ON MULTIPLE HARDY-HILBERT INTEGRAL INEQUALITIES
WITH SOME PARAMETERS
HONG YONG

Received 19 April 2006; Revised 30 May 2006; Accepted 5 June 2006

By introducing some parameters and norm [|x[|, (x € R"), we give multiple Hardy-
Hilbert integral inequalities, and prove that their constant factors are the best possible
when parameters satisfy appropriate conditions.
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1. Introduction

Ifp>1,1/p+1/g=1,f>0,g20,0< [; fP(x)dx < +00,0< [;° g9(x)dx < +00, then we
have the well-known Hardy-Hilbert inequality (see [4]):

J 0+°° f(;)f;x} dxdy < sin(77TT/P) (Lm f md") VP(JOqu(x)dx) Yo

where the constant factor 77/sin(7/p) is the best possible. Its equivalent form is

Jom( 0+°° f(f;d")pdy < [sin&/p)]p omf P()dx, (1.2)

where the constant factor [7/sin(/p)]? is also the best possible.

Hardy-Hilbert inequalities are important in analysis and in their applications (see [7]).
In recent years, many results (see [1, 3, 8-10]) have been obtained in the research of
Hardy-Hilbert inequality. At present, because of the requirement of higher-dimensional
harmonic analysis and higher-dimensional operator theory, multiple Hardy-Hilbert in-
tegral inequalities are researched (see [5, 6, 11]). Yang [11] obtains the following: if
a€R, n=>2,p;>1(i=12,...,n), X(/p;)=1, A >n—minj<i<,{p:}, fi = 0, and
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0< 72 (t— ) AP (H)dt < +o0, (i = 1,2,...,n), then

+00 +00 1 n
J J mﬂfi(xi)dxl...dxn
= B (1.3)

< lIr(1-" ) [Jm(t -y e "

(04

where the constant factor (1/T(A)) [T, T(1 — (n—A)/p;) is the best possible.

In this paper, by introducing some parameters and norm /x|, (x € R"), we give mul-
tiple Hardy-Hilbert integral inequalities, and discuss the problem of the best constant
factor. For this reason, we introduce the notation

R = {x=(X1,...,%n) 1 X1»...r%n >0},

y (1.4)
) o

lxllg = (xF+---+x5) ", (a>0),

and we agree on ||x||, < ¢ representing {x € R : [|x||, < ¢}.

2. Some lemmas

LemMa 2.1 (see [2]). Ifpi >0,a; >0, a; >0, (i = 1,2,...,n), ¥Y(u) is a measurable function,
then

(9]
X1
J o J ‘lj <_> +
X1peerXn >05 (x1/a71)% 1 ++ - -+ (x,/a, )% <1 a

xxl 7t xh  dxy L dx, (2.1)

4l Dn |
_aj ...an F(Pl/(xl)...r(pn/(xn) J’ et pfir 1
B (xl...(xnr(pl/oc1+. . '+Pn/06n) O‘Ij(u)u du,

where the I'(+) is T-function.

LEMMA 2.2. Ifn€Zy, 0>0,3>0,1>0, m e R, 0<n—m< PA, and setting weight func-
tion wep)(m,n,y) as

1
W) (M,1, ) =J 7 l|xl| " dx, (2.2)
’ & (1l + 1y 1)
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then

n-pr-m  I"(1/ax) (n—m _n—m)

a)a)[;))\(m,f’l)y) = ”y”a ﬁan—lr(n/(x) ,/1

3 B (2.3)

where the B(-, -) is 3-function.

Proof. By Lemma 2.1, we have

1
Oapa(mymy) = j L xrdy
R (|1x15 + [yl

lim J e J
r=tco Xl peeerXin 305 X+ - - Fx&<ra

[r(Ga/r) -+ ()9 1"

1-1
« N X . Xy dxl...dxn
(B ((xr/r) - -+ (xu/r) )P 4 18]

un/ocfldu

T (1) Jl (rut/e)™
rie arT(n/a) Jo (| y[[h+ rbup/e)* (2.4)
S €L R J e

a1 (n/a) =+ Jo (|1 y |k + t8)
I"(1/a) (* 1

- £mldt
arIT(n/a) Jo  (||y||f + 1)

pr-m I"(1/a) L |

(n—m)/p—1
Bar—1T(n/a) Jo (1+u)"u du

1yl

_ n-pr-m  I"(1/a) n—m, n—m
= 11 A ) ( 5" )

Hence (2.3) is valid. O

3. Main results

TaeoreMm 3.1. If p>1, I/p+1/gq=1,neZ,,a>0,>0,1>0,acR, beR, 0<n—
ap<Pr0<n—bg<PA f=0,¢=0,and

0< J 11V £ () dy < oo, (3.1)
RY

0< [ Iy Vgady < o, (3.2)
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then

H _JRY) g
R! IIxHﬁ+|IyH )

L 1/p e o 1/q
<Coc,ﬁ,/l(a,b,P,q)X(JRIHxH((xmﬁAHP(b )fP(x)dx) (IRnllyllfx prl b)gq(y)dy) ’

(3.3)
p
Jﬂ ”y”gn—qu(a—bn/u—q)U n ﬁf(x)wdx} dy
R R ([lxlla+ Il ylla)

Cﬁ,ﬁ,x(a,b,p,q)XJR Hx”(n BA+p(b—a) fp Vdx,

(3.4)

where Copa(a,b, p,q) = (I"(1/a)/Ba" T (n/a))BYP ((n — ap)/B,A — (n — ap)/B)BY4((n —
bq)/B,A — (n—bq)/B).

Proof. By Holder’s inequality, we have

H f;x)g y) dxd

R (Ixllh+ 1y 15)"

_ fx) ||x||2)( g |y||g)d p
I g<(||x||fi+|y||§)”” 7 )\ Qi+ 18y ™ Tl )

a 1/q
) P ) ( g1(y) ”y”“qud>
_<ﬂ¥(||x||€+||y||) Ilyll" ﬂ (B + 1yl e )

(3.5)

according to the condition of taking equality in Holder’s inequality, if this inequality takes
the form of an equality, then there exist constants C; and C,, such that they are not all
zero, and

Cff(x)  Ixld _ Cgy)  lIylld
Ul + 1y 1 (el + 1y i)t b

a.e. (x,y) € R} X R (3.6)
Without losing generality, we suppose that C; # 0, we may get
C
Ixlla* 70 = ZUyIET gy, ae (ny) € RIXRY, (3.7)

hence, we obtain

||x||2(‘p+q)fp(x) = C(constant), a.e.x € R%, (3.8)
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hence, we have

Ln 1§ £ () dx = jRn g PP HEHD £ () e
' ' (3.9)
=C| Nxllg VTP = oo,
R}

which contradicts (3.1). Hence, and by Lemma 2.2, we obtain

1/p
1 1 bp
<] (j - dy)nxna f"(x)dx}
[ R\ JRE ([l + [y 18) Iy lle?

1/q
1 1 a
% J (J dx>||y||ang()’)d)’}
[ REJRE ([lallf + 1y l18)* N8

1/p 1/q
= (JR wa,ﬁ,a,(ap,n,x)Ilelﬁpr(x)dx) (JR wa,/s,l,(bq,n,y)IIyllﬁng(y)dy)

n _ _ 1/p
[ "(1/a) B(n ap,/\_ n ap) JRn ”x”‘(anmwp(bfu)fp(x)dx]

Par—1T(n/a) B B
I"(1/a) (n—bq n—bq)J (n—pA)+q(a—b) ]l/q
B /T o g
. [ﬁa”’lf(n/rx) B ! B/ Iw o4 gy
(n—p)+p(b-a) ¢p Vp (n—pA)+qla=b) 4 Va
= Cyp(a,b,p,q) . |ESIPY fPx)dx| X . lylle gi(y)dy
(3.10)
Hence, (3.3) is valid.
Letk=((n—BA)+q(a—1b))/(1—¢q),for 0 < h<I< +oco, setting
r/q
f(x)
||y||§<J — Y ge) , h<liylle<t,
gii(y) = & ([l + 1y l15)*
0, O<llylla<horllyls=]1 (3.11)

p/q

~ f(x)

g(y)=||y||’;(j — S __ax) . yery,
RE (|lxlh+ N ylie) *

by (3.1), for sufficiently small & > 0 and sufficiently large [ > 0, we have

0< Jh Iyl 1”y||‘("nim)+q<aih)glz,l()’)d)’ < too. (3.12)
<lIylla<
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Hence, by (3.3), we have

[ e g yay
h<llyllasl

" f(x) !
- Iy IS0 (y)dy = || ||’;(j dx) d
Jh<nyna<z Y EV D\ Jre (1l + 1) Y

/q
_ K f@ )p ( fo )d
Jhﬂy'ad”yn“ﬁm (i + iyl Jm (Ut iyl )™

B » 1/p
H S gl) ghz(y) dxdy < Ca,ﬁ’,\,(a,b,p,q)<J n ]| VR >fp(x)dx)
P(llxlle+ Ny lla 0 R:

B 1/q " a
x(L Iyl Ve b)gZ,;(y)dy> - a,ﬁ,ma,h,p,q)(j ]| 0 fP(x)dx)

n—BA)+q(a—b) V4
x(f Iyl N(y)dy) ,
h<llylla<l

Vp

(3.13)
it follows that
j Iylle Pz )y < Ly (ab,p, q)j Il 0y g (3.14)
h<llylla<!
For h — 0%, ] — +00, we obtain
o<j Iyl PO D g g
(3.15)

= Cg,ﬁ,A,(a,b,p,q) JR“ PO £ () dx < too,

hence, by (3.3), we obtain

1) +q(a—b))/(1-q) f(x) !
[ nypfrpateevoa (f n ﬁ—/ﬂdx> dy
RY R (llxlla + I ylla)

gl 1/p
- H ’ %d"@ < Ca,ﬁ,x,(a,b,p,q)<JRn ||x||&”’ﬁl)+f’(b’“)fp(x)dx)
+ Xl + 1 ylla +

At (a—b) /g L . p
x( ], e ga00dy)  =Copatasbpa( [ Il P prcads)

f(x) p 1/q
x U N y||&(”“)+"(””/“)( |, ﬂdx) dy] :
e & (1l + 1y l1)

Hence, we can obtain (3.4). O

(3.16)



Hong Yong 7

Remark 3.2. If f and g do not satisfy (3.1) and (3.2), by the proof of Theorem 3.1, we can
obtain

 fgly)
d d
HR+ IIxHﬁ+|IyH pee
1/q

B —a 1/p o
<Cupalabprg x (| 1180 pregas) ([ Il Pgindy)

(3.17)
0)-+q(a—b))/(1—q) f(x) ?
Jﬂ Iyl “Phrala=brli=q [J ) de} dy
R R ([lxlla+ |l ylla)

1)+p(b—
= Cg,ﬁ,/l(a>b>P>Q)XJR ||x||(n BM+p(b—a) fp

(3.18)

Remark 3.3. By (3.4), we can also obtain (3.3), hence (3.4) and (3.3) are equivalent.

Tueorem 34. If p>1, 1/p+1/gq=1,neZ;, a>0,5>0,A>0,acR beR 0<n—
ap<prap+bqg=2n—-pA f=0,g20,and

0<J 1825077 P (x)dx < +oo,
R}

(3.19)
0< | V1T gty < +oo
then
ﬂ f;x Tdxdy
s (el + 1)
I"(1/a) n—ap , n-—ap
<[30c”*11‘(n/oc)B< B A B ) (3.20)
1/p 1/q
b(p+q)—n a(p+q)—
x(jmnxna frxdx) (j YIS g dy)
p
| ||y||&““’+‘”””“q’U TR B mdx} dy
R & (1l + 1 y15) o)

[ (- f it s

where the constant factors (I"(1/a)/Ba* 'T(n/a))B((n — ap)/f,A — (n — ap)/B) and
[(T"(1/a)/Ba" T (n/a))B((n—ap)/B,A — (n— ap)/B)]? are all the best possible.

Proof. Since ap +bg = 2n — A, we have

n—bg=n—2n—-pr—ap)=pPA—(n—ap), (3.22)
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hence, by 0 < n—ap < fA, we obtain 0 < n — bq < fA, and
B +pb—a)=blp+q)—n, (n—pA)+qla—b)=alp+q)—n,

n—ap_/\_n—bq A_n—ap_n—bq (3.23)
B B B B
By Theorem 3.1, (3.20) and (3.21) are valid.

If the constant factor K; := (I'"(1/a)/Ba 'T(n/a))B((n — ap)/B,A — (n — ap)/B) in
(3.20) is not the best possible, then there exists a positive constant K < K, such that
(3.20) is still valid when we replace K; by K.

In particular, for 0 < e < g(n — ap), we take

£ = IxlT8, gy) =yl (3.24)

by (3.17) and the properties of limit, when § > 0 is sufficiently small, we have

[ ] A gy
Ixlla>6 JRY |x\|ﬁ+||}/||)

bipta)=n ¢p v a(p+q)- Ve
SK(L\ I 1l f: (X)dx) (J” " I¥lla ()’)d)’) (3.25)
Xlla> y >

1/p 1/q
=K(j ||x||;"-8) (j I H;Hd) =Kj I/l dx.
llxllo>0 Iylla>8 y y llxllo>0

On the other hand, by Lemma 2.2, we have

lxllo>0 JRY ||x||[5+||)/|| )

—bg—e/p 1 ap-e/q
:I llx ]l J s qllyla dydx
Ixlla>8 RE (x| + 11y 115)

—bg—e/p ~ &
=J llxlla Pwa,ﬁ,)t<ap+—,n,x>dx
lxlla>6 q

) ﬁ%lg(% (n B 2)/1 - %<n ST 2)) »[Hx\lpé ”x”a“dz; .

Hence, we obtain

T R PR B

for e — 0%, we have

. I"(1/a) n—ap _n—ap\ _
Kl_/)’(x”*IF(n/oc)B< 50" ) <K, (3.28)
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which contradicts the fact that K < K;. Hence the constant factor in (3.20) is the best
possible.

Since (3.21) and (3.20) are equivalent, the constant factor in (3.21) is also the best
possible. O

4. Some corollaries

Cororrary 4.1. If p>1,1/p+1/g=1,ne€Z,a>0,>0,1>0, f 20,g =0, and

0<J 115V £2 () < 4o,
(4.1)
o<j I8V g0 () dy < oo,

then

H iCY (V)N —dxd
: IIXII‘B+|IyII )
"1/ (& A J =N (p-1) ¢p )W(J (n-BN@-1 4 )Uq
<t (o) ([ 1o ™ preae) (] e ™ ginay)
p
BA-n f(x)
Lyllh U —dx] dy
Lﬁ RE (x| + 11y l18)*

where the constant factors in (4.2) are all the best possible.

(4.2)

Proof. 1fwe take a = n/p — fA/p?, b = n/q — A/q* in Theorem 3.4, (4.2) can be obtained.
|

Remark 4.2. If we take n =1 = 1 in (4.2), we can obtain the results of [10]:

T flogy)
I Py dxdy

1/q

y m (J0+mx(P_1)(l_ﬁ)fp(x)dx> 1/P<J0+w y(q—l)(l—ﬁ)gq(y)dy) ,  (4.3)

Lm}’/"*l(ﬂw x[{ix))/ﬁdx)pdy< (@)I’J;m (p=DU-P) £P(x)dx,

where the constant factors in (4.3) are all the best possible.
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If we take n = f = 1 in (4.2), we can obtain

J*“’fx)gy)d dy

(x+y)*
- B(:; 2) (J’() (171)(p71)fp(x)dx> VP(JOW y(l—)t)(qfl)gq(y)dy) l/q, (4.4)
o +(xy)>» ) dy<mr (53) [, wemen prcoas

where the constant factors in (4.4) are all the best possible.

CoroLLARY 4.3. If p>1, I/p+1/q=1,n€Zi, A>0, np+A—-2n>0, ng+A—-2n>0
f=0,g=0,and

0<J [l 2 (x)dx < +oo,
(4.5)
0< | Iyl eIy <-heo,

then

H ~ fgly) dxd
v (e + 1y lla)

+A—2n ng+A-2 Vp V4
p(MEL = B ([ iz reods) ([ vl igrondy)

P q
14
j ||y||&””“q)U Lm} dy<BP(”P”‘2”,”q”_2”)j Il P () dx
R & (lxlla+lyila) p g Mu
(4.6)

where the constant factors in (4.6) are all the best possible.
Proof. If we take f=1,a=b = (2n—1)/pq in Theorem 3.4, (4.6) can be obtained. =~ [J

Remark 4.4. If we take n = 1 in (4.6), we can obtain the results of [1]:

T fx)g(y)
JL (x+ y)* dxdy

5 (P tA=2 g+h- 2) (Jomxl’Afp(x)dx) v ( Jom y”gq(y)dy) Uq,

p q
JOM HA-W/1-g) ( Lm (xj:fxy)ﬂ dx)pdy <BP (p +j; —2 4 +Z - 2) Lm xR (x)dx
(4.7)

where the constant factors in (4.7) are all the best possible.
If we take other appropriate parameters, we can obtain many new inequalities.
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