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1. Introduction

If £(x), g(x) > 0,0 < [° f2(x)dx < o0, and 0 < [;° g*(x)dx < oo, then (see [1])

”:o %g;y)dx dy < Jf{ f:o fz(x)dx}l/z{ f: gz(x)dx}l/z, (1.1)
f 0 %d xdy < 4{ J‘:o fz(x)dx}l/z{ J:J gz(x)dx}l/z, (1.2)

where the constant factors s and 4 are the best possible in (1.1) and (1.2), respectively. In-
equality (1.1) is called Hilbert’s integral inequality and (1.2) is called Hilbert’s type which
have been extended by Hardy (see [2]) as follows: if p > 1, 1/p+1/g9 =1, f(x), g(x) > 0,
0< [y fP(x)dx < o0, and 0 < [;° g9(x)dx < oo, then

ff x+g](/y xdy < sm(ﬂT/p){_[ f(x)dx}l/p{f g(x dx}l/q, (1.3)

f : Lg(y)}dx dy < Pﬁl{ f fP(x)dx}l/p{ J:O gq(x)dx}l/q, (1.4)

max{x,y
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where the constant factors o/ sin(or/p) and pq are the best possible in (1.3) and (1.4), respec-
tively. Hardy-Hilbert’s inequality and its applications are important in analysis (see [3]). Re-
cently, Yang [4] gave some generalizations and the reverse form of (1.3) as follows: if p > 1,
1/p+1/q=1,r>1,1/r+1/s=1,1>0, f(x),g(x) 20,0 < [;7 2P/ fP(x)dx < o0, and
0 < [0 x11=Y/9)"1 el (x)dx < oo, then

J‘ 0 ® flx )g(y)dxdy< )Lsmi(fx/r){j P U-V/01 () dx}l/p{ J‘K xqu-us)—lgq(x)dx}l/q,

xt+yt
(1.5)
where the constant factor sr/ A sin(sr /) is the best possible.
The corresponding inequalities for series (1.3) and (1.4) are
) 1/p ¢ 1/q
ambn q
; ,,,Zzlm +n sm(]r/p) {Za"} {%bn} ’
) a.b 3 . 1/p  » q 1/q (16)
o d, e}
% S P12} {2

where the sequences {a,} and {b,} are such that 0 < 32 ah < o0, 0 < 3% a} < oo, and the
constant factor or/ sin(or /p) and pq are the best possible. By introducing a parameter 0 < A < 2,
some extensions of (1.6) (p = q = 2) were given by Yang [5, 6] as

w o T (& 1/2 , «» 1/2
DI Mo —{ an‘*ai} {an-*bﬁ} :
n=1m=1M A n=0 n=0 17
0 o amby, 1/2 - » 1/2 (1.7)
_mrn < 1-1 42 1-1p2
;%ma {m', nt} {Zn } {nz_on "}
Very recently, in [7] the following extensions were given:
®© f(x)g(x) {J400 ) }1/2{on 5 }1/2
Ijo Amin(x,y] +Bmax{x,y}dxdy <D(A,B) ; fo(x)dx . g°(x)dx ,
w b 0 1/2 ¢ o 1/2 (18)
n 2 2
nZZlAmm {m, n}+BmaX{m,n} <D(A'B){§a"} {gb"} !

where the constant factor D(A, B) (see [7, Lemma 2.1]) is the best possible in both inequalities.
For more information related to this subject see, for example, [8, 9].

In this paper by introducing some parameters, we generalize (1.8) and we obtain the
reverse form for each of them. Some particular results and the equivalent form are also consid-
ered.
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2. Main results

Lemma 2.1. Suppose that A > 0, A > 0, B > 0. Define the weight coefficients w) (A, B, x) and
wy(A,B,y) by

o) x/\/Zy—1+/\/2
A,B,x) = dy, 2.1
i %) fo Amin {x}, y*} + Bmax {x*, y*} Y @D
o X2y
A,B,y) = dx, 2.2
wi( y) Io Amin {x', y*} + Bmax {x}, y*} . 22)

then wy (A, B, x) = wy(A, B,y) = Cy(A, B) is a constant defined by

4 [A
arctan\/— for A>0, B>0,
M/ AB B f

Cy(A,B) = (2.3)
):iB for A=0,B>0.
Proof. Setting t = (y/x))‘, we get
o x)t/zyflm/z
A, B, = d 7
wi( %) ,[0 Amin {x}, y*} + Bmax {x}, y*} Y
(2.4)
t—l/z
_1 f . dt=1,
A )y Amin{l,t} + Bmax{1,t}
(i) for A, B > 0, we obtain
1 4-1/2 ® —1/2
- 1{ f T o }
AlJ)y At+B 1 A+ Bt
1 VA/B dt
1w h oo M 25
= 4 arctan A'
\WAB B’
(ii) for A =0, B> 0, we find
1 1 t—l/z © - 1/2 4

Hence, w, (A, B,x) = C,(A, B). By the symmetry we still have w, (A, B,y) = Cy(A, B).
The lemma is proved. O
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Lemma22. Forp>1(or0<p<1),1/p+1/9=1,1>0,A>0,B>0and0 < e <pl/2, setting

A/Z 1- s/pI/A/Z 1-¢/q
dxdy, 2.7
,[,[ Amin {x', y*} + Bmax {x*, y!} x4y 27)

then for ¢ — 0%,
é[C)L(A,B) + o(1)] -0(1)<J(e) < é[CA(A, B) + o(l)]. (2.8)

Proof. Setting t = (x/y)", we find

A /2-1- e/py/\/Z 1-¢/q
dxd
J(e) = J‘J Amin {x}, y*} + Bmax {x}, y}} xay

t1/2 E/)mp
J‘y f Amin{t, 1}+Bmax{t,1}dtdy

t—1/2 £/\p
)Lgf Amin{t, 1} + Bmax{t, 1}

1/2 —e/Ap
(2.9)
f f Amin{t +Bmax{t,1}dtdy

-1/2-¢/A
o e J‘y t~1/2-¢/1p
o A+

dtdy

1 1
= - [Cu(A,B) + o(1)] - XI —p ity

1

1 C 1(* y t*l/zfs/)lpd p
> - __ - -
T e R e

= % [CL(A,B) +0(1)] —O(1).

On the other hand,
© M2 1melpy /21 /g
= dxd
J(©) J‘L Amin {x}, y*} + Bmax {x}, y*} xay

A/2 1-¢/p
j [I dx y)L/Z—l—s/qdy (2.10)
Amin {x}, y*} + Bmax {x}, y*}
1
=~ [Ca(A,B) +o(D)].

Hence, (2.8) is valid. The lemma is proved. O
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Theorem 2.3. Ifp > 1,1/p+1/g=11>0,A >0, B >0, f(x), g(x) > 0 such that 0 <
Jo P DA£P (x)dx < 00, 0 < 7 x40/ 2 g (x)dx < oo, then

— (" fx)g(x)
%= .[fo Amin {x}, y*} + Bmax {xxly/\}dxdy
Ve (2.11)

® 1/p ©
<CA(A,B){J‘ xP=1/2-1 fr’(x)dx} {I xq<1-“2>-1gq(x)dx} ,
0 0

where the constant factor C) (A, B) defined in (2.3) is the best possible. In particular,
(i) for A = A=B=1,Ci(1,1) =, and inequality (2.11) reduces to Hardy-Hilbert's inequality

J' ® f(x)g(x)dxdy <Jr{ J':’ xp/Z—lfp(x)dx}l/P{ f: xq/z—lgq(x)dx}l/q; (2.12)

0o Xty

(ii) for A=0,A =B =1,C1(0,1) = 4and (2.11) reduces to Hardy-Hilbert's-type inequality

j * f(x)g(x) dx dy < 4{ f: xp/2—1fp(x)dx}l/p{ Jm xq/Z—lgq(x)dx}l/q, (2.13)

o max{x,y} 0

Proof. By the Holder inequality, taking into account (2.1), we get

. 1 Up x(1-4/2)/4
S =
”; [Amin{x*,y*} +Bmax{x*,y)‘}] ya=4/2/p

1 1/q y(l—)t/2)/P
x [Amin {x*, "} + Bmax {x*,y*}] [x(l‘)‘/z)/qg(y)] dxdy

1/p

*® x4/ (p=1) 4 1/2-1 ,
: d
B { ffo Amin {x}, y*} +Bmax{xl,yl}f (x) x}

- (1-1/2)(g-1) 5 A/2-1
x { ﬂ Y g%y)dy}

o Amin{x', y}} + Bmax {x}, y!}

(2.14)
1/q

1/q

© 1/p ©
= { .[0 w) (A, B,x)xpa’l/z)’lf’”(x)dx} { fo wy (A, B,y)yq(l’)‘/z)’lgq(y)dy}

o) 1/p o 1/q
< CA(AIB){ fo Y 2"U"’(x)dX} { L y Y 2ng(y)dy} :
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If (2.14) takes the form of equality, then there exist constants M and N which are not all
zero such that

(1-1/2)(g-1) ,A/2-1

x(1=4/2)(p=1) 4/ 1/2-1 y
M——- fP(x) = N—— 81(y),
Amin {x', y*} + Bmax {x}, y*} Amin {x}, y*} + Bmax {x}, y*} (2.15)
MaxP-42) £p(x) = Nyi1-4/2 gd(y), a.e. in (0,00) x (0,0)
Hence, there exists a constant ¢ such that

Mx”(l’l/z)fp(x) = Nyq(l’)‘/z)gq(y) =c¢ ae.in (0, 0). (2.16)

We claim that M = 0. In fact, if M #0, then
xPA=1/271 £ () = ﬁ a.e. in (0,00) (2.17)

which contradicts the fact that 0 < [;° x?(™/271 £P(x)dx < co. Hence, by (2.14) we get (2.11).
If the constant factor C) (A, B) is not the best possible, then there exists a positive constant
K (with K < Cy (A, B)) thus (2.11) is still valid if we replace Cy(A,B) by K. For 0 < e <plA/2,
setting f and § as f(x) = §(x) = 0 for x € (0,1), f(x) = x> 1¢/p; G(x) = xV/21¢/4 for
x € [1,00), then we have

) 1/p ( roo 1/q
K{ f xP(1-4/2)- f’”(x)dx} { j x"(l‘*/z)‘lgq(x)dx}
0 0

oS 1/p S 1/q
= K{ f x’l’gdx} { f x’l’gdx} = 5
0 0 €

By using (2.8), we find

(2.18)

I f F(x)3(x)dx dy I [ J‘ M2 p dx A/2-1-e/q 4
Amin {x}, y*} + Bmax {x*, y}} Amin {x}, y*} + Bmax {x}, y}} Y Y

> % [C.(A, B) +0(1)] = O(1).
(2.19)

Therefore, we get

%[CA(A, B) +0(1)] -0(1) < % (2.20)
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or

[C.(A, B) +0(1)] —£0(1) < K. (2.21)

—l =

For ¢ — 0%, it follows that C, (A, B) < K which contradicts the fact that K < C,(A, B).
Hence, the constant factor C, (A, B) in (2.11) is the best possible. The theorem is proved. O

Theorem 24. If0 < p <1, 1/p+1/g=11>0 A >0, B >0, f(x),g(x) > 0 such that
0 < [ xPUAD1 P (x)dx < 00,0 < 0 < [ x10-4/271 gd(x)dx < oo, then

In @) dxdy

o Amin {x', y}} + Bmax {x}, y!}

r » (2.22)
>C1(A,B){I x”(l’)‘/Z)’lf?’(x)dx} {f xq(l’)‘/z)’lgq(x)dx} ,

0 0

where the constant factor C) (A, B) defined in (2.3) is the best possible. In particular,
(i) for A = A=B=1,Ci(1,1) =, and inequality (2.22) reduces to Hardy-Hilbert's inequality
© © 1/p © 1/q
f de dy > JZ'{ f xP/271 f’”(x)dx} { f x1/271 gq(x)dx} , (2.23)
0o Xty 0 0
(ii) for A=0,A =B =1,C1(0,1) = 4 and (2.22) reduces to Hardy-Hilbert’s-type inequality
© f(x)g(x) { J<oo P }1/;7{ J‘oo P }1/q
—2—"dxdy >4 xP P(x)dx x1 1(x)dx . 2.24
(], s aray>a{ [ o g 229

Proof. By reverse Holder’s inequality, and the same way, we have (2.22). If the constant factor
Cy(A, B) in (2.22) is not the best possible, then there exists a positive constant H (with H >
Cy(A, B)) such that (2.22) is still valid if we replace Cy (A, B) by H. For 0 < € < p1/2, setting f
and g as in Theorem 2.3, then we have

1/q

o) 1/ ©
H{ f xp(l—)L/Z)—lfp(x)dx} P{ f xq(l—)t/Z)—lgq (x)dx}
0 0

) 1/p (o 1/q
= H{ f x’l’edx} { f x’l’gdx} = E
0 0 €

By using (2.8), we find

”m f(@)3(x)dx dy _ Iw [ j‘” x> e/rdx Vaielay
o Amin {x*,y}} + Bmax {x*, y}} A 1 Amin {x},y'} + Bmax {x*, v} Y y

< %[CA(A,B) +o(1)].

(2.25)

(2.26)
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Therefore, we get

l[CA(A,B) +o(1)] > i (2.27)
£ £
or
C\(A,B) +0(1) > H. (2.28)

For ¢ — 0%, it follows that C, (A, B) > H which contradicts the fact that H > C, (A, B). Hence,
the constant factor C, (A, B) in (2.22) is the best possible. The theorem is proved. O

Theorem 2.5. Under the assumption of Theorem 2.3,

o Ap/2-1 *® f(x) 4 Pd ClAB PJ—oo P11 o4
Io Y [fo Amin {x*,y'} + Bmax {x}, y}} x| dy < [Ci(A, B)] . x fP(x)dx,
(2.29)

where the constant factor [Cy (A, B)]? is the best possible. Inequalities (2.11) and (2.29) are equivalent.

Proof. Setting

_apaf (7 f(x) Pl
gy =y’ {fo Amin{xl,y)‘}+Bmax{x)‘,y)‘}dx} ! (230)

then by (2.11) we have

[e'e} [ee) [*9) p
90-1/2-1 54 1\ dyy = Ap/2-1 f f(x) d }d
.[0 Y 'y fo Y { o Amin {x', y*} + Bmax {x*, '} o e
[ AL o x|
0 o Amin {x', y*} + Bmax {x}, y!}

* {yf\P/Z—l{ J:n Amin {x}‘,yl{iX)B max {x*, '} dx}pl}dy

_ f I * f(x)g(y) dx dy

o Amin {x',y*} + Bmax {x', y}

o 1/p o 1/q
I i I U L
(2.31)

Hence, we obtain
f Y27 g1 (y)dy < [Cu(a, B)]”f V27 7 () dx. (2.32)
0 0

Thus, by (2.11), both (2.31) and (2.32) keep the form of strict inequalities, then we have (2.29).
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By Holder’s inequality, we find

- f)g(y)
J]o Amin {x',y'} + Bmax {x)tly)l}dxdy

= B /271 - f(x) 1/p-A/2
_fo {y PL Amin{x*,y)‘}+Bmax{x)~,yl}dx}{y P %g(y)}dy

“ *® py1/p ®© 1/q
< pA/Z—l{f f(x) J } } {f 4-1/21 a1 4 } '
_{J‘O Y 0 Amin{x",y)‘}+BmaX{x11y/\} X 0 y 8 (3/) y

(2.33)

Therefore, by (2.29) we have (2.11), and inequalities (2.29) and (2.11) are equivalent. If
the constant factor in (2.29) is not the best possible, then by (2.33) we can get a contradiction
that the constant factor in (2.11) is not the best possible. The theorem is proved. O

Theorem 2.6. Under the assumption of Theorem 2.4,

© Ap/2-1 *® f(x) 4 Pd CUAB PJ—oo P12 0 g
IO Y [,[o Amin {x}, y*} + Bmax {x}, y!} x| dy > [Cy(A, B)] . x fP(x)dx,
(2.34)

where the constant factor [Cy (A, B)]P is the best possible. Inequalities (2.22) and (2.34) are equivalent.

The proof of Theorem 2.6 is similar to that of Theorem 2.5, so we omit it.

3. Discrete analogous

Lemma 3.1. Suppose that 0 < A <2, A >0, B > 0. Then the weight coefficients w) (A, B, m) and
w) (A, B, n), defined, respectively, by

m)L/Zn—1+)L/2

ABim) = eN), .

i " ;Amin{mi,nl} + Bmax {m', n'} (m ) (3.1)
* A 2y 140/2

A B = eN), .

w\(A,B,n) %Amm{mh,ni}jugmax{mxlm} (neN) (32)
satisfy the following inequalities:

C/\(A/ B) []. - G)L(A,B,m)] < w‘)t(A/B,m) < C)L(A/B)/ (33)
CA(A/B) [1 - G)L(A,B,Tl)] < w‘)l(A,B/n) < C)L(A,B), (34)

where 0\ (A, B,r) := (1/C1(A, B)) jg"‘(t—l/Z/(At +B))dt = O(1/rV?) € (0,1) (r € N) (r — ),
and Cy (A, B) is defined by (2.3).
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Proof. Since0 <1 <2, A>0,B>0,by Lemma 2.1 we get

s} m)L/Z -1+1/2
J ’ ;
o Amin (mt,y") + Bmax {ml,y'] (35)

@)\ (A, B,m) <
=w)(A,B,m) =Cy(A, B).

On the other hand, we have

% /2y 14/
@\ (A, B,m) > f .
1 Amin {m*, y*} + Bmax {m*, y}

dy

1 (® t—1/2 P
=_ t
A Imx Amin{1,t} + Bmax{1,t}

(3.6)
-\
1 m t71/2
"I_Xfo At B
= I(l - 6.)L(IA/B/Tn))/
where I = (1/1) C1(A, B) and
1 mt 4172
0<6,(A,B,m) = (A B) fo T Bdt <1 (3.7)
Since
-1 -1
m t—1/2 m t—1/2 2
< —_— = —_— .
L At+Bdt_f0 B dt BmA\/2’ (38)

then 6, (A, B,m) = O(1/m"/?). Therefore, (3.3) is valid. By the symmetry, (3.4) is still valid. The
lemma is proved. O

Lemma3.2. Ifp>0(p#1),1/p+1/g=1,0<1<2,A>0,B>0,and 0 < e <pA/2, setting

mM 2 1-e/pyA/2-1-¢/q

Lo=3 3

, 3.9
“~ ~ Amin {m*,n'} + Bmax {m*,n'} (3.9)

then for e — 0,
[Ci(A,B) - o(1)] E_l = < L(e) < [Ca(A,B) +6(1)] E_l e (3.10)
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Proof. Setting t = (x/n)" in the following, by (3.4), we have

A/Z 1- e/pn)l/Z 1-¢/q
L(e) < dx
© ;I Amin {x},n}} + Bmax {x*,n'}

© t—1/2 e/\p
Zn“g [ j Amin{t, 1} + Bmax{t, 1}

n=

= [C:(A, B) +5(1)] Z = (e—0Y),

xAM2-1-e/pyA/2-1-¢/q

L(e) > Zf dx

Amin {x},n'} + Bmax {x*,n'}

e 1/2-¢/2p

) ;F [X J.,rx Amin{t, 1} + Bmax{t, 1} dt]
3.11

&1 ~ 1 (" ¢ 1/2-¢/4p ( )
- ;nw [C)L(A,B) +5(1) - 1 L bt dt]

< 1 -1/2- gmp

Ci(A,B 1
> 3 [Cu(4,B) +5(1)] - f
- ;nm [Ca(4.B) +5()] - 557525 /p)énm —
-1

= ;nug I:CA(A,B) +0o(1) - (\B/2—- SB/p);nM/z—e/p <;F> ]

© 1 .
= > [CiA B —o)] (e —0").

n=1

Thus, inequality (3.10) holds. The lemma is proved. 0

Theorem 3.3. Ifp > 1,1/p+1/g=1,0< A <2 A>0 B >0, a, b, > 0such that 0 <
>® nP0-21gh < 0,0 < 32 nd1-V2-1p] < oo, then

[o'e) [o'e] mbn
D:ZZ1 4

~ & Amin {m*, n'} + Bmax {m*,n'}
(3.12)

0 1/p o 1/q
<Cy(A,B) {Z nP(l—)L/Z)—laZ} {Z nq(l—A/Z)—lbz} )

n=1 n=1
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where the constant factor Cy (A, B) defined in (2.3) is the best possible. In particular,
(i) forA=A=B=1,Ci1(1,1) = o, and inequality (3.12) reduces to Hardy-Hilbert’s inequality

i i Amby <o inp/Z—laP e inq/Z—lbq 1/q. (3 13)
m+n n i n s .

n=1 m=1 n=1

(ii) for A=0,A =B =1,C(0,1) = 4 and (3.12) reduces to Hardy-Hilbert's-type inequality

— — am n 4 - p/2-1_P VP& q/271b‘1 Y 3.14
Proof. By the Holder inequality, taking into account (3.1), we get

© o 1 VP [ y(-\/2/q
p-3 3 b [
~ & | Amin {m*,n}} + Bmax {m*, n'} n(1=4/2)/p

1 1/q n(1=1/2)/p
x r
{Amin {m*',n'} + Bmax {m', n'} } m-4/2)/q n]

1 m1-4/2)(p-1) 1/p
af,,} (3.15)

<
- {Z ZArnin{m)‘,n)‘} +Bmax {m',n'} nl4/2

1-1/2)(g-1) 1/q
{22 1 =)
4 Amin {m!,n}} + Bmax {m!,n}} m!-}/2

oo 1/p ¢ o 1/q
= {ZwA(A, B,m)m’”(l_)‘/z)‘lafn} {ZWA(A, B, n)nq(l‘l/z)‘lbfl}

m=1 n=1

Then, by (3.3) and (3.4) we obtain (3.12).
It remains to show that the constant factor C, (A, B) is the best possible, to do that we set

forO<e<pA/2, Gy, = mt/ 1/, En = pt/21-¢/q by (3.9) we have

)

n=1 m=1

Amby

= L(¢). 3.16
Amin {m*,n*} + Bmax {m*, n'} (&) (3.16)

If there exists a constant 0 < K < Cy (A, B) such that (3.12) is still valid if we replace C,(A, B)
by K, then in particular by (3.10) we find

[C1(A,B) -0 1)]2— <L(e) < K{ S 12 1~p} /”{ inqa—m—l@z}l/q

n=1 n=1

(3.17)
< 1
= Kzlﬁ,

it follows that C) (A, B) — o(1) < K and then C, (A, B) < K (¢ — 0%). Therefor, K = C) (A, B) is
the best constant factor in (3.12). The theorem is proved. O
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Theorem 3.4. IfO <p <1, 1/p+1/q 1,0<A<2 A>0B>0,a, b, >0 such that
0< 3% nP-V2-150 < 0,0 < 3%, nd1-V2-1p] < oo, then

i i Amby,

&~ Amin {m*,n'} + Bmax {m*, n'}

(3.18)
o0 1/p 1/q

>Ci(A,B) { > [1-61(A,B,n)| w0 2)’111'2} {anﬂf*/z*lbz} ,
n=1 n=1

where the constant factor Cy (A, B) defined in (2.4) is the best possible. In particular,
(i)fOV)LZAZBZ 1, C1(1,1) = 7, and

) 1 1 p 1/p = P 1/q
_z p/2- q/2= .
E E " n { [1 arctan 1/2] n an} {nz_l n bn} ; (3.19)

n=1 m=

(ii)forA:O A=B=1,C(0,1) =4, and

& & 1 /2-1 P V(& /2-11.9 4
>4 1- p/e= q/=- . 2
szax {Zl[ W]n an} { Zln bn} (3.20)

n=1 m=1

Proof. By reverse Holder’s 1nequality, we get

0

p-3 3. "

Amin {m*,n'} + Bmax {m*, n'}

n=1 m=1
w o 1 1/p m(1—1/2)/q

= a
nZlmZ_l{Amm m, nt} +Bmax{m)‘,n)‘}} [n(lfl/z)/P m]

(3.21)

X

1 a1 n0-1/2)/p
{Amin{m/‘,n/‘} + Bmax {m', n'} } m-4/2)/q n]

© 1/p = 1/q
> { S, Bmymr 1 L S (4, B,y 1)

m=1 n=1
Then by (3.3) and (3.4), in view of g < 0, we have (3.18). For 0 < € < pA/2, setting a,, =
mV/21=¢/p b, = n}/271-¢/4 (1, n € N). If there exists a constant K > C, (A, B) such that (3.18) is
still valid if we replace C) (A, B) by K, then in particular by (3.9) and (3.10) we find

[CA(A,B)+6(1)]i L oL
n=1

n1+€

~ V4
nqa-x/z)-lbz}

Mis

) 1/p
{ [1 - 64(A, B, m)] n?0-V/2- H’} {
=1

n n=1
[ee] 1 0 1 1 1/p [e<) 1 1/11
:K{Enus_;[O(m/z)nue]} {;nng}
-1 1/p
| <1 = 1 1
= K; n1+e { - [}; n1+g] ; [O<n)l/2> nl+£] } 4

(3.22)
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it follows that

-1 oo 1/

~ 1 P
Cy(A,B) +0(1) >K{1— [Z M] [ <nl/2>ﬁ]} . (3.23)
Hence, if ¢ — 0%, we get Cy(A,B) > K. Thus, K = C,(A,B) is the best constant factor in
(3.18). O

Theorem 3.5. Under the assumption of Theorem 3.3,

o © P o
Ap/2-1 Am p (1-A/2)-1 P
;n P qul o (] +Bmax{m*,n*}] < [CA(A,B)] %mv @, (3.24)

where the constant factor [Cy (A, B)]P is the best possible. Inequalities (3.12) and (3.24) are equivalent.

Proof. Setting

0 p-1
by = n'P/21 { m } , 3.25
n=n mZ:lAmm m*,n*} + Bmax {m*,n'} (325)
we get
an (1-1/2)-1p _ Z Z by . (3.26)
&~ &4 Amin {m*,n'} + Bmax {m*,n'}

By (3.12) and using the same method of Theorem 2.5, we obtain (3.24). We may show that the
constant factor in (3.24) is the best possible and inequality (3.12) is equivalent to (3.24). OJ

Theorem 3.6. Under the assumption of Theorem 3.4,

[e'e] p -
Ap/2-1 am CLA B /1 .
Zn [ — Amin m)L n)t} +Bmax{mi,ni}] > [ (A, )] mZ:lm a, ( )

where the constant factor [C) (A, B)]? is the best possible. Inequalities (3.18) and (3.27) are equivalent.

References

[1] G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, Cambridge University Press, London, UK,
2nd edition, 1952.

[2] G. H. Hardy, “Note on a theorem of Hilbert concerning series of positive terms,” Proceedings of the
London Mathematical Society, vol. 23, no. 2, pp. 45-46, 1925.

[3] D. S. Mitrinovi¢, J. E. Pecari¢, and A. M. Fink, Inequalities Involving Functions and Their Integrals and
Derivatives, vol. 53 of Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, The
Netherlands, 1991.

[4] B. Yang, “On an extension of Hilbert’s integral inequality with some parameters,” The Australian Journal
of Mathematical Analysis and Applications, vol. 1, no. 1, article 11, pp. 1-8, 2004.

[5] B. Yang, “On the extended Hilbert’s integral inequality,” Journal of Inequalities in Pure and Applied Math-
ematics, vol. 5, no. 4, article 96, pp. 1-8, 2004.

[6] B.Yang, “Generalization of a Hilbert type inequality and its applications,” Chinese Journal of Engineering
Mathematics, vol. 21, no. 5, pp. 821-824, 2004.

[7] Y. Li, Z. Wang, and B. He, “Hilbert’s type linear operator and some extensions of Hilbert’s inequality,”
Journal of Inequalities and Applications, vol. 2007, Article ID 82138, 10 pages, 2007.

[8] B. Yang, “On a Hilbert-type operator with a symmetric homogeneous Kernel of 1-order and applica-
tions,” Journal of Inequalities and Applications, vol. 2007, Article ID 47812, 9 pages, 2007.

[9] G. Xi, “A reverse Hardy-Hilbert-type inequality,” Journal of Inequalities and Applications, vol. 2007, Arti-
cle ID 79758, 7 pages, 2007.



	Introduction
	Main results
	Discrete analogous
	References

