomorphic self-map of (), the
composition operator Cg¢ induced by ¢ is defined by

(Cof)(2) = f(¢(2)), (1.1)

forzin Qand f € H(Q).
Let K(z,z) be the Bergman kernel function of Q, the Bergman metric H,(u,u) in Q is
defined by

= 0’logK(z,z) _
Z Z Vot \»e

1
H(u,u) = - dzaz Wt
J

> (1.2)

k=1

where z € Q and u = (uy,...,u,) € C".
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2 Essential norm of composition operators

Following Timoney [5], we say that f € H(Q) is in the Bloch space B(Q) if

Il flls) = Squf(Z) < o0, (1.3)
where
V f(2) "
Qﬂz)—sup{%:ue(ﬁ —{0}}, (1.4)

and V f(z) = (0f (2)/0z1,...,0f(2)/0z,), V f (z)u = X1_,(f (2)/0z))u.

The little Bloch space %B((Q) is the closure in the Banach space B (Q) of the polynomial
functions.

Let 0Q) denote the boundary of Q. Following Timoney [6], for Q = B, the unit ball of
C", Bo(By) = {f € B(By) : Qf(2) — 0, as z — 9B, }; for O = % the bounded symmetric
domain other than the ball B, {f € B(D) : Qf(2z) — 0, as z — 0%} is the set of constant
functions on %. So if ¥ is a bounded symmetric domain other than the ball, we denote
the Box (D) = {f € B(D) : Qs(2) — 0, asz — 9*D} and call it little star Bloch space;
here 0*% means the distinguished boundary of %. The unit ball is the only bounded
symmetric domain &% with the property that 0*% = 0%.

Let U" be the unit polydisc of C". Timoney [5] shows that f € B(U") if and only if

£l = | £(0)] + sup Z 2| (1-z]”) <+, (1.5)

ze "k 1
where f € H(U").
This definition was the starting point for introducing the p-Bloch spaces.
Let p >0, a function f € H(U") is said to belong to the p-Bloch space B?(U") if

P
Ifll, = | £(0) |+supz [(1-lz]®) <+oo, (1.6)
z€U" =1
It is an easy exercise to show that BP(U") is a Banach space with the norm || - || »

for p > 1;and for 0 < p < 1, BP(U") is a nonlocally convex topological vector space and
a(f,g)=1f - gllg is a complete metric for it. Its proof idea is basic, we refer the reader
to see the proof of Proposition 3.1 or the statement corresponding the Bloch-type space
for the unit ball in [13].

Just like Timoney [6], if

n

9 )

0z

(1- |zk|2)p:0, (1.7)

it is easy to show that f must be a constant. Indeed, for fixed z; € U, (df/9z1)(2)(1 —
|z112)? is a holomorphic function in z’ = (z5,...,2,) € U L. Ifz — 9U", thenz’ — oU""!,
which implies that

9

(1-121”)" = (1.8)

HBU” 1’8
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Hence, (0f/0z1)(z)(1 — |z11?)? = 0 for every z’ € dU""!, and for each z; € U, and con-
sequently (9 f/0z1)(z) = 0 for every z € U". Similarly, we can obtain that (df/dz;)(z) = 0
for every zj € U" and each j € {2,...,n}; therefore f = const.

So, there is no sense to introduce the corresponding little p-Bloch space in this way.
We will say that the little p-Bloch space B (U™) is the closure of the polynomials in the
p-Bloch space. If f € H(U") and

sup Z

z€0* UM =1

g—i(z)‘(l— |zk|2>p=0, (1.9)

we say f belongs to little star p-Bloch space %}, (U™). Using the same methods as that
of [6, Theorem 4.15], we can show that %g(U”) is a proper subspace of %g*(U”) and
9735* (U™) is a nonseparable closed subspace of B2 (U").

For the unit disc U C C, Madigan and Matheson [1] proved that Cy is always bounded
on B(U) and bounded on By(U) if and only if ¢ € B, (U). They also gave the sufficient
and necessary conditions that Cg is compact on B(U) or Bo(U).

The analogues of these facts for the unit polydisc and classical symmetric domains
were obtained by Zhou and Shi in [8-10]. They had already shown that Cy is always
bounded on the Bloch space of these domains, and also gave some sufficient and necessary
conditions for Cg to be compact on those spaces. For the results on the unit ball, we refer
the reader to see [4, 12].

We recall that the essential norm of a continuous linear operator T is the distance from
T to the compact operators, that is,

ITll,=inf{|IT — K|l : K is compact}. (1.10)

Notice that || T||, = 0 if and only if T is compact, so that estimates on || T'l|, lead to condi-
tions for T to be compact.

As we have known that Cy is always bounded on the Bloch space in the unit disc and
polydisc, in [2], Montes-Rodriguez gave the exact essential norm of a composition oper-
ator on the Bloch space in the disc and obtained a different proof for the corresponding
compactness results in [1]. After that, Zhou and Shi generalized Alsonso’s result to the
polydisc in [11].

In [7], Zhou stated and proved the corresponding compactness characterization for
BP(U™) for 0 < p < 1, however, Cy is not always bounded, and the test functions used
in [7] are only suitable for handling the case 0 < p < 1. It is therefore natural to won-
der what results can be proven about boundedness and compactness of C4 on p-Bloch
spaces for an arbitrary positive number p or, more generally, between possibly different
p- and g-Bloch spaces of multivariable domains. In this paper, we answer these questions
completely for U" with essential norm approach, we give some estimates of the essen-
tial norms of bounded composition operators Cy between %7 ( U”)(%g (U™ or %5* (umy)
and B(U")(BI(U") or BE, (U™)). Further, we apply these results to obtain some nec-
essary and sufficient conditions for the composition operators Cy to be compact from
RBE(U™)(BE(UM) or BL, (U™)) into BI(U™)(BE(U™) or BE, (U")). The fundamental



4 Essential norm of composition operators

ideas of the proof are those used by Shapiro [3] to obtain the essential norm of a com-
position operator on Hilbert spaces of analytic functions (Hardy and weighted Bergman
spaces) in terms of natural counting functions associated with ¢. This paper generalizes
the results on the Bloch space for the unit disc in [2] and the unit polydisc in [11].
Throughout the remainder of this paper C will denote a positive constant, the exact
value of which will vary from one appearance to the next.
Our main results are the following.

Tueorem 1.1. Let ¢ = (¢1,¢2,...,¢,) be a holomorphic self-map of U" and ||Cyll. the
essential norm of a bounded composition operator Cy : %P(U”)(%g(U”) or %g*(U”)) -
BA(U")(BE(U™) or B, (UM)), then

n

o, ‘ 4(1_ |Z"|2>q
0zx (1_ |¢1(z)|2)P

1..
—lim sup
160 dist(¢(z),0U)<d ki=1

(1.11)

n

o) (-lal)
0zZk (1 i) |2>P

<|Cyl|, =2lim sup
-0 ist($(2),0U")<8 1=

By Theorem 1.1 and the fact that Cy : B?(U") (or %g(U”) or %g*( ) — BIUU")
(or %g(U”) or %g*(U”)) is compact if and only if ||Cy || = 0, we obtain Theorem 1.2 at
once.

THEOREM 1.2. Let ¢ = (¢1,...,¢,) be a holomorphic self-map of U". Then the bounded
composition operator Cy : B (U™) B (U™) or B, (U)) — BUU")(BE(U™) or B, (U™)
is compact if and only if for any € > 0, there exists a § with 0 < § < 1, such that

9%, ‘ 4(1_ |Z"|2)q
0z (1- |¢1(Z)|2>p

n

sup <e&. (1.12)

dist(¢(2),0U")<9 k,1=1

Remark 1.3. Whenn=1, p=¢g =1, on B(U) we obtain [1, Theorem 2]. Since oU =
0*U, Bo(U) = By« (U), we can also obtain [1, Theorem 1].

Remark 1.4. When n > 1,p = q = 1, Cy is always bounded on %B(U"), so we can obtain
the corresponding results in [8, 11].

The remainder of the present paper is assembled as follows: in Section 2, we state some
lemmas for the proof of Theorem 1.1. In terms of mapping properties of symbol ¢, Lem-
mas 2.3, 2.4, and 2.6 will give some conditions for Cy4 to be bounded between possibly
different p- and g-Bloch spaces, “little” or “little star” p- and g-Bloch spaces, the methods
used are different from that of [7], since the test functions used in [7] are only suitable
for handling the p-Bloch space for the case 0 < p < 1, not others. In Section 3, we give
the proof of Theorem 1.1. In Section 4, as applications of Theorems 1.1 and 1.2, we give
some corollaries for Cy to be compact on those spaces.
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2. Some lemmas
In order to prove Theorem 1.1, we need some lemmas.

LemMa 2.1. Let f € BP(U"), then
(1 ifo<p<l, thenlf 2 < [FO)+(n/(1=p)Ifllps
2)ifp=1,then |f(2)| < (14 1/nIn2)(3}_; In(2/(1 — |z¢|?) ||f||p,
3)ifp>1, then | f(2)| < (I/n+2P71/(p—1)) i (1/(1 = |z D)2 f .

Proof. This Lemma can be easily obtained by some integral estimates, so we omit the
detail. O

LemmMma 2.2. For p >0, set

o dt
fw(z) = Jo m> (2.1)

where w € U. Then f € BY(U™) c B, (U™) c BE(U™).
Proof. Since

iy

= (1-wz) ¥, afw:O, i#1 (2.2)
0z

aZi

it follows that

<l—|zk|2)p:%_ 1+ |z])f < 2. (2.3)

ol

azk

Hence f, € BP(U").
Now we prove that f,, € %} (U"). Using the asymptotic formula

(1—wt)~ (w)kek, (2.4)

S p(p+1) - (p+k—1)
§ i

we obtain

j@(z): E:pr_kl)'

k=0

k"(“k_l)( )kJ o (2.5)

Denoting P,(z) = Sp_o(p(p+1) -+ - (p+k— 1)/kl)(w)k [ thdt, it is easy to see that

<y Ppx e prk=l) g (2.6)

asn — oo,
k!

' 9(fw—Pn)
0z

k=n+1
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Thus
B a(fw -P,) 20\ P
1o = Pall, = 1 £u(0) = Pa(0) | + sup | =222 (1 | )
( : (2.7)
a fw - Pn
T
which shows that f,, € Bf(U"). So f € BE(U") c B, (U") c BE(U™). O

LemMmA 2.3. Let ¢ = (¢1,...,¢,) be a holomorphic self-map of U", p,q >0. Then Cy :
%P(U”)(%S(U”) or %g*(U”)) — RBAU(U") is bounded if and only if there exists a constant
C such that

(1- 1=l

LR
(1— [¢1(2) | )

G, (2.8)

k=

forallz e U".

Proof. First assume that condition (2.8) holds and let f € B#(U"). By Lemma 2.1, we
know the evaluation at ¢(0) is a bounded linear functional on &B?(U"), so | f(¢(0))] <

kl=1

Cllfllp.
On the other hand we have
" a(C¢f(Z)) 2 4_ u " ﬂ a(/)Z _ 2\ 4
ST (1wl = S| S 2w s (- 1ad)
" af a(/>l 2\4
sk% 5y (42 55, @ (1= 1zl
q (2.9)
= of o4 (1*|Zk|2)
(2)) | (1= |¢i(2) @)
g ¢(¢Z ‘( {¢ZZ|> Z 0zk ‘(1—|¢I(Z)|2>p
a¢1 (1_| |>
< |fll (2)| ———5 < ClIfll
Pz 0z '(1—|¢1(z|) P

So Cy : BP(U") — B1(U") is bounded.
For the converse, assume that Cg : B2 (U") — RB9(U") is bounded, with

ICo f1l, < Clifll, (2.10)

forall f € BP(U").

For fixed I (1 < I < n), we will make use of a family of test functions { f,, : w € C, |w]| <
1} defined in Lemma 2.2.
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Since
fw € BE(U™) € Bg, (U") CcBP(U"), (2.11)

it follows from (2.10) that for z € U",

dfw(¢(2)) )a¢l 2 _
z:zl 3 G ‘(1—|zk|>_C. (2.12)

22

Let w = ¢(2). Then

5 <C. (2.13)

The results are stated above for B2 (U"), but they also hold with minor modifications
for 9735 (U") and 9735* (U™). Now the proof of Lemma 2.3 is completed. |

LEMMA 2.4. Let ¢ = (¢1,¢2,...,¢,) be a holomorphic self-map of U". Then Cy : B,
(U")(?Bg(U”)) — B, (U) is bounded if and only if ¢ € %g*(U”)for everyl=1,2,...,n
and (2.8) holds.
Proof. 1f Cy : %g*(U”)(%g(U")) — B, (U™ is bounded, it is clear that, for every | =
1,2,...,n, fiz) = z1 € BE(U™) € B, (U"), s0 Cy fi = ¢1 € B, (U). Furthermore, (2.12)
holds by Lemma 2.3.

In order to prove the converse, we first prove that if ¢; € %g*(U”), for every | =
1,2,...,n, then f o ¢ € B, (U) for any f € B, (U").

Without loss of generality, we prove this result when n = 2.

For any sequence {z/ = (z],25)} C U" with z/ — 8*U" as j — oo, then

lzj]| — 1, |z — 1L (2.14)

Since ¢ (z/)| < 1 and |¢(z7)| < 1, there exists a subsequence {z/*} in {z/} such that

|¢1(z7) | — p1s | ¢2(z5) | — pas (2.15)

as s — oo,
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It is clear that 0 < p;, p, < 1. Then for k = 1,2, we have

Afod), ;
‘ 0zk (%)

(1=12t17)’

] B 0-

8w1

o <zfs)>H§—;"lj(zfs)\(1— o

0 W2

(2.16)

@] (=191 1) |52 @)

8¢2( ‘
% (1= ga(e)

+[ 2L )| (1= 16:1)17)"

Now we prove the left-hand side of (2.16) — 0 as s — oo according to four cases.

Case 1. If p; < 1 and p; < 1, there exist r; and r, such that p; <7 <1and p, <7, < 1, s0
as j is large enough, ¢, (z%)| < r; and |¢2(z)| < 5.
Since ¢1,¢, € Bd. (U"), by (2.16), we get

20 - 5P 171y | 20 (- 1)
Ul | e | (1= 1) — o

(2.17)

as s — oo,

Case 2. If py = 1 and p, = 1, then ¢(z*) — 9* U™, by (2.8) and, since f € %g*(U"), (2.16)
yields that

e CEIR)
<cf g 60| (1= 161 1) e[ ZL 0 (1= 1602 ) —o

(2.18)

as s — oo,
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Case 3. If py <1 and p; = 1, similarly to Case 1, we can prove that

(- 1=1)"

' (1 — | ¢1(2")

S| (1= 101 17) | S @)

0z 2)p

. (2.19)

-

<Ifl 1 a¢1 i ‘ (1—|z“ ) 0
Py NP ) ) -
(=) Lo (1 gy 1)
ass — o, ' '
On the other hand, for fixed s, let wﬁ‘ = ¢(z). Then Iwésl < 1. Denote
Fowy) = 2L (o). (2.20)
1 aWz 1, W) .

It is clear that F(w,) is holomorphic on |w;| < 1. Choosing R; — 1 with r < R; < 1.
[p1(z)] <11, 50

|F(¢1(z%))| < max |F(wy)| < max |F(w;)| = max |F(w)| = |E(wh)],
[wil<r [wi|<Rj |w1|=Rj;
(2.21)

where w{s is a point of modulus R; where maximum of F(w,) is attained. This means
that [(9f/0w,)($1(2%),$2(z%))| < [(9f/dwy)(w],w)|. Since lwl'| =1, |wh| — p2 =1

and f € B, (UM,

2 by |1 ok 0 o)
as s — o0, so by (2.8),
L ona
3 )| (1~ e ) [ 22| LIED
. 4
2 (1 |¢2(Z")|2) (2.23)
of , i ) p
SC'a—M}Z( wi, 2 <l—| ) — 0
ass — oo,
By (2.19) and (2.23), (2.16) yields
d(f o . - q
‘(kagb)(zﬁ)‘(l— 1201%)" —o, (2.24)
ass — oo,
Case 4. If p; = 1 and p, < 1, similarly to Case 3, we can prove
afeo¢), js 1214
‘Tk(zf) (1-121%)" —o, (2.25)

as s — oo,
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Combining Cases 1, 2, 3, and 4, we know there exists a subsequence {zJ} in {2/} such
that

I f o . ;

‘ (J;Zk‘p) (25) (1—|z,f; 2)q—»o, (2.26)
as s — oo for k = 1,2. We claim that

d(f o . i

'(kagb)(zf) (1—|z,1|2)q—»0, (2.27)

as j — oo. In fact, if it fails, then there exists a subsequence {z/*} such that

ofed) .
' 0Zk (%)

) —e>0 (2.28)

(1|2

for k = 1 or 2. But from the above discussion, we can find a subsequence in {z/s}; we still
write {z/} with

‘ A28 iy

2\ 41
- ) —0, (2.29)

(1— lz,]f

it contradicts with (2.28).
So for any sequence {z/} C U" with z/ — 9*U" as j — o0, we have

| A =9)

0zk

(1- |z,{|2)q—»o (2.30)

for k = 1,2. By (2.8) and Lemma 2.3, it is clear that f o ¢ € BI(U"),s0 fop € R (UM).
For any f € B} (U™). Since B (U") € B, (UM), then f o ¢ € B, (U").
By closed graph theorem, we know that

Cy: B, (U™ (BF (U™) — B, (U") (2.31)

is bounded. This ends the proof of Lemma 2.4. O

Remark 2.5. For the case Cy : BP(U") — R, (UM, the necessity also holds, but we cannot

guarantee that the sufficiency holds because we cannot be sure that Cy f € %, (U") for
all f e BP(U).

LEMMA 2.6. Let ¢ = (¢1,$2,...,¢,) be a holomorphic self-map of U". Then
Cy: By (U™) — BL(U) (2.32)

is bounded if and only if ¢ € BL(U") for every multiindex y, and (2.8) holds.

Proof (sufficiency). From (2.8) and by Lemma 2.3 we know that Cy : BP(U") — BI(U")
is bounded, in particular

||C¢’f||q < 1Csllgpo(vm)-gpam I f . Vf € BY(U). (2.33)
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The boundedness of Cy : %g(U”) — BA(U™) directly follows, if we prove Cof € RBe(UM)
whenever f € B5(U"). So, let f € B (U™). By the definition of B} (U") it follows that
for every e > 0 there is a polynomial p. such that || f — p|l, < e. Hence

ICo f = C¢Ps||q . ||C¢||%P(U")—%q(w) f _Ps”p < €||C¢||%p(un>~%q(m)- (2.34)
Since ¢? € Be(UM) for every multiindex y, we obtain Cgp. € RBe(U™). From this and
(2.34) the result follows.

IfCy: %g(U”) — BL(U™) is bounded, then (2.8) can be proved as in Lemma 2.3, since
the test functions appearing there belong to %5 (U™). Since the polynomials z? € QB{)’ (um)
for every multiindex y, we get Cyz¥ € BE(U™), as desired. O

Remark 2.7. For the case Cy : %P(U”)(%g*(U”)) — Be(U"), in analogy to Remark 2.5,
the necessity also holds, but we cannot guarantee that the sufficiency holds.

LemMa 2.8. If{ fi} is a bounded sequence in BP(U"), then there exists a subsequence { fi, }
of { fi} which converges uniformly on compact subsets of U" to a holomorphic function f €
BL(U™).

Proof. Let { fy} be a bounded sequence in BP(U") with || fyl|, < C. By Lemma 2.1, {f;}
is uniformly bounded on compact subsets of U” and hence normal by Montel’s theorem.
So we may extract a subsequence { fj, } which converges uniformly on compact subsets of
U" to a holomorphic function f. It follows that 0 f,/0z; — df/dz foreach | € {1,2,...,n},
sO

. af 2\ P T " 8 i NP
ZZZI azl‘(l ) ‘khi’;lzzl 92 (1-1z1) SSIipllkallpsC, (2.35)
which implies f € B2 (U"). The Lemma is proved. 0

LemMa 2.9. Let Q be a domain in C", f € H(Q). If a compact set K and its neighborhood
G satisfy K C G C G C Q and p = dist(K,9G) > 0, then

sup s—f(z)‘ < ﬂsup | f(2)]. (2.36)
zeK P zeG

Proof. For any a € K, the polydisc

P, = {(zl,...,zn) eC":|zj—aj| < j_, j= n} (2.37)
is contained in G. By Cauchy’s inequality,
of Ji
- )’ <= su < -~‘—su (2)]. (2.38)
az] P zea*%a |f | P zeg |f |

Taking the supremum for a over K gives the desired inequality. O
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3. The proof of Theorem 1.1

Now we turn to the proof of Theorem 1.1. In the following, we are dealing with the case
for Cy : BP(U") — BI(U"), but if we note that the test functions f,, introduced below be-
long to 9733( Uu") c %g*(U“) C BP(U™), the results in Theorem 1.1 also hold with minor
modifications for the other cases.

We begin by proving the lower estimate. It is clear that {mf~'2]"} c B(U") C
Box (U") € B(U") for m = 1,2,..., and this sequence converges to zero uniformly on
compact subsets of the unit polydisc U". Furthermore

p m—
2, = sup (1 |21 |°) m |21 | @)
zeU"

Let p(x) = mP(1 — x2)Px™!, then
p(x) = —mPx™2(1 —xz)p_l[(2p+m x> = (m-1)], (3.2)

SO

px)<0 forxe [\/(m— 1)/2p+m— 1),1],
(3.3)

p(x)=0 forxe [0,\/(m— 1)/Q2p+m— 1)].

That is, p(x) is a decreasing function for x € [\/(m —-1)/2p+m—1),1] and p(x) is an

increasing function for x € [0, \/(m —1)/(2p+m —1)]. Hence

m—1
xgl[gfglp(x)—p(,/72p+m_l)- (3.4)

It follows from (3.1) that

[[mP= 2], _P<m) N <2p+251— 1)pmp<2pn:-;11— 1)““”/2 - (2712)17’

(3.5)

as m — o,

Therefore, the sequence {m?~'z}*} .-, is bounded away from zero. Now we consider
the normalized sequence { f,, = m?~'z{"/|lmP~ 121" || »} which also tends to zero uniformly
on compact subsets of U”. For each m > 2, we define

An=1{z=(z1,...,z4) €U i1y < |21 | < 1in1}> (3.6)
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where 1, = \/(m -1)/2p+m—1).So

mmZH

'"11

2|(1-1a)'}

(1 =1 Pm‘ormﬂ
n |51 12 - >

= m1n

= Cpm.

() )

It is easy to show that ¢, tends to 1 as m — co. For the moment fix any compact opera-
tor K : BP(U") — B1(U"). The uniform convergence on compact subsets of the sequence
{fm} to zero and the compactness of K imply that [|K f,,[I; — 0. It is easy to show that if
a bounded sequence that is contained in 3, (U™) converges uniformly on compact sub-
sets of U, then it also converges weakly to zero in B, (U") as well as in B2 (U™). Since
| full p = 1, we have

ICo — K1l = timsup | (Cy ~K) fu |,
= limsup (I1Co fnlly = 1K fonll,) = limsup||Cy full,
(1 - |Zk|2)q}

= limsup sup i %(qb(Z))‘ %(z)'(l— |Zk|2>q

m  zeU" j_; ow,

9(fm © ¢>)()

0zk

> limsup sup Z 1 ‘

m z€U" =1

| ag (- 1a) jap,
= limsup sup Z @) "5

2\ P
m et | O ‘(1_|¢1(z)|2) 0@ |1 o)

ap | (1-1al)’ afm N
> limsup sup ()— (( 1-[¢:1(2)]
i ¢(Zu€Amkzl 92 ‘ [pi2)7)" 19 e ‘< wel)
> limsup sup Z 3(;51( )‘_|—k|>p
m o g@)eAn oy | 9%k [$1(2)|%)

2 (5(2) | (1~ 19120 )

owy

X liminf min
m - $(z)€An
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q
(1-12?
> limsup sup a¢1( ) —>liminfcm
p) p
m 9@ kot | Ok -la@)%)" "
: =%)"
> limsup sup Z a¢1( )‘—
o peean il | 9% 1) °)’

(3.8)
So
[|Csl|, = inf {||Cy — K|| : K is compact}

—|a]?)’ 3.9
>11msup sup z a¢1 )‘M ( )

Mmoo $(@)EA k=1 8zk (1— |¢>1(z)|2)p.
Foreach [ =1,2,...,n, define
2\4
p) 1— |z
a; =lim sup 91 z) ‘ <—>p. (3.10)
0=0 dist(4(2),00")<6 =y | 9% (1 ~lou(2)]%)
For any € > 0, (3.10) shows that there exists a §y with 0 < § < 1, such that
2
"o 1— [z
Z aifl(z ‘ ( )2 5 >a—& (3.11)
k=1 9%k (1 — | i(2)| )

whenever dist(¢(z),0U") < §p and [ = 1,2,...,n
Since 1, — 1 as m — oo, we may choose m large enough so that r,,, > 1 — 8. If ¢(2)
Apy T < 191(2)] < 11, 50 1 =11 < 1= [1(2)| < 1 - rm < 8p; hence dist(¢, (z aU) <
0o. There exists w; with |w;| = 1 such that dist(¢(z = dist(¢; (2),0U) < &.
Let w = (w1,$2(2),...,$a(2)) € oU". Then
dist (¢(z),0U") < dist (¢(z),w) = dist (¢;(z),w1) < Jo. (3.12)
By (3.11), (3.9) implies that
|G|, = a1 —e. (3.13)

Similarly, if we choose g,,(z) = mP~1z]"/||mP~12]" |, we have

ICyll, = a1 e, (3.14)
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for everyl=2...,n.So

ISl = 3 (=)

a¢1( ' (1_|Zk|) e
0z (1_ |¢1(z)|2)p (3.15)

2] ‘ (1_|Zk|2)q
BZk <1 — | ¢i(2) |2>p

n
=—>|lm  sup Z
1123\ 90 dist(¢(2),0U)<6 f—y

l
—lim sup
- ns-0 dist(¢(2),0U")<0 k=1

Let ¢ — 0, the low estimate follows.
To obtain the upper estimate we first prove the following proposition.

ProrosiTioN 3.1. Let ¢ = (¢1,...,¢,) be a holomorphic self-map of U". Then for m > 2, the
operator K, on H(U") defined by K,, f (z) = f(((m — 1)/m)z) has the following properties.
For each f € H(U"),
(i) K f € BE(U™) c B, (U™) € BP(UM);
(i) if Cy : BP(U™) — BI(U") is bounded, then CyK,, f € BI(U");
(iii) for fixed m, the operator Ky, is compact on BP(U");
(iv) if Cy : BP(U") — BUU") is bounded, then CyK,, f € BI(U") is compact;
(W) I =Kl < 2;
(vi) (I = Ky) f converges to zero uniformly on compacta in U”.

Proof. (i) Let f € H(U"), 1y = (m — 1)/m, and f,(2) = K, f (z) = f(rmz). First note that

(1-1=l?)"

" 0
Iull, = 1501+ sup 3o a—jk<rmz>
(3.16)

|+supz <l—|rmZk|2>pS||f||p-

zeU" =1

(rmz)

On the other hand, f,, € H((1/r,,)U"), and observe that (2/(1 + ) U™ C (1/1) U™
which implies that for fixed m, corresponding to each j = 1,2,..., there is a polynomial

P,g{) such that

2
sup | ful2) = P (@) | < (1= 1)
z€(2/(1+ry,))U"

(3.17)

~. | =

Let K = U", G=(2/(1+1,)U" Q= (1/r,)U" then KCGCGCQ and p =
dist(K,0G) = (1 — r)/(1 + 1) >0, so for all w € U”, k € {1,...,n}, it follows from
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Lemma 2.9 that

3(fn—Pi) 3 —Pi)
o <o | T )
< M sup | fin(w) — Pm w)‘ (3.18)
I- T'm weG
\/ﬁ(l +rm) < 1
1— ' (1 m)_ = 4\/>
Therefore
n a P(])
> (f (w)‘ 1—|wk|) <4w———»0 (3.19)
k=1
as j — oo, that is,
(f _P(n)

[P, = |0~ B0 + sup i

(w)‘ <1— |wk|p>p—>0.
(3.20)

P (w) € BE(U™) implies that f,, € BE(U™).

(ii) follows immediately from (i).

(iii) For any sequence {f;} C BP(U") with | f;ll, < M, by (i), {Kn fj} € %p (U"). By
Lemma 2.8, there is a subsequence {f; } of { f;} which converges uniformly on compact
subsets of U” to a holomorphic function f € B2(U") and |/ f|l, < M. The sequence
{0f/0zi}, i = 1,2,...,n, also converges uniformly on compact subsets of U" to the holo-
morphic function df/0z;. So as s is large enough, for any w € E = {((m—1)/m)z:z €
ury cu”,

‘(fjs f)

(w) ‘ <e, (3.21)
ow;

for every = 1,2,...,n. So

1Kon fi, ~ K|, = ] fjs(MT_lz) _f(mn; IZ)HP

—SHPZH st f)(( _1)/m)z)]‘(l—|zk|2>p}

zeUn k=1 azk

+ 1 £.(0) = £(0)]
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< SRS a(st_f) m—1 m—1 : 3

< sup 3 | SECE (M) |+ 0 - )
< _1” a(flc_f) -

smsup™ 23 | S )| 4150 - 50 —o,

(3.22)

as s — co. This shows that {K,, f;,} convergesto g =K, f € %g(U”) C%g* (U™ cByrP(UM).
So K, is compact on BP(U™).

(iv) follows immediately from (i) and (iii).

(v) follows from the fact that for any f € BP(U"), (I — K,,) f(0) =0, so

1=Kl = sup > [ 2Kl ) (12

zeU" | aZk

“sup 3|2 (1= D) (- L)2) (- 1)’

el m/) 0z

< sup Z %(z)

P 3.23
z€U" = Zk

L((-2)) (- (-2l )

< fllp+Ifllp=21flp

n

+(1—%>sup Z

z€U" =

so [|[I - Kyl <2.
(vi) For any compact subset E C U", there exists r, 0 < r < 1 such that E C rU" C
rU" c U". Forallz € E,

|(I-Kn)f(@)] = |f(2) = fu(2)| = | f(2) = f(rm2) |
AN

(3.24)
dt.

——(tz)
Wi

For t € [r, 1] and z € E, we have |tzi| = tlzk| < |zk| < r, tz € rU", so there exists M >0
such that [(df/owk)(tz)| < M forall t € [r,,1] and z € E. Thus

|(I_Km)f(z)| S’/11\4(1_7%1) —0 (3-25)

as m — oo, proving the results in Theorem 1.1.
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Let us now return to the proof of the upper estimate. For convenience, we remove the
subscript p from || f |5,

1Csll. = 11Cs = CoKonl| = [ICo (I = Kin)[[ = o 1Cs (I =Kn) £l
- (|90 —Ku)(fo¢) 2)4
—|§1|1p1<Z€U ZISL a—zk‘(l_|zk| ) }+|(I_Km)f(¢(0))|>
n A= Ko) f 3, 24
<o 3 S -1

m-—1
+ sup | 7(9(0) —f(—m 40)|
o, - 1z”)" ek, )f NP
< sup sup Z aZk( )‘ ‘ (¢(2)) ‘(1_ |¢1(2) | )

~¢21%)

(60) - 12600 |

[Ifll=1zeU" kl=1

+ sup |f
lLfli=1 ( )
3.26

Fix § >0, let G; = {z € U" : dist(¢(2),0U") < 8}, G, = {z € U" : dist(¢(z),0U") = 6§},
G={we U":dist(w,0U") = §}, and observe that G is a compact subset of C".
Then by Lemmas 2.3, 2.4, and 2.6, and by Proposition 3.1, we deduce

a¢l ‘
oz - (1- 1¢21?)

I_qu
(1=121%) ‘a(laK)f(‘p( '(1_|¢l(z)|z)q

ICslle < sup sup Z
Ifl=12€Gi k=

|2>P‘ oI —Ku) f

ow;

n
+C sup sup Z (1 — | ¢i(2)
[IfllI=12z€G2 =1

(¢(2))

76 - (" 190)) |

a(/,l ‘ (1—|zk|2)q
aZk (1_ |¢1(z)|2>P

2)17‘ a(I—Km)f(

ow,

+ sup
lfll=1

=< |II = K| sup 2
2€G1 =1

n
+C sup sup > <1 — | ¢i(2)]
Ifll=12z€G2 j=1

¢(2))

F6O) - F("=240)) |

+ sup
I fll=1
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q
(1-12!?)

— [¢u(2) |)

o

<2sup Z oz

2€61 =1

<>\

" B 2\ P a(I_Km)f
o€ pup s 311 o)) T, e
m—1
o (25290

(3.27)

Denoting the second term and third term of the right-hand side of (3.27) by I, and I,
then Theorem 1.1 is proved if we can prove

lim Il =0, lim IZ =0. (328)

m— oo m— oo

To do this, let z € G, and w = ¢(z) € G. Then

= s s 31 (1 )| Fon - (1= 1) 38 (1))

Ifll=1 weG |-
" o= s (1))
< C sup su 1—1|w — |w
uanWEIc);l_Zl( i ) SWz( - ow m

(3.29)

+£supsupz<1_| |) af((l_ )W)‘

M| fl=1 weG |2 ow;

"
<cam s 31 (1- bl 0055 (-3 )+

Letting w = (w1, wa,...,Wy_1, W), for m large enough, we have
0 (15|
2 (1= =R
gil ((1 — %)wl,...,<1 — %)Wj,WjJrl,...,Wn)

wj 82].‘ 1 1
Jl (1/m))w; OWIOW; ((1 B Z)Wl’m’ (1 a E)Wj_l’c’wjﬂ’m’wn)d(‘

o’ f ’(W)"

(3.30)

Denote G; by the set {w € U" : dist(w,0U") > 8/2}. Then G C G5 C G5 C U".
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Since dist(G,0Gs) = §/2, then by Lemma 2.9, (3.30) gives

on 0= s (1) =70 s S0
awl( W)= ow; m)" = md lgécz 8w1 (3.31)
On the other hand, on the unit ball of B2 (U™"), we have
of 2] 2
su 1— wy ‘ (w) ‘ su 1—|w ‘ ’ Ifll,=1, (3.32)
ZECI;Da | | dlst(w,a£)>5/2< | l|) aW f P
namely,
af ‘ 1 4p
. 3.33
S | 3w M = w2 T Gy (3.33)
Combining (3.29), (3.31), and (3.33)), it follows that
P
peime 4 C (3.34)

mé (4—-62)F m

and lim,,_ I; = 0.
Now we can prove lim,— I = 0. In fact,

reo)-£(" o) = [ AEDaS | s0 o
) (3.35)

By Lemma 2.1, it follows that for any compact subset K C U", | f(z)| < Ckll fll, = Ck.
LetK = {z€ U": |z < |¢:(0)|, i=1,...,n}, So

'f(sb(o)) ("L 90) ‘ < IZI |1(0)]| L;_Wm Cdt <nCy(1-"21) %
(3.36)

so I, < nCg/m — 0. Thus letting first m — co and then § — 0 in (3.27), we get the upper
estimate of ||Cyl.:

a | (1-1al?)

—_—. 3.3
aZk ’ (1_ |¢1(Z)|2)p ( 7)

|Csl|, = 2lim sup
=0 dist($(2),0Um)<8 f1=1

Now the proof of Theorem 1.1 is finished. O
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4. Some corollaries
The following three corollaries follow from Theorem 1.2.

CoroLLary 4.1. Let ¢ = (¢1,...,¢,) be a holomorphic self-map of U". Then Cg :
%P(U")(%g(U”) or %g*(U”)) — RBI(U") is compact if and only if

s (1-1al)! . .
0Zk z ‘(1_ |¢1(Z)|2)P = (4.1)

n

k=1

forallz € U" and (1.12) holds.

Proof. By Lemma 2.3, we know C : %P(U”)(%g(U”) or %5* (U™)— B2(U") is bounded.
It follows from Theorem 1.2 that Cy : %P(U”)(%g(U”) or 9]35* (U™) — BI1(U™) is com-

pact.
Conversely, if Cy : %P(U”)(%S(U”) or %g*(U”)) — PB1(U") is compact, it is clear that
Cy : BP(U™)(BE(U™) or BE, (U")) — B4(U™) is bounded, by Theorem 1.2, (1.12) holds.
U

CoroLLARY 4.2. Let ¢ = (¢1,...,¢,) be a holomorphic self-map of U". Then Cg :
%g*(U”)(%g(U”)) - %g*(U”) is compact if and only if ¢; € %g*(U”) for every I =1,
2,...,nand (1.12) holds.

The proof follows from Lemma 2.4.

CoRrOLLARY 4.3. Let ¢ = (¢1,...,¢,) be a holomorphic self-map of U". Then Cy : BE(U) -
Ba(U™) is compact if and only if ¢; € BL(U™) for every 1 = 1,2,...,n and (1.12) holds.

The proof follows from Lemma 2.6.
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