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1. Introduction

Throughout this paper, we let x” denote x/|x| for x € R”\ {0} and let p" denote the con-
jugate index of p; thatis, 1/p+ 1/p" = 1. Also, we let R”, n > 2, denote the n-dimensional
Euclidean space and let $"~! denote the unit sphere in R” equipped with the normalized
Lebesgue measure do = do ().

Let Ty = {(y,¢(ly])) : y € R"} be the surface of revolution generated by a suitable
function ¢ : [0,00) — R. Let Ko »(y) be a Calderén-Zygmund-type kernel of the form

Kon(y) =h(ly)Q(")lyl™, (1.1)

where h: [0,00) — C is a measurable function, and Q is an integrable function over S"~!,
satisfying

|, atdotw o (1.2)

Let L(logL)*(S"!) (for a > 0) denote the space of all those measurable functions Q on
$"~! which satisfy

Q| LtogLy(sr1) = J |Q(y) [log® 2+ [Q(y) [ )da(y) < co. (1.3)
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For y > 1, define A,(R;) to be the set of all measurable functions & on R, satisfying the
condition

sup (R*I JOR |h(t))| th) 7 (1.4)

R>0

and define A (R) = L*(R;). Also, for y > 1, define ¥, (R ) to be the set of all measur-
able functions h on R, satisfying the condition [|hllry (. drr = (g, |A(r)[7dr/r)V7 <1
and define K (R;) = L°(R,,dt/t).

We remark at this point that A (R;) & A, (Ry) & Ay (Ry) for y1 < y2, Heo(Ry) =
Aw(Ry),and 7, (Ry) & Ay(R;) for 1<y < 0.

The purpose of this paper is to study the L? mapping properties of singular integral
operators Ty o, in R" along the surface of revolution I'y defined for (x,x,41) € R" X R =
[Rnﬂ bY

(Tonf) (%Xns1) = pV. JW fx=y.x001 =@ (Iy1))Kan(y)dy. (1.5)

Also, we are interested in studying the LP-boundedness of the related maximal operator
3 f{}) given by

Sgb),/g)f(x)xnﬂ): sup | Typanf (%xn11) | (1.6)
hedt,(Ry)

Whenever ¢(¢) = 0and h = 1, then T o, essentially is the classical Calderén-Zygmund
singular integral operator Tq given by

Taf(x) =p.V.JRnf(x—y)Q(y')IyI*”dy. (1.7)

If ¢(t) = 0, we will denote Ty o, by To s and Sfpyzl by Sg).

The investigation of the L?-boundedness problem of the operator T began with
Calderén and Zygmund in their well-known papers [7, 8]. The operator Ty o, whose
singular kernel has the additional roughness in the radial direction due to the presence
of h, was first studied by Fefferman [17] and subsequently by other several well-known
authors. For a sampling of past studies, see [2, 4, 9, 13, 15, 20]. We will content ourselves
here with recalling only the following pertinent results.

In their celebrated paper [8], Calder6n and Zygmund showed that the L?-boundedness
of Tg holds for 1 < p < 00 if Q € LlogL(S"!). Moreover, the condition Q € LlogL(S"™!)
turns out to be the most desirable size condition for the L?-boundedness of Tq. This
was made clear by Calder6n and Zygmund where it was shown that T may fail to be
bounded on L? for any p if the condition Q € LlogL(S"™!) is replaced by any weaker
metric condition Q € L?(S""!) with a ¢ satisfying ¢(t) = o(tlogt) as t — oo (e.g., ¢(t) =
L(logL)!~¢(S" 1), 0<e< 1) (see [8]).
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Kim et al. [18] studied the LP-boundedness of Tgq as described in the following
theorem.

TueoreM 1.1. Let Ty be given as in (1.5) and h = 1. Assume that QO € C*(8"™!) and
satisfies (1.2). Assume also that ¢(-) is in C* of [0, 00), convex, and increasing. Then Ty,
is bounded on LP(R™!) for 1 < p < 0.

Even though the authors of [18] imposed the condition Q € C*(S""!) in Theorem
1.1, the arguments employed in [18] can be modified to show that the conclusion in
Theorem 1.1 remains valid when one weakens the condition on Q from Q € C*(8"!) to
Qe L1(S"!) for some g > 1.

An improvement and extension over the above result was obtained by Al-Salman and
Pan in [4], where the condition Q € L1(S""!) is replaced by the weaker condition Q €
LlogL(S"!). In fact, they proved the following.

THEOREM 1.2. Let ¢ be a C?, convex, and increasing function satisfying $(0) = 0. If Q €
LlogL(S"™!) and h € Ay(Ry) for some y > 1, then the operator Tgqp in (1.2)—(1.5) is
bounded on LP(R™!) for [1/p — 1/2| < min{1/y’,1/2}.

We remark that the range of p given in Theorem 1.2 is the full range (1, ) when-
ever y > 2. However, this range of p becomes a tiny open interval around 2 as y ap-
proaches 1. For L?-boundedness results on singular integrals for p satisfying [1/p — 1/2| <
min{1/y’,1/2}, we refer the readers to [2—4, 14, 15], among others. So, an unsolved prob-
lem is whether the LP-boundedness of Ty o, holds for p outside this range.

The main focus of this paper is to have a solution to the above problem. In fact, we have
made some progress in resolving this problem by imposing a more restrictive condition
on h. However, the price we paid in having a more restricted condition on 4 is compen-
sated by the fact that we are able to prove our results under a much weaker condition on
Q. More precisely we prove the following.

TueoreM 1.3. Let Tyqpn be given as in (1.2)—(1.5) and let ¢ be a C?, convex, and in-
creasing function satisfying ¢(0) = 0. Suppose that h € ¥,(R;) for some 1 <y < co and
Q € L(logL)"V (S"~1). Then Ty, is bounded on LP(R") for 1 < p < co.

At this point, it is worth mentioning that the proof of Theorem 1.3 cannot be obtained
by a simple application of existing arguments on singular integrals. Even though we have
a more restrictive condition on h, if we try to apply previously known arguments, then
we can prove our result only for p satisfying [1/p — 1/2| < min{1/y’,1/2}. To be able
to obtain the LP-boundedness for the full range 1 < p < o0, a new maximal function that

intervenes here in the proof of Theorem 1.3 is the maximal operator Sfp% defined in (1.6).
The study of the maximal operator Szﬁ% began by Chen and Lin in [10] and subsequently
by many other authors [1, 12, 19]. For example, Chen and Lin proved the following.

THEOREM 1.4 [10]. Assumen > 2,1 <y <2, and Q € C(S" ') satisfying (1.2). Then Sg)
is bounded on LP(R") for (yn)" < p < oo. Moreover, the range of p is the best possible.

Very recently, Al-Qassem improved the result in Theorem 1.4 as described in the fol-
lowing theorem.
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THEOREM 1.5 [1]. Letn > 2 and let Sg) be given as in (1.6). Then
(@) if Q € L(logL)""' (S"~') and satisfies (1.2), then 58’ is bounded on LP(R") fory’ <
P <005
(b) there exists an Q which lies in L(logL)?~¢(S"~1) for all ¢ > 0 and satisfies (1.2) such
that 88) is not bounded on L*(R™).

Our result regarding J 3}}2 is the following.

THEOREM 1.6. Let Sgby()) be given as in (1.6) and let ¢ be a C?, convex and increasing function

satisfying $(0) = 0. Suppose Q € L(logL)"?' ($"~1) and satisfies (1.2). Then Sfpyzz is bounded
on LP(R") for y’ < p < oo and 1 <y < 2, and it is bounded on L* (R") for y = 1.

Remarks 1.7. (1) In order to clarify the relations between Theorems 1.1, 1.2, 1.4, and
1.5 and theorems 1.3 and 1.6, we remark that on the unit sphere $*~!, for any g > 1, the
following proper inclusions relations hold:

L9($"Y)  L(logL)(S™') c H'(S"') c L} (S"Y),
L(logL)?(S"!) c L(logL)*(S"™!) if0<a<p, (1.8)
L(logL)*(S" ") c H'(S"') Va=1,
while

L(logL)*(s" ') L H'(S"") € L(logL)*(S"™") VO<a<Ll (1.9)

Here H!(S"!) is the Hardy space on the unit sphere in the sense of Coifman and Weiss
[11].

(2) For the case h € #~(R;) = L*(R,), the authors in [5] showed that there is a
function f € L? such that the maximal operator acting on f (i.e., g5 f)) yields an
identically infinite function. It is still an open question whether the LP-boundedness
of Sg) holds for 2 <y < co. A point worth noting is that Theorem 1.3 implies the Lf-
boundedness of Ty o if h € %, (R;) forall 1 <y < co.

(3) We notice that the singular integral operators Tq ) are bounded on L? if Q €
L(logL)"V'(S"~!) and h € ¥, (R,) for some y > 1, while the classical Calderén-Zygmund
singular integral operator T = T, is bounded on L? if Q € L(logL)(S""!). The reason
for this new phenomenon on singular integrals is that the singular operators Tq,, (with
h € #,(R;) for some 1 < y < c0) have weaker singularities than the singular operators
T, due to the presence of the strong condition on A.

(4) We notice that Theorem 1.6 represents an improvement and extension over the
result in Theorem 1.4 and it is an extension over Theorem 1.5. Also, since Llog L(S$"~!) C
L(logL)VY' (§""1) for any y > 1, Theorem 1.3 represents an improvement over Theorem
1.2 in the case h € ¥, (R, ) for some 1 < y < co.

(5) The method employed in this paper is based in part on a combination of ideas and
arguments from [2, 13, 15, 16, 19], among others.

Throughout the rest of the paper, the letter C will stand for a constant but not neces-
sarily the same one in each occurrence.
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2. Some basic lemmas
Let us begin this section with the following definition.

Definition 2.1. For an arbitrary function ¢(-) on Ry, a, > 1,and Q, :8"! — R withy €
N U {0}, define the sequence of measures {04, : k € Z} and the corresponding maximal
operator g5, on R"*! by

J'Rnﬂ fdoqﬁ,k,y - Jk<| | k+1f(u)¢(|u|))KQ?“h(u)du’
ak<|u|<af 2.1)
0. (f) =sup | [ogjul * f1.
keZ

Now let us establish the following Fourier transform estimates that will be used in later
sections. One of the key points in these Fourier transform estimates is that the radial na-
ture of the hypersurface I'y(x) = (x,¢(|x|)) allows one to obtain these estimates without
any condition on ¢.

LemMMA 2.2. Let y € NU {0}, a, = 2w+, and let ¢(-) be an arbitrary function on R.. Let
Qu(+) be a function on 8"~ satisfying the following conditions: (i) |Qyllr2s-1) < ag, (ii)
1QullLr(sn-1) < 1, and (iii) Q, satisfies the cancellation conditions in (1.2) with Q replaced
by Q. Let

k+1 2 1/2
K ; dt
Iy,k(f,l/]) = (J: o QH(x)e*:(tf-xwfp(t))dg(x) t) ) (2.2)
a'u "

Then there exist positive constants C and o such that

| L&) | < Clu+1)"2, (2.3)

| Lx(E,m)| = Clu+ 1) |abe] =¥, (2.4)

where & € R", 1 € R, and t=* = inf {¢*,t~*}. The constants C and « are independent of k,
t & nand ¢(-).

Proof. First, by condition (ii) on ), it is easy to see that (2.3) holds. Next, by the cancel-
lation properties of (3, and by a change of variable, we have

|IMJ<(E”I) |2 = LW (J‘sn*1

which easily implies

2
eries ) w0, (0 |dot) %, (23
t

| L&) | < Clu+1)"a,|akE]. (2.6)

By combining both estimates in (2.3) and (2.6), we get

| Lk (&) | < Clu+ 1)ﬁ/2aﬁ | a[’jf |ﬁ(/4+ 1)1-pr2 (2.7)
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for any 0 < 3 < 1 and for some constant C > 0. By the last estimate and by letting =
1/8(u+1), we get the estimate in (2.4) with « = 1/8 and with a plus sign in the exponent.
To get the second estimate, we notice that

2
Q (x)e~ s n8a)) g5 () :J Qu () O (u)e % 0 dg (x)do (),
SVI*IXsn 1

‘ SVI*I

(2.8)
which leads to
L&) = LS Qy(xmy(u)(f” it e )do(x)do(u) (2.9)
By employing integration by parts, we get
‘ Jaﬂ e”'“lﬁtf'("’”)ﬂ ' <Cmin{(u+1),(u+1)|a&- (x—u)| _1} (2.10)
1 t “

and hence

‘J it () ‘<c(ur+1ﬁhfflﬁlf (x=u)| F) @+ forany0<f<1.

(2.11)
By the last estimate and by letting 3 = 1/4, we obtain
‘ L ' e‘i“ﬁff'("‘”)% ‘ Clu+1)| akf| e x—u)|T (2.12)
By Schwarz’s inequality, condition (i) on €, and (2.9)—(2.12), we get
12
LG = Clus aglafg ([ 18 )| Pdotdow)
(2.13)
Since the last integral is finite, we get
| L) | < Cu+1)2a% | ake| ™. (2.14)

As above, by combining (2.14) with (2.3), we obtain the second estimate in (2.4). Lemma
2.2 is proved. U

Lemma 2.3. Let y € NU {0}, a, = 2D, h € 3, (R,) for some 1 <y < oo, and let ¢(-)
be an arbitrary function on R.. Let Qu(-) be a function on "~ satisfying the following
conditions: (i) [|Qull2(sr1) < aﬁ, and (ii) [|Qullp1 sy < 1. Let

Rieu(&m) = J J Qu(x)e >t g (x |h(t| (2.15)
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Then there exist positive constants C independent of k, ¢, and u such that
| Ry (&) | < Clu+ 1)V, (2.16)
| Reu(E,m)| = Clu+ )Y | ak| =7 ¥, (2.17)
Proof. By Holder’s inequality, we have

| Rk,y(£> 77) |

k+1

(I

U

o, Qe do (x)

, 17y
Vﬂ Y
t

1/)/ ak+l
o 74) ([

0 1/y ak+1 ) Y l/y, (218)
S(L |h(t)|y%) (J: ‘ S}HQH(x)e—z<rf-x+n¢<r>>d(,(x)' %)

1
J " ar\"”
< — .
afj t
Now, if 2 <y’ < o0, by noticing that | [g,: Qﬂ(x)e*i(ff'X+'1¢(t))d0(x)| <1, we get
P 17y
%) (2.19)

and hence by Lemma 2.2 we easily get (2.17). On the other hand, if 1 <y’ <2, (2.17)
follows by Lemma 2.2 and Holder’s inequality. This finishes the proof of Lemma 2.3. [

gn-1 QH(x)e‘i(tf-xﬂvsb(t))da(x)

k+1
a,

et =

J Q0 (x)e 1) o ()
Sn—1 "

k
U

We will need the following lemma which has its roots in [2, 13, 15]. A proof of this
lemma can be obtained by the same proof (with only minor modifications) as that of [2,
Lemma 3.2]. We omit the details.

LEMMA 2.4. Let {0} : k € Z} be a sequence of Borel measures on R" and let L : R"* — R be a
linear transformation. Suppose that for all k € Z, &£ € R", for some a € [2,00), A >0, a >0,
C >0, and for some B > 1,
(i) llokll < CBY;
(i) |0x(&)| < CBMatB|L(&)])*vE;
(iii) for some po € (2, 0),

1/2
| (2 |0k*gk|2>

keZ
holds for arbitrary functions {gi} on R™. Then for py < p < po there exists a positive constant
C, such that

<CB*
Po

(2.20)

(Z ng|2>l/2

keZ

Po

>oxf|| <CBMIfll, (2.21)

keZ

p
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holds for all f in LP(R"). The constant C,, is independent of B and the linear transforma-
tion L.

Our aim now is to establish the following result.

LEmMA 2.5. Let h € #,(R,) for some y > 1 and let O, be a function satisfying conditions
(i) and (ii) in Lemma 2.2. Assume ¢ is in C*([0, %)), convex, and increasing. Then for y’ <
p < coand f € LP(R™1), there exists a positive constant C, which is independent of u such
that

llogu (O, < Cplu+ DI f1l,. (2.22)

Proof. Without loss of generality, we may assume that ), > 0 and h > 0. By Holder’s
inequality, we have

ak+1

1/y
%(f)S(LZ lh(t)@) N <co ™, @23

where [ fd Y, = faﬁ < |u|<aﬁ”f(u,¢(|u|))\u| Q' )duand Y (f)=supyey [ Viul *
f . Therefore, in order to prove (2.22), it suffices to prove that

||Y‘;|< (f)||LP(Rn+1) < CP(‘M'F 1)||f||LP(|Rn+l) forl< p < 00, (224)

However, the proof of (2.24) follows by the same argument employed in the proof of [4,
Lemma 4.7] and hence the proof of Lemma 2.5 is complete. O

LEMMA 2.6. Let h € 3,(R,) for some y = 2 and let Q, be a function on S"! satisfying
conditions (i) and (ii) in Lemma 2.2. Let ¢ be in C*([0,00)), convex, and an increasing
function with ¢(0) = 0. Then, for y’ < p < oo, there exists a positive constant C, which is
independent of y such that

holds for arbitrary measurable functions {gr} on R™*!.

(2.25)

(Z |gk|2>l/2

keZ

1/2
(3 lossuvarl’)

keZ

< Cplu+ 1)

LP(Rn+1) LP(Rr+1)

Proof. We follow a similar argument as in [6]. Let " < p < co. By H6lder’s inequality and
the condition on h, we get

k+1
, a; : dt
| Gpuess * gk (,21) | < CI ) LH |0 | gk (x = ytx01 = ¢(0) | do(y) =
' (2.26)
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Letd = p/y’. For {g} € LR [2), by duality, there exists a nonnegative function w €
L4 (R"*1) such that ||w|/;+ <1 and

oy

1/y
(3 lowsaral’)
P

-... D 0g s * g (6 x011) |7 @ (5, %041) dx i

keZ keZ
(2.27)
Therefore, by (2.27) and a change of variable, we get
iy
‘ ( > | ogsen * gl ) < CJ > gk (6 21) |” My (%, %51 ) dx dxne1
keZ P R jez
(2.28)
where

M, (x,%p11) :supj w(x+y,x01 (1)) | Qu(y) [ Iy1"dy. (2.29)
kez Jak<lyl<akh

By Holder’s inequality, we obtain

By [4, Lemma 4.7], we have [|[M,w|| o < C,(u+1) which in turn implies

ans Y

||Mywl|,; - (2.30)

7y
(s wr)

keZ

1y
( > ok * gl )

keZ

p p

17y’ 17y’
(Zlam*gkIy) Clu+ 1) (Zlgk|y> (2.31)
keZ P keZ p
Moreover, again by Lemma 2.5, we have
sup | g * g l|| < |0 ((sup|gk|)> < Cplp+ 1) (sup|gk|) (2.32)
keZ keZ keZ

p p p

By using the operator interpolation theorem between (2.31) and (2.32) and since y’ €
[1,2], we get (2.25) which concludes the proof of the lemma. |

We are now ready to present the proofs of our main results.

3. Proofs of Theorems 1.3 and 1.6

Since the proof of Theorem 1.3 will rely heavily on Theorem 1.6 as well as on its proof,
we start by proving Theorem 1.6.

Proof of Theorem 1.6. Assume that  satisfies (1.2) and belongs to L(logL)"?'(S"~!) and
1 <y <2.ForpueN,let], be the set of points x € §"~! which satisfy 2¢ < [Q(x)| < 2#+1.
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Also, we let Jo be the set of all those points x € §*~! which satisfy |Q(x)| < 2. For U e
N U {0}, set b, = QX]#,AO =1l,and A, = [|byll, fory e N. Set I = {pu e N:1, = 2724} and
define the sequence of functions {Q},erui0; by

W= Y b= S (] bdow),

ue{0tu(N-I) ue{0}u(N-I)

0,0 = () (But) - L bu(x)do(x) foruel

For u € I'U {0}, set a, = 2+ Then one can easily verify that the following hold for all
p € I'u {0} and for some positive constant C:

||QMH2 = Cafp 1l <C, (3.2)
Z{ }(."H' 1)1/)//\;4 = C”Q”L(lOgL)I/y’ (s71)> (3.3)
uelu{o
[ ouwdsw=0 o= 3 na, (3.4)
s uelu{o}

By (3.4), we have Sfp}:g)f(x,xnﬂ) < Zﬂelu{o} )Lﬂsgb}jz)#f(x,anr]) and hence the proof of
Theorem 1.6 is completed if we can show that

1988, 7| gty = o+ DY 1oy (35)

holds for y" < p< o if 1 <y <2 and for p = o if y = 1. To prove (3.5), we need to
consider three cases. We first prove (3.5) for the case y = 2.

Case 1 (y = 2). By duality, we have

[h0 [ St - 9 0, )oY |

Sn-1

52 fle) = sup

hedt, (Ry)
£l = tu,xn1 — ¢(8)) Qu(u)da(u)

(1L, 9"
(3 bl

Let {yku}%, be a smooth partition of unity in (0,c) adapted to the interval Ey, =
[a;k‘l, a/;k“ ]. To be precise, we require the following: Y, € C*,0 < Y, <1, D yru(t) =
1, supp Yy S Exps 18y, (t)/dr| < Cy/t°, where C is independent of the lacunary se-

quence {afj :k € Z}. Define the multiplier operators Sk, in R"*! by

(3.6)

= tu X1 — $(1)) Qu(u)do (u)

Snl

A~

(Sepf) (Er) = v (IED) F(E)  for (E,) € R* X R. (3.7)
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Then for any f € S(R"*!) and I € Z we have f(x,xn41) = D kez(Sks1uf) (% Xns1). Thus,
by (3.6) and applying Minkowski’s inequality, we get

XJ

keZ

2
Z Hk+l,t,yf (X,Xn+1)

2
82,2; (%, Xn41) (
leZ

<z<

leZ

akt!
dt
Z J |Hk+lt/4f xaxn+1) |27> (3.8)

keZ

= Z Tl,yf(xyxn+1):

lez

where

Hz,t,,tf(x,xm):j (Siuf) (6 — a1 — $(8)) Qu(u)dor (u),

Sn-1

e it 12 (3.9)
Tl/f.f(x xn+1 (ZJ |Hk+lt/4f x,xn+1) 2t>
keZ
Therefore, to prove (3.5) for y = 2, it suffices to prove
HTLH(f)HLP reey < Cpp+ 1)1/22-0 11 1 £ IlLe (e (3.10)
( )

for some positive constants Cy, 0, and for all 2 < p < co.

The proof of (3.10) follows by interpolation between a sharp L? estimate and a cruder
L? estimate of Ty, (f). First, the L*-boundedness of Ty, (f) is provided by a simple appli-
cation of Plancherel’s theorem, Fubini’s theorem and using Lemma 2.2:

k+1 d
|Tl;4(f Hz J J ZJ |Hk+ltyf xxn+1)|27tdxdxn+1

keZ

k+1
4 ; dt
<3 | ot o) 6| e Pdgdy
K+l Ay

kez

<Cy+122“‘l|ZJJ P& |Pdedy

keZ

(3.11)

< Cp+1)272 £113,

where Ay = {& € R" : [€] € Ex,}. The last inequality holds since the sets Ay are finitely
overlapping. Therefore, we have

I Tra, (Ol < Clu+ DY271) £1],. (3.12)
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On the other hand, we need to compute the L -norm of Ty, 0, (f) for p > 2. By duality,
there is a function g in L2’ (R"*!) with ligllpr2y <1 such that

k+1

G dt
||Tl,;4,QM(f)||}2, => LR ljk | Hertr.0, f (% %n41) |27 | g (x,2041) | dxdoxpin
kez R Jag

k+1

<l [T ] 10 gbrt i +9(0)|
kEZ [RVH»I “;4 Sn*]
2 dt
X | Skt f (% %n41) | do(u)dedan (3.13)

<CQ, JRM | Skengef (62011) |07, (@) (= %, 21 ) dx e
keZ

Z | Sk+l,ﬂf | ’

keZ

<C ||0'$<,;4(§)||(p/2)”

(p/2)

where g(x,x,+1) = g(—x, —Xy+1). By using Lemma 2.5, the Littlewood-Paley theory, and
[21, Theorem 3] along with the remark that follows its statement in [21, page 96], we
have

T, (NI, < Colu+ D211l for2 < p < co. (3.14)

By interpolation between (3.12) and (3.14), we get (3.10) which ends the proof of (3.5)
in the case y = 2.

Case2 (y=1). If f € L*(R""!) and h € L}(R,,dr/r), then

[Tho [ s = 90 0o | < ClL L lhllgan  (15)

for every (x,x,+1). Taking the supremum on both sides of the above inequality over all
radial functions h with ||All 1 (r,,4r/r) < 1 yields

35, f (6xn1) < Cllfllpmm) (3.16)

for almost every (x,x,+1) € R""!. Hence,

|5%0, f = Clf i) (3.17)

Loo([RVH»l

Case 3 (1 <y <2). We will use an idea employed in [19]. By duality,

g, f (6xn1) = H o (= 11 = (1) Qu()do () (3.18)

LY (Ry,dt/t)
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Thus,

HS¢ Qu 'LP([RM) - ”S(f)||LP(L7'(R+,dt/t),R”“)’ (3.19)

where S: LP(R™!) — LP(LY (R4, dt/t),R"*!) defined by

SCF) (% %ms1,1) I £t xms — $(1)) Qu(w)do (). (3.20)
By (3.5) (for y = 2) and (3.17), we interpret that
ISCO o 2(m. dtyn ey < Clet+ DYZILf ooy (3.21)
for2 < p<ooand
||S(f)||LW(L°°(R+,dt/t),Rn+1) < Cll f llz= (). (3.22)

Applying the real interpolation theorem for Lebesgue mixed normed spaces to the
above results (see [6]), we conclude that

SOz ®.drso,meeny < Clu+ DYV f ooy (3.23)

for y" < p < co which in turn implies (3.5) for 1 <y < 2. The proof of Theorem 1.6 is
complete. O

Proof of Theorem 1.3. We divide the proof of Theorem 1.3 into three separate cases.

Case 1 (1 <y <2). As we pointed in the introduction, the proof of this case is based on
Theorem 1.6. To this end, we argue as follows. Notice that

(T onf) (x041) = lgiy(} Te f (%,%n41)5 (3.24)
where T, is the truncated singular integral operator given by

Tef (%,%n41) = ﬁy|>ef(x —y,xn01 — O(1y1))Kan(y)dy. (3.25)

Without loss of generality, we may assume that ||hl| 1y (r, 4rr) = 1. Notice that, by Holder’s
inequality, we have

| Te f (%, x041) | < Iw [h(t) | ‘ J’S’Hf(x— tu, X1 — O(1)) Q(u)do (u) dt

=(I,

. (3.26)
ne

LH f(x = tu, x40 — ¢(£)) QUu)do (u)
Therefore,

ITefll, < |55 f]| = Coll £l (327)
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fory’ < p< o and 1<y <2,and Cis independent of . By a standard duality argument,
T, is bounded on LP(R"!) for 1 < p <y and 1 < y < 2. Passing to the limit as ¢ — 0,
Fatou’s lemma gives || Tyanfll, < Cllfll, fory’ < p<ocoandfor1<p=<y.Ify =2, then
we are done; otherwise an application of the real interpolation theorem gives the LP-
boundedness of T o for the remaining range of p: y < p < y’.

Case 2 (2 <y < c0). As already seen in the proof of Theorem 1.6, by using the decompo-
sition Q = >, 1u10) 4wy it suffices to show that

I Tg0fll, < Co(1+w)" I fll, for1<p<co. (3.28)

To this end, we argue as above by considering T instead of Ty o 5. Write T f=> rcz g ky *
f, one can then apply Lemmas 2.3, 2.4, and 2.6 to obtain

ITefll, < Co(L+w) VIl fll, (3.29)

where C, is independent of . In particular,

Tefll, < Cy(L+@) VI f1l, (3.30)
for 2 < p < c0. By duality,

Tefll, < Cy(L+@) I f1l, (3.31)

for 1 < p < 2. Thus, by Fatou’s lemma, we have (3.28).

Case 3 (y = c0). Finally, it follows directly from Theorem 1.2. This completes the proof
of Theorem 1.3. O
4. Some additional results

We will end the paper by presenting some additional results.

TueoreM 4.1. Let h € #,(Ry) for some 1 <y < co. Let ¢ be a C?, convex, and increasing
function satisfying ¢(0) = 0. Let Q € L(logL)""' (S"~") and satisfy (1.2). For each A € R
define the oscillatory singular integral operator Sy by

S)Lf(x)=p.V.JR gy AE= D) h(lx - y1) f(3)dy. (4.1)

[x — yln

Then the operators {Sy}icr are uniformly bounded on LF (R") for 1 < p < oo.

By a standard argument, Theorem 4.1 follows from Theorem 1.3. See the proof of [15
Theorem 9.1] for further details.
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THEOREM 4.2. Let h € #,(R,) for some 1 <y < co. Suppose that Q € L(logL)"V (S"~1)
and ¢ is a C?, convex, and increasing function satisfying ¢(0) = 0. Then the maximal oper-
ator My, given by

Mo f (oxuon) =sup (R [ 17 ysuor = ¢(1yD) | 1(1y1) ] 1925 )
(4.2)

is bounded on LP(R"!) fory’ < p < oo,

Earlier the L? (1 < p < ) boundedness of Alg,q,1 was proved in [18] under the stronger
condition that Q € L1(S""!) for some g > 1 and later Al-Salman and Pan in [4] proved
L? (y' < p < o) boundedness of Jilyq s under the conditions Q € LlogL(S"™!) and h €
Ay(R;) for some y > 1.

Proof of Theorem 4.2. By (3.4) we have

Mponf (X Xn41) < Z A 00,10 (4.3)

uelui{o}

and hence Theorem 4.2 follows by noticing that

My,j0,1,1(f) = Cag, (1 f1) (4.4)

and invoking Lemma 2.5.
As usual, the pointwise existence of Ty o, f for f in L? spaces can be established by
considering the following maximal truncated singular integral

Tgonf (x.%n01) = sup | Te f (x,%041) | (4.5)

>0

where T f (x,%,+1) is defined as in (3.25). O
THEOREM 4.3. Let Ty, be given as above. Suppose that h € ¥, (R.) for some 1 <y < oo
and Q € L(logL)""' (S"~1). Then T;‘)Q)h is bounded on LP(R"*!) fory’ < p < oo.

A proof of Theorem 4.3 can be constructed by using the above estimates and the argu-
ments in [2] (see also [13, 15]). We omit the details.

Acknowledgment

The author is indebted to Professor Yibiao Pan for a helpful discussion.

References

[1] H. M. Al-Qassem, L? bounds for a class of rough maximal operators, preprint.

[2] H. M. Al-Qassem and Y. Pan, L? estimates for singular integrals with kernels belonging to certain
block spaces, Revista Matematica Iberoamericana 18 (2002), no. 3, 701-730.

, Singular integrals along surfaces of revolution with rough kernels, SUT Journal of Math-

ematics 39 (2003), no. 1, 55-70.

(3]



16
(4]
(5]
(6]
(7]
(8]
(9]

(10]

(11]

[12]

(13]

(14]

[15]

(16]

(17]

(18]

[19]
(20]

(21]

Boundedness of maximal and singular operators

A. Al-Salman and Y. Pan, Singular integrals with rough kernels in LlogL(S"™'), Journal of the
London Mathematical Society. Second Series 66 (2002), no. 1, 153-174.

J. M. Ash, P. E Ash, C. L. Fefferman, and R. L. Jones, Singular integral operators with complex
homogeneity, Studia Mathematica 65 (1979), no. 1, 31-50.

A. Benedek and R. Panzone, The space L?, with mixed norm, Duke Mathematical Journal 28
(1961), no. 3, 301-324.

A. P. Calder6n and A. Zygmund, On the existence of certain singular integrals, Acta Mathematica
88 (1952), no. 1, 85-139.

, On singular integrals, American Journal of Mathematics 78 (1956), 289-309.

L.-K. Chen, On a singular integral, Studia Mathematica 85 (1986), no. 1, 61-72, 1987.

L.-K. Chen and H. Lin, A maximal operator related to a class of singular integrals, Illinois Journal
of Mathematics 34 (1990), no. 1, 120-126.

R. R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in analysis, Bulletin of the
American Mathematical Society 83 (1977), no. 4, 569—645.

Y. Ding and Q. He, Weighted boundedness of a rough maximal operator, Acta Mathematica Sci-
entia. English Edition 20 (2000), no. 3, 417-422.

J. Duoandikoetxea and J. L. Rubio de Francia, Maximal and singular integral operators via Fourier
transform estimates, Inventiones Mathematicae 84 (1986), no. 3, 541-561.

D. Fan and Y. Pan, A singular integral operator with rough kernel, Proceedings of the American
Mathematical Society 125 (1997), no. 12, 3695-3703.

, Singular integral operators with rough kernels supported by subvarieties, American Jour-
nal of Mathematics 119 (1997), no. 4, 799-839.

D. Fan, Y. Pan, and D. Yang, A weighted norm inequality for rough singular integrals, The Tohoku
Mathematical Journal 51 (1999), no. 2, 141-161.

R. Fefferman, A note on singular integrals, Proceedings of the American Mathematical Society 74
(1979), no. 2, 266-270.

W.-J. Kim, S. Wainger, J. Wright, and S. Ziesler, Singular integrals and maximal functions associ-
ated to surfaces of revolution, The Bulletin of the London Mathematical Society 28 (1996), no. 3,
291-296.

H. V. Le, Maximal operators and singular integral operators along submanifolds, Journal of Math-
ematical Analysis and Applications 296 (2004), no. 1, 44—64.

J. Namazi, A singular integral, Proceedings of the American Mathematical Society 96 (1986),
no. 3, 421-424.

E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathemat-
ical Series, no. 30, Princeton University Press, New Jersey, 1970.

H. M. Al-Qassem: Department of Mathematics, Yarmouk University, Irbid, Jordan
E-mail address: husseink@yu.edu.jo


mailto:husseink@yu.edu.jo

	1. Introduction
	2. Some basic lemmas
	3. Proofs of Theorems 1.3 and 1.6
	4. Some additional results
	Acknowledgment
	References

