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Our aim is to extend some trigonometric inequalities to Bessel functions. Moreover, we
deduce the hyperbolic analogue of these trigonometric inequalities, and we extend these
inequalities to modified Bessel functions.
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1. Introduction and main results

In 1957, Ogilvy et al. [1] (or see [2, page 238]) asked the following question: for each
a, >0, there is a greatest a, and a least as such that for all x € [0,71/2], the inequality

sin x sin x
aH—————— <x<
1+a;cos x

(1.1)

as——————
1+a;cos x

holds. Determine a, and as as functions of aj.

In 1958, Oppenheim and Carver [3] (or see [2, page 238]) gave a partial solution to
Oppenheim’s problem by showing that, for all a; € (0,1/2] and x € [0,7/2], (1.1) holds
when a, = a; + 1 and a3 = 71/2. Recently, Zhu [4, Theorem 7] solved, completely, this
problem of Oppenheim, proving that (1.1) holds in the following cases:

(i) ifa; € (0,1/2), then a; = a; + 1 and a3 = 7/2;
(i) if a; € [1/2,7m/2 — 1), then a; = 4a,(1 — a}) and a3 = 71/2;
(iii) if a; € [7/2 — 1,2/7), then a; = 4a,(1 — a?) and a3 = a, + 1;
(iv) ifa; = 2/m, thena, = n/2 and as = a; + 1,
where a; and aj are the best constants in (i) and (iv), while a3 is also the best constant in
(ii) and (iii).

Recently, Baricz [5, Theorem 2.20] extended the Carver solution to Bessel functions

(see also [6] for further results). In this note, our aim is to extend the above-mentioned
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Zhu solution to Bessel functions too. For this, let us consider the function ¢ piR—(~o00,
1], defined by

Fp(x) 1= 2°T(p + Dx 2T, (0) = 5 VA o, (1.2)

nzo(p+1)nn!

where
_ (_l)n E 2n+p
]p(x).—gon!_r(pwﬂ)(z) V xeR (1.3)
is the Bessel function of the first kind [7], and
(p+1),=(p+D(p+2)---(p+n)=T(p+n+1)/T(p+1) (1.4)

is the well-known Pochhammer (or Appell) symbol defined in terms of Euler gamma
function. It is worth mentioning here that, in particular, we have

sin x

F12(x) =N/ 257210 (x) = o

(1.5)
F_1(x) :=N1/2-x"]_15(x) = cos x.

Now, the extension of Zhu solution reads as follows.

THEOREM 1.1. Let p = —1/2, |x| < nn/2 and ay,a,,a5 such that
(i) ifa; € (0,1/2), then a, = ay + 1 and as = n/2;
(i) ifay € [1/2,m/2 — 1), then a; = 4a,(1 — a?) and as = n/2;
(iii) ifa; € [n/2 — 1,2/n), then a; = 4a,(1 — a}) and a3 = a; + 1;
(iv) ifay = 2/m, then ay = /2 and a3 = a; + 1.
Then the following inequality holds true:

[a2p+ 1) +ax]Fpi1(x) < 14+2a1(p+ 1) Fp(x) < [a12p+1) +a3]Fpii(x),  (1.6)

where a, and as are the best constants in (i) and (iv), while as is also the best constant in (ii)
and (iii).

We note that, in particular, we have

sin X  COS X
F32(x) := 3Vm/2- 5 Jn(x) = 3( e ), (1.7)
thus, choosing p = 1/2 in Theorem 1.1, we obtain the following interesting result.
CoRroOLLARY 1.2. Ifay,ay,as are as in Theorem 1.1, then, for all |x| < n1/2,
3(2a; + ay) (sin x/x — cos x) < 3(2a;1 + a3) (sin x/x — cos x) (18)

1+ 3a; (sin x/x) 1+ 3a; (sin x/x)

The hyperbolic analogue of (1.1) is the following result.
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THEOREM 1.3. Let x = 0 and ay,a, such that
(1) ifa; = 1/2, then a, = a; + 1;
(ii) if a; € (0,1/2), then a; = 4a;, (1 — al).
Then the following inequality holds true:
sinhx

— <X, 1.9
a21+alcoshx x (1.9)

where a, is the best constant in (i). Moreover, when x < 0, the above inequality is reversed.

For p > —1, let us consider the function $, : R—[1, o), defined by

e .

Fp(x):=2PT(p+ D)xPL,(x) = > X, (1.10)

et (p+1),n!

where

1 x 2n+p
IP(X).Z gon'l"(p-f—n-{—l)(2> VxeR (111)

is the modified Bessel function of the first kind [7]. On the other hand, it is worth men-
tioning that, in particular, we have

sinhx

F172(x) :=A/7/2-x7 1211 5 (x) = P
I _12(x) :=+/m/2-x"*1_1/,(x) = coshx,

(1.12)

respectively.
The following inequality for a; = 1 was proved recently by Baricz [6, Theorem 4.9],
and provides the extension of Theorem 1.3 to modified Bessel functions.

THEOREM 1.4. Let p = —1/2, x € R, and ay,a, be as in Theorem 1.3. Then the following
inequality holds true:

[a12p+ 1) +a2]Fpi1(x) < 14+2a1(p+1)F 5 (x), (1.13)

where a, is the best constant in (1).

Finally, observe that, in particular, we have

inh h
Fya(x) = W2 x () = =3 S1E - O, (1.14)
thus, choosing p = 1/2 in Theorem 1.4, we obtain the following interesting result.
CoRrOLLARY 1.5. If ay,a, are as in Theorem 1.4, then, for all x € R,
3(2a1 + ay) (coshx — sinh x/x) < (L15)

1+ 3a; (sinhx/x)
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2. Proof of main results

Proof of Theorem 1.1. First, observe that each (1.6) is even, thus we can suppose that x €
[0,7/2]. On the other hand, when p = —1/2 from (1.5), it follows that (1.6) reduces to

wP1p(x) <1+a1$ 1p(x) < azs$ip(x), (2.1)
which is equivalent to (1.1), and was proved by Zhu [4, Theorem 7], as we mentioned
above. Recall the well-known Sonine integral formula [7, page 373] for Bessel functions:

Jgrp1(x) = [ Jo(x sin6) sin®*" 6 cos?*! 6 d6, (2.2)

2PF p+1

where p,g > —1 and x € R. From this, we obtain the following formula

Foeper () = J $,(x sin6) sin* 9 cos?* 9 o, (2.3)

B(p+1,9+1)
which will be useful in the sequel. Here, B(p,q) = I'(p)I'(q)/T(p + q) is the well-known
Euler beta function. Changing, in (2.3), p with p — 1/2, and taking g = —1/2 (q = 1/2,
resp.) one has, forall p > -1/2,x € R,

Pp(x) = J $_1/2(x sin0) cos*” 0 do,

B(p+ 1/2 1/2)
(2.4)

Fpa1(x) J F1/2(x sin @) sin® @ cos*? 0 d6.

" Blp+ 1/2 3/2)

Now, changing x with xsin 6 in (2.1), multiplying (2.1) with sin?6 cos??6 and integrating,
it follows that the expression (using (2.4))

/2 /2
Ap(x):= J sin® 6 cos??60 df + alj $_1/2(x sinB) (1 — cos® §) cos*” 6 dO

0

(2.5)
13 a 31
7B(p+z 2)+ B<P+ )‘%( )= ?13(1”55)‘%“(")
satisfies
13
B( )}pﬂ <Ap(x) < %B (P"’ 5»5)};#1(3‘)- (2.6)
After simplifications, we obtain that (1.6) holds. O

Proof of Theorem 1.3. Let us consider the functions f,g,Q: R—R defined by f(x):= (1 +
a; coshx)x, g(x) := sinhx and Q(x) := f(x)/g(x). Clearly, we have

f&x) _ fx) - f(0)
gx)  glx)—g(0)°

Qx) =

(2.7)
f'(x)  1+ajcoshx+ajxsinhx

9x) = g (x) - coshx
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Now, in what follows, we try to find the minimum values of Q using the monotone
form of I'Hospital’s rule discovered by Anderson et al. [8, Lemma 2.2]. Easy compu-
tations show that ¢’(x) = u(x)/cosh’x, where u: [0,00)—R is defined by u(x) = a1x +
a1 (sinhx)(coshx) — sinhx. Moreover, we have u'(x) = (coshx)(2a; coshx — 1). For con-
venience, let us consider coshx = ¢ and define the function v : [1,00)—R by v(t) := t(2a,
t—1).

There are two cases to consider.

Case 1 (a; = 1/2). Since t > 1 > 1/2ay, it follows that u’(x) = v(t) = 0 for all x > 0, and,
consequently, the function u is increasing. This implies that u(x) = u(0) = 0, that is,
the function ¢ is increasing on [0, ©). Using the monotone form of 'Hospital’s rule [8,
Lemma 2.2], we conclude that Q is increasing too on [0, o), that is, Q(x) = Q(0) = 1+ &
for all x > 0. Now, because Q is an even function, clearly, Q is decreasing on (—c0,0], that
is, Q(x) > Q(0) =1+a, forall x < 0.

Case 2 (a, € (0,1/2)). Because Q is even, it is enough again to consider its restriction to
[0, o). However, at this moment, the function Q is not fully monotone on [0, ®). Let «
be the minimum point of the function Q. We can obtain, by direct calculation,

(sinh’x)Q’ (x) = sinhx + a; (sinhx)(coshx) — x coshx — a; x. (2.8)

Since Q' («) = 0, we have sinha + a; (sinha)(cosha) — acosha — a;a = 0, that is,

o 1+ a;jcosha
= . 2.9
sinha  a; +cosha (2.9)
Using this relation, we deduce that
1+ h 1+ ha)’
Q) = (14 a;cosha)a _ (1+a; cosha) . (2.10)

sinh« a; +cosha

Finally, because the minimum of the function x — (1 + a1x)*/(ay +x) on [1,00) is 4a; (1 —
a?), we have Q(«) > 4a; (1 — a?), and with this, the proof is complete. ]

Proof of Theorem 1.4. In analogy to the proof of Theorem 1.1, we can prove Theorem 1.4
For this, let us recall that, recently, Andras and Baricz proved [9, Lemma 1] thatif x € R
and p >¢q > —1, then

_ 2 ! 2g+1 2\P—q-1
95 = i) Jqu(tx)t a1 (1 - 2y gy, (2.11)

Taking, in the above relation, ¢ = sin8, we obtain the hyperbolic analogue of (2.3), that
s,

2 2 . . 2g+1 2p—2q—
- = p—2q-1
$p(x) B(q+1,p—q)Jo $4(xsin@) sin™" 0 cos 0do. (2.12)
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In particular, taking, in the above relation, g = —1/2, changing p with p + 1 and taking
= 1/2, respectively, we get that, for all p > —1/2 and x € R,

9,(x) = J 9_1/2(x sin6) cos®? 6 d6,

B( +1/2 1/2)
b (2.13)

Fpi1(x) = J F1,2(x sinB) sin® 6 cos* 6 d6.

B(p+ 1/2 3/2)

Now, using Theorem 1.3, in view of relations (1.12), we deduce that the inequality
0, 912(x) < 1+a1.9_1/2(x) holds for all x real number. Thus changing, in this inequality,
x with xsin @ and multiplying both sides with sin® 6 cos?? , after integration, we obtain

%B(p%,%)ypﬂ(x)s (p+13)+ B(p ,%)ﬁp(x) —B<p+ )ﬁpé(ﬁ)

where we have used (2.13). Finally, simplifying this inequality, we obtain the required
inequality. O

Remark 2.1. New, researches, which are concerned with Oppenheim’s problem, are in
active progress, readers can refer to [4, 10-13].
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