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1. Introduction

In recent years, the existence of periodic solutions for second-order Liénard equations
u’ + fuu')u' +g(u) =e(t,u,u’) (1.1)

and its special case have been studied by many researchers, we refer the readers to [1, 3,
4,6, 7,9-12] and the references therein.

Let us consider the so-called one-dimensional p-Laplacian operator (¢,(u"))’, where
p>1and ¢,: R — Ris given by ¢,(s) = |s|?~%s for s # 0 and ¢,(0) = 0. Periodic bound-
ary conditions containing this operator have been considered in [2, 5].

In [8], Manasevich and Mawhin investigated the existence of periodic solutions to
some system cases involving the fairly general vector-valued operator ¢. They considerd
the boundary value problem

(p(u) = f(tuu'),  u(0) =u(T), u'(0) = u'(T), (1.2)

where the function ¢ : R¥N — RN satisfies some monotonicity conditions which ensure
that ¢ is a homeomorphism onto RN.

Recently, in [16] we studied the existence of periodic solutions for the nonlinear dif-
ferential equation with a p-Laplacian-like operator

() + f(tu,u') =0. (1.3)

Hindawi Publishing Corporation

Journal of Inequalities and Applications
Volume 2006, Article ID 98685, Pages 1-17
DOI 10.1155/J1A/2006/98685


http://dx.doi.org/10.1155/S1025583406986858

2 Periodic solutions for Liénard equations

Motivated by the work of [13], in this paper we use new polar coordinates [13] to
investigate the existence of periodic solutions for the second-order generalized Liénard
equations with p-Laplacian-like operator

(p(u)) + fwu' ) +g(u) = e(t,u,u’), t€[0,T). (1.4)

Throughout this paper, we always assume that ¢, g € C(R,R), f € C(R%LR), e €
C([0,T] x R2,R). And the following conditions also hold.

(H1) ¢ is continuous and strictly increasing, y¢(y) > 0 for y # 0, and there exist p > 2,
my = my >0, such that

milylP~t < |¢(y)| <mylylP L. (1.5)

(H2) e € C([0,T] x R2,R), periodic in f with period T, there exist a;,1,y1 > 0, and
p >k >2 such that

e(t,x, <o |x|P7+ B 4y for(t,x,y) € [0, T] x R-. 1.6
(t,x, ) |x[P~! lylFt 4y for (t,x,y) € [0,T] x R (1.6)
(H3) f € C(R%,R), there exist ay, 32,7, > 0 such that

| (6, 9)| < aalx|P=2+ By |y 2 +y, for (x,y) € R2 (1.7)

(H4) There exist A, y, and n > 0 such that

, p-1 )4 p/(p-1) 1/(p-1)
m (P S R Ry m)
mq p'—l T mi p my mq

’ p-1 p
sg(—")sy<ﬂ< P ) (2(”“)”P> (1.8)
é(x) my \ p’ +1 T
a p-1 (ﬁ)p/(p_l) <@>1/(p—1)
m, p \m ™My ’
where
_2n(p-1)VP

p=plp-1), m= (1.9)

psin(n/p) *

(H5) Solutions of (1.4) are unique with respect to initial value.

In this paper, we use a new coordinate to estimate the time when a point moves along
a trajectory around the origin and then give some sufficient conditions for the existence
of periodic solutions of (1.4).

2. Periodic solutions with a Laplacian-like operator
Let v = ¢(u'). Then (1.4) is equivalent to the system

u =¢ (v,

2.1
V= —g(u) — (¢~ (V) $~ () + ety (). (20
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Let u(t,&,1) denote the solution of (1.4) which satisfies the initial value condition

M(O,f,l’]) = 5) V(Oafa ’7) =1 (22)
then we have the following conclusion.

LemMa 2.1. Suppose (HI1)—(H5) hold, then for all ¢ > 0, there exists constant A > 0 such
that if

Ligir+ P Liglere-n = a2, (2.3)
then
1 p P11 pp=1) _
e |+ S v e |70 22 forte 01, (24)
Proof. Let (u(t),v(t)), t € [0,T], be asolution of (2.1) satisfying u(0,&,%) = &, v(0,&,1) =
7.
Let

() = % u(t)|? + ”Tfl lv(e) [P0, (2.5)

It is clear that (H1) implies

|| 1/(p-1) || 1/(p-1)

v v

i < . 2.6
(M) <1omn () 26

= | lu(e) [P u(ou 0+ [v(0)| “ PP e (1)

So we have

dr (t)

< [ul? 7 )| + VD |~ gu) = Fug ()¢ (1) +eltug ™ ()|
< ulPH @ )| +plv VY [ $w) |
FIVVD (aul? 2+ By |67 W) [ 42) 67 )|

_ _ _ k-1
+ VO (o |ulP 4+ B [ 7 ()| )
vl 1/(p-1)
14
< Iulp‘1< ) +umy v |V |27

_ _ —k)/(p- -
+axmy ey Ivlz/(p 1)|u|p 2+[32m(1] e 1)|V|k/(p 2
~1/(p-1) _ _ _
+yamy P O g [y VD o7
(1-k)/(p=1) - -
+ Bim, b |v\k/(P 1)+)/1|V|1/(p D

= L ul? 7 VD 4 Ly P 4 3|y [0 1] P2 4 L]y PP g [y VD),
(2.7)
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where

-1/ 1 1-k)/ 1
ll—ml (p= )+‘l/ll’)12+061, lz—ﬂl /(p= )+ﬂ ¢ V(p= )

l3 = am; -1/(p- 1), l = yym; -1/(p— 1)’

while

LlulP v VP=D <y (IIVIP/(P” + pllttl")
p p

1 (1 p=1
1 —— U Syl + |y P/ (p-D)
sllmax{p 1,p_1}<p|u| + : [v| )

_ _ 1 2
_llmax{p l’p—l}r ,

p—k P k ., Pk /b
p p-1 p

L |V|k/(17—1) < E |V|P/(P—1) +
p

2 -2
L vV ulp? < la(prlp/(P” + pplttl") <h| - +P—2>r2,

S
/
s

)

p-2 P 2 o P 2p6-2)
p

LIvR0D < 2 jyip oD =51 C
V0D < llvlp/(p_1)+p_—1yf/(p—1) - 1 r2+p__1yf/(p—1).
p pobop
So,
dri(t) ‘
<br’(t) +a,
| s
where

p- klp/p K, P —215/@—2) L P lyf/u:—l)
p p p

1 2 k+3
b=llmax{p—l,p_l}+lg<‘b_l+p—2)+p_l.

a=

>

It follows that

Let A = [(c? +a/b)ebT — a/b]2, then r(0) = A implies r(t) > c.

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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LEMMA 2.2. Let (u(t),v(t)) be a solution of (2.1). Suppose the conditions of (H1)—-(H5) are
satisfied. Then there is R such that under the generalized polar coordinates, r(0) > R implies

that

0

It <0, te][0,T].

Proof. Applying generalized polar coordinates,
u= pl/PrZ/P | cos@|@PVP cos,
(p=1)/p
y = (%) r2(P=1/P | sin G| P=2/P gin O,

or

rcos = —Iul (p=2)/2,

rsinf = / |v| 2=p)2(p=1),,

Then 0 = tan™![\/p — 1(|v|(@=P/2(p=1)y/|44|((P=2)2)3))]. So we have

|u|(P=2/2) || (@=p)2(p-1)) ,
N [uv' — (p—1)u'v]

|| ((P=2)/2) || (2=p)/2(p=1))

Y [ug )+ f (6™ (1)) 97 (v)

’

+(p—1)vg () — ue(t, g (1) ]

as

ugw) +uf(u,¢ (1) (V) +(p— v~ (v) — ue(t,u, ¢ (v))

= () + (p— v~ (v) = lul (@ lul? 2+ B2 | ¢~ () [T 49 ) |97 () |

Ll (o ul? 4By [ 97 (1) [ )

“U(p-1) _ V(1) oy _
> dmy|ul? + (p—)my PV [w [P/ — T [y Py VY

(2.13)

(2.14)

(2.15)

(2.16)

—1/(p—1 _ 1-k)/! 1)
—yamy PV |y VP 1>—al|u|f’—(/31+ﬁz) (BP0 p=1) gy

1) 1)
= (Amy — o) [ul? + (p — Dy "7V ||/~ — gy O [y V=D

—1/(p—1 (1-k)/ 1
—yom; ? )|u||v|“<f’1 (By +Ba)m' PV ]y k= 1/p-)

(2.17)
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Let
_p(p—=1) -1 ;AP +B)(k=1)  a-ky(p-1) 1/(p-1)
T7—4(k—1) m, , ﬁ = p(p—l) my m, s (2.18)
so we have

(1-k)/ 1
(B1 +Ba)mi ™ PV |y k=D p-D)

k p—k
—TIuI(IVI /(p=Dp’ ) swlul(ﬁlw p—lﬁ (p=1/(p= ")>

1 v PP=K)  vo-1) prpe11/(p
= gpme v gy R
1 yp-n(l P=1 e PP =K) 11 prp1y(pk
<= ylP+ By -0 | 4 (p=1/(p=K) |41
P plul » [v] )™ B lul
(2.19)
Let
4y m (=
_ = V=), D ST ] (2.20)
0= g p(p—1)<m1> ’
then
“1/(p— _ B ,
yamy " ) [y V0 1)znlul(lvll/“” 1)/31)
1 2 i(p-1) 2
ST1|L{|<—| |+P ﬁ(P )/ (p— ))
p p-1
1 (p—2) /(p=1) o (p=1)/(p-2
=—pm2 /(p= 1)|u||v|+Lm21 ﬁ(P )/ (p- )|u|
4 4
“1(p— -1
< ooy ”(1|u|f’+p|v|f’/<w>)
4 p p
_2 — — ’ — —
+P(P4 )m21/<p DR
(2.21)

Let

(p-1)
1 ~1/(p— , 4o m
n=plp-Dm ", g = pr-1) : (m—j) (2.22)
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then

-1/(p—1 _ _
aymy VP [y Py VD)

_ _ 1 _ p—1 A\ P/(p-1)
=1, (|v|YP DB uPt) <1 (|V|p/(p Dy & (B |ulp! )
o g )=m P p (8 ) (2.23)

1 1 e
sfpmzl/(p D | |P+p |y P/(P=D) L1 TP Py,
4 P r P

We select A large enough such that

1 o -
§=Amy— TPV iy Y S, (2.24)

Let d =y + (p(p — k)/a(k — 1))my VPV e-0/=k0 4 (p(p — 2)/4)m; P~

ﬁl(P_l)/(p_z), we also have

d d p/(p=1)
dlul = dplul (@) <Slul’+(p- 1)5(%) , (2.25)

therefore

ug(u) +uf (u,¢ ') d (V) +(p— D)vop 1 (v) — ue(t,u, ¢ ' (v))

1 Vi) d p/(p—1)
LoV plp=1) | _ (p— a
= b [ lu |p+ » Ivl ] (p 1)5<P8>

(2.26)
- ipmgl/(p%)rZ(t) -(p-1)8 (%)P/(PU.
Lemma 2.1 implies that there is R > 0, such that
L e p/p-1)
1pm ro(t) > (p— 1)5<ﬁ> (2.27)
when 7(0) > R, then our assertion is verified. 0

LEMMA 2.3. Assume that (H1)—-(H5) hold, and

|f|P+pp gl e = A2 (A>1) (2.28)
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then
(u(T,&,n),v(T,&, 1)) # A/PENHP~VEy), (2.29)

where A is an arbitrary positive number.

Proof. It follows from Lemma 2.1 that if
-1
S ity - 42, (2.30)

then

%|u(t,f,r1)|P+P;1 |v(t,£,17)|P/(P_1) >c* forte|0,T]. (2.31)

According to the generalized polar coordinates (2.14), we have
r(t)>c forte[0,T]ifr(0)=A. (2.32)
On the other hand, when 7(0) — oo, it holds uniformly from (H1)-(H3) that

(p—2)/2 2-p)/2(p-1)
|ul [v]

0= 2/p—1r?

[ug(u) +uf (0,67 ()¢ (v)

+(p— 1) (v) —ue(t,u, ¢ () |

(p=2)/2|4,|(2=p)/2(p—1)
Iul vl

2./p—1r?

[ — )+ (p— 1)y "0 -
~1/(p-1 _ _ ~1/(p-1 _
p— (p )|u|p Ly (e 1)_)/2m1 (p )|u||v|l/(p 1)

(,81+[32) (1-k)/(p— 1)|u||v|k D/(p-1) —yllul]

(2.33)
as
aym; 7D ]y V2D
1/(p-1)
~1/(p-1 - m> -
) (G)
p/(p—1)? (2.34)
sz—l/(pfl) l|V|P/(P*1)+p—_1a12’/(P*U m |ul?
p p i

_ _mgl/(P )] ||/ (P~ 1)_1_171)1 P/(P 1) l—p/(p—l)zmzl/(p—l)z|u|p.
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sin’ 0}

(2.35)

So
(P—2)/2 (2_P)/2(P_1) ’ . _ _
’ u v N / 7
e : ’ [(Aml_“l_“””'p’Lp,(P—l)mzl(p D)y |p/(p-1)
2Jp=Tr g
— yam; "7V |y VD
1-k)/(p—1 B -
_(ﬁ1+ﬁ2)m§ )/ (p )|u||v|(k D/(p 1)_)}1'”'}
sin0|>~P/P| cos | (P~2/p N L
:P' | | 1/p | (/177'11_0(1—0()(:0526_'_}7—,”121/(1) "
2(p-1) p
-1/(p-1) 2
Y21y p )
C2(p— 1)Yer2e-20p | cosO||sin0|4-PV/p
(B )y e 0|(2k-p)/p
— 2(p - DFer2e—kVp | cos@]]sin6|
1/p
yip oy
~2(p—1)Ver2e-rp [cosO||sin6| =~ PVP
= a1<b1 cos? 0 + sin’ 9) | Sin9|(27p)/1’|c059|(P*2)/p
-1/(p-1) 2p
yamy p U
- Z(P— 1)2/Pr2(P—2)/p |cos@||sin@|'*~PVP
(B +52)m(117k)/(P71)Pk/P - 01 (2k—p)/p
— 2(p— DFer2p=kVp | cos@]]sin6|
1/p
yip oy
~2(p—1)Ver2e-rp | cosO]|sin 0|\ *PVP,
where

o p; L/ 0 P Ve ),
_ p(p'—1) b L O — a1 - )
B 2p'(p — 1)1/pm5/(}7_1)’ 1= p—1 mp— o —a)m

’

1/(p-1)
ay ) .

Denote b = min{b,1}, then we have
-0 > a (b1 cos® 0 + sin’ 0) |sin @2~V | cosf|P—2/p
yarmy 07V pe
2b(p — 1)¥Pr2p-2/p

(b1 cos? 0 + sin® 9) | cos@]|sin§|4—p/p

(2.36)



10  Periodic solutions for Liénard equations

1-k)/(p—1
(ﬁl +/32) m(1 e )Pk/P
2b(p — 1)KPr2p=k/p

<b1 cos? 0 + sin’ 9) |sin @] 2=PVP| cos@|P—2/p

1/p
. np <b1c0s29+sin2 9)IsinGI(Z*P)/PIcos@l“’*zw
Zb(p _ 1)1/pr2(P—1)/P

=a (b1 cos® 0 + sin’ 9) | sin @] 2~PVP| cosf|P—2/p

(2.37)
where
Gi-a Yzm’”(”’”p”f’ CBurpm e pp
2b(p - 1)¥er2p-2/ 2b(p — DNer2p=Rip  2b(p — 1)Vpr2e=1/p’
(2.38)

Assume that it takes time At for the motion (r(t),0(¢))(r(0) = A, 0(0) = 6y) to com-
plete one cycle around the origin. It follows from the above inequality that

Op+2m 46
At < J
b  a; <b1 cos? 0 + sin’ 6) |sin@|2-P/P| cosB|(P=2)/p

(2.39)
_i /2 4o
ar Jo (b1c0320+sin29>|sinGI(Z‘P)/PIcosHI(P‘Z)/P
Let
n=tan"! \/% tan®, (2.40)
1
then
e A Jn/Z dn 2 B(l p—l)_ 27 (2.41)
ab? Jo Itang|C=pVe G plP T\ p7 p ab)Fsin(n/p)’ '
from (H4), we have
7 (Pfl)/P ~ 1/P
mb)"si ”=1(p _1> (A—m‘_“l_“) S 2T (2.42)
p mp\ P ma T

So there exists 0 > 0 such that (a; — a)b}/p sin(r/p) > 2nm/T. For the o > 0, there exists
R’ > 0 such that

-1/(p-1) (1=k)/(p-1)
ymy Tt (Bt pa)my P yp"?
Zb(P — l)z/prZ(p—Z)/p 2h( — 1)Mpyr2(p=k)/p 2b(p — 1)Ver2p=1/p

0<

(2.43)
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for A > R’ large enough. So we have

—1/(p—l) 2/}7 (1- k)/(p 1) k/p
p . Y2ty p (/51+/3 )my P
ab, 51n—= a; — —= -
! ( zb(p _ 1)2/pr2(p—2)/p zb(p _ 1)k/pr2(p—k)/p
1/p 2
- —= Yp >bi/‘v sinE > (a; — o)bi/p sinE > ﬂ.
2b(p — 1)Ver2p=1ip p p T
(2.44)
Therefore
T
— > 2.45
A" (2.45)
as
~1/(p-1 _ _ ~1/(p-1 _ _
azm; VPl 00 = o VO (13 0D ) (gl )
1(p— 1
<m; " l)[p| |P/ (P~ 1)+pp o7 Iulp} (2.46)

1 —1p-1) _ =1 pp-1) —1/(p-1)
= i B .

Similarly, we have

0<-0 =

(p=2)/2 |4, (2=p)/2(p—1)
. 2%# [ w+uf(u,¢ ') 1M +(p—1vp!
—ue(t,u,(p‘l(v))]

(p-2)/2 2-p)/2(p-1)
|ul [v]
<

2\/p—1r?

[(uma+ ) ul? + (p — Dym; "0y

1/(p —1/(p—1) _
+apmy P [P VD oy OV gy D)

+ (B4 B2)my T ]y B0 D ) |

7

|u|(p 2)/2|y|2=p)/2(p=1) p+1

2\/p—1r?

[ (o + a1 +@) [ul? + E——=(p = 1ym; "V o=y

—1/(p-1) _
+yamy P |yl [y VD

+ (B o)y T ] ] B gy
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_ plsinB|?=P/P| cos|(P~2/p

> "1 Z1p-1)
[(,an+oc1 +0")60526+ Pp, m 1/(p 1)Sm29}

20p-1p
-1/(p-1) p
yam, p e
! 2(p — 1)¥pr2p=2/p | cos8|[sin6|
(1=k)/(p=1) _j/p
+p2)m
+ (B1+B2)m, p | cosB||sin@|k-FVp

2(p — 1)Wpr2p=kip

1/p
1 . ~
2(p— f)lz/)PrZ(pfl)/p | cos ]| sin ] >~#)'»

=a <b2 cos’ @ + sin’ 6) sin 0| 2=P/P| cos @) P~2/p

“V(p=1) oy
o b - p(4-p)
" 2(p — 1)¥pr2p=2/p | cos@||sin@|*~PVP
(1=k)/(p=1) _k/p
+B,)m | )
! (ﬂlz(fz—)l);‘/PrZ(p—k)/p | cos Q]| sin | 2k—pVp
yip"P o
i 2(p — 1)Ver2(p-1/p | cos@]|sin@|=P/P,
(2.47)
where
~ Pl prp-1 ~1/(p-1) - p(p +1)
od =" my 5 ay = ; ” et
! 2p'(p— 1)VPm,
(2.48)
: ~ 1/(p—1
by = pil(umﬁaﬁa Ym0,
with the similar argument, we also get
T
—<n+l. 2.49
I (2.49)
Then it holds that
T
<—<n+l 2.50
"Sar s (2.50)

To finish the proof, we claim that If n < T/At < n+ 1, then (u(T,&,n),v(T, 1)) #
(A¥YPE V2P=D/py), If there is A > 0 such that (u(T,&,1),v(T,&,1)) = AYPENXP=Vipy),
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then
(p-1)/p
(pVPr(T)Z/p | cosO(T)|“ P cosO(T), (%)
X r(T)XP=V/7 | sin(T) |~ sine(T))
(2.51)
@-p)/p 2(p-1)/ p @V
= [A¥PpVPr(0)¥? | cosB(0) | cos0(0),\2(? )P<ﬁ>
2p-D/p | (p=2)/p
x r(0) | sin6(0) | sm@(O)).
So

r(T)¥? | cosO(T) | @=p)p cosO(T) = A¥Pr(0)?? | cos0(0) | @=pVp cos0(0),  (2.52)

r(T)20=V/2 | sin@(T) | P~ *? sinO(T) = A20=D/2r(0)2=1/7 | sin0(0) | P> 5in 6(0).
(2.53)

From (2.52) we have
r(T)¥? | cosO(T) |2/psgnc059(T) = (/\1’(0))2/1’ | cos6(0)| 2/‘psgncosﬁ(o), (2.54)

s0, sgncosO(T) = sgncos6(0), therefore, r(T)*?|cosO(T)|*? = (Ar(0))¥?|cos0(0)|*?,
moreover,

r(T)cos6(T) = Ar(0) cos 6(0). (2.55)
Similarly from (2.53) one has
r(T)sinO(T) = Ar(0)sin 6(0). (2.56)
So, from (2.55) and (2.56), we have
r(T) =Ar(0),  (cosB(T),sinf(T)) = (cosB(0),sin6(0)). (2.57)
Therefore,
6(T)=6(0)+2kn  or  6(T)—6(0) = 2kn. (2.58)
However, from nAt < T < (n+1)At, we have
6(T) - 6(0) < B(nAt) — 6(0) = —2nr, (2.59)
6(T) — 6(0) > 6((n+1)At) — 6(0) = —2(n+ )7, (2.60)

since 8’ < 0. So there is no integer k such that 8(T) — 6(0) = 2k7.
Therefore, the conclusion follows. O
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THEOREM 2.4. Suppose (H1)—(H5) hold. Then (1.4) has at least one T-periodic solution
u(t).

Proof. By Lemma 2.3, we know that there exists A >0 (A > 1) such that if

%Ifl“%llrﬂf’/‘f’*” =A% (2.61)
then
(u(T, &), v(T, & 1)) # AYPEANXP=VPy)  for A >0. (2.62)
Assume that
§i=u(T.&n),  m=v(T.5n). (2.63)

Consider a two-dimensional open region D4 bounded by

Dy = {(f)ﬂ):;|f|p+p;1|ﬂ|mp1)=A2}, (2.64)

then we define a topological mapping
H:Dy—R% (&) — (&Lm). (2.65)
It follows from Lemma 2.3 that
(&) # (WPENXP=VPy),  (§,17) € 0D (2.66)
Now we define a homotopy h: D4 X [0,1] — R? by

h(&mop) = = (P62 n) + (1= P&, (1w P~ Vemy)

o0 1 p)¥p 0 (2.67)
= _ (”0 #2(1)1)/17> 1(&n)+ (( ([)J) a —.Li)2(p1)/p> H(,n),

for p € [0,1]. It is easy to see that h(&,7,0),h(&,1,1) # 0 for (&§,%) € 0D4. Then we show
that h(&,1,p) # 0 for (§,17) € dDa, where y € (0,1). If not, there is py € (0,1),(&,1) € 0D,y
such that h(&,1,uo) = 0, that is,

(&m) = ((ﬂ—y)ypf, (i—ﬂ)ﬂp_l)/ljn), (2.68)

which is impossible. So h(,1,u) # 0 for u € [0,1].
Then, deg{h(£,7,0),D4,0} = deg{h(&,1,1),D4,0}, that is,

deg{H,D4,0} = deg{—1I,D4,0} # 0. (2.69)

Therefore, H has at least one fixed point (£*,7*) € Dy. It is easy to see that u(t) =
u(t,&*,n*) is a T-periodic solution of (1.4). O
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If we let ¢(u) = @p(u) = |u|P~2u, p > 2, then we have the following special cases of
(1.4):

(@p(u)) + fluu' )t +g(u) = p(tyu,u’)  te[0,T], (2.70)

so we can easy get the following results.

THEOREM 2.5. Assume (H2) and (H3) hold and solutions of (2.70) are unique with respect
to initial value, moreover suppose that there exist A, y, and n such that

p-1 »
4 2 _
(p,p_1> ( 7;7”) +oc1+pp lazp/pfl

B O S W EIUR Vi W
cre £ cue () (252

(2.71)

1 _
OCZP/P 1)

then (2.70) has at least one T-periodic solution.

3. Example

In this section, we present an example to illustrate our main results. Consider the follow-
ing differential equation:

(p() + f(uyu ' +g(u) = e(t,u,u’), te[0,T], (3.1)
where

¢(x) = |x|(x +sinx), fx,y) =1y’ +a, a>0, g(x) =2¢(x),

2 (3.2)
e(t,x,y) = —glxlx— ly1**y +bcos2nt, b>0.
We claim that
2
Sxl? < [40) | <21xP (3.3)
In fact, if x # 0, we have
|w@|=uﬁl+?ﬁ'>uvﬁ—l)>5ﬂ% (3.4)
X 4 3

so (3.3) holds. Therefore, p = 3, m; = 2/3, my = 2. Also, we can get oy = 2/3, /1 =1,
Y1 :b,(xZ:O,ﬁZ: 1,)/2:a,k: 11/4.

Let n=0and T = 1, then conditions (H1)—(H4) are satisfied.

Now, we check that condition (H5) is satisfied.

Suppose that x; () and x,(¢) are two different solutions to (3.1) satisfying

x1(to) = x2(to) = xo, x1(to) = x;5(to) = X (3.5)
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Let y = ¢(x”), then (xi(t), yi(£)) = (xi(t), d(x(¢))) (i = 1,2) are two different solutions to
the system

x’ = (/571()/)) (3 6)
Yy =—gx) - f(x¢ ' (1) () +elt,x, ¢ (1), '
satisfying (xi(to), yi(to)) = (x0,d(x'(t9))) (i = 1,2).
Without loss of generality, we assume that there exists #; > fy such that
x () >x1(t), te (to,ti]. (3.7)

As x1(ty) = x2(ty) = x0, x1(to) = x5(to) = x, and x; € C?[ty, 1], so there exists t* € (to,t;)
such that

xX5() >x(t), te (to,t*]. (3.8)

Therefore, for t € (ty,t*], we have

t
720 =710 = = | {l86029) =g () ]+ [f (12955 66) = £ (419051 (5) ()]

— [e(s,x2(s),x5(s)) — e(s,x1 (s),xi(s))]}ds

= _J: {2[¢(x2(5)) —(x1(5))] +2[ | x(s) | x5 (s) —

X ()] "5 ()]

+a(x3(9) ~ x1(9) + 2 16(6) 15 (6) — [61(5) i (o) Jas <.
(3.9)

That is,
d(x3(1)) — ¢(x7 (1) <0, te (to,t*]. (3.10)

So, x5(t) < x1(¢),t € (t,t*], this is a contradiction.
Therefore, by Theorem 2.4, we can conclude that (3.1) has at least one 1-periodic so-
lution.
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