
Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 790730, 11 pages
doi:10.1155/2010/790730

Research Article
Some Applications of Srivastava-Attiya Operator to
p-Valent Starlike Functions

E. A. Elrifai, H. E. Darwish, and A. R. Ahmed

Faculty of Science, Mansoura University, Mansoura 35516, Egypt

Correspondence should be addressed to H. E. Darwish, darwish333@yahoo.com

Received 25 March 2010; Accepted 14 July 2010

Academic Editor: Ram N. Mohapatra

Copyright q 2010 E. A. Elrifai et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We introduce and study some new subclasses of p-valent starlike, convex, close-to-convex, and
quasi-convex functions defined by certain Srivastava-Attiya operator. Inclusion relations are
established, and integral operator of functions in these subclasses is discussed.

1. Introduction

Let A(p) denote the class of functions of the form

f(z) = zp +
∞∑

n=1

an+pz
n+p (

p ∈N = {1, 2, 3, . . .}), (1.1)

which are analytic and p-valent in the open unit discU = {z : z ∈ C and |z| < 1}. Also, let the
Hadamard product or (convolution) of two functions

fj(z) = zp +
∞∑

n=1

an+p,jz
n+p (

j = 1, 2
)

(1.2)

be given by (f1 ∗ f2)(z) = zp +
∑∞

n=1 an+p,1an+p,2z
n+p = (f2 ∗ f1)(z).

A function f(z) ∈ A(p) is said to be in the class S∗
p(α) of p-valent functions of order α

if it satisfies

Re
(
zf ′(z)
f(z)

)
> α

(
0 ≤ α < p, z ∈ U)

. (1.3)

we write S∗
p(0) = S

∗
p, the class of p-valent starlike inU.
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A function f ∈ A(p) is said to be in the class Cp(α) of p-valent convex functions of
order α if it satisfies

Re

(
1 +

zf
′′
(z)

f ′(z)

)
> α

(
0 ≤ α < p, z ∈ U)

. (1.4)

The class of p-valent convex functions inU is denoted by Cp = Cp(0).
It follows from (1.3) and (1.4) that

f(z) ∈ Cp(α) iff
zf ′(z)
p

∈ S∗
p(α)

(
0 ≤ α < p). (1.5)

The classes S∗
p and Cp were introduced by Goodman [1]. Furthermore, a function

f(z) ∈ A(p) is said to be p-valent close-to-convex of order β and type γ in U if there exists a
function g(z) ∈ S∗

p(γ) such that

Re
(
zf ′(z)
g(z)

)
> β

(
0 ≤ β, γ < p, z ∈ U)

. (1.6)

We denote this class by Kp(β, γ) The class Kp(β, γ) was studied by Aouf [2]. We note
that K1(β, γ) = K(β, γ) was studied by Libera [3].

A function f ∈ A(p) is called quasi-convex of order β type γ, if there exists a function
g(z) ∈ Cp(γ) such that

Re

{(
zf ′(z)

)′

g ′(z)

}
> β, z ∈ U, (1.7)

where 0 ≤ β, γ < p. We denote this class by K∗
p(β, γ). Clearly f(z) ∈ K∗

p(β, γ) ⇔ zf ′(z)/p ∈
Kp(β, γ).The generalized Srivastava-Attiya operator Js,bf(z) : A(p) → A(p) in [4] is
introduced by

Js,bf(z) = Gs,b(z) ∗ f(z)
(
z ∈ U : b ∈ C \ Z0 = {0,−1,−2,−3, . . .}, s ∈ C, p ∈N

)
(1.8)

where

Gs,b(z) = (1 + b)s
[
φ(z, s, b) − b−s],

φ(z, s, b) =
1
bs

+
zp

(1 + b)s
+

z1+p

(2 + b)s
+ · · · .

(1.9)

It is not difficult to see from (1.8) and (1.9) that

Js,bf(z) = zp +
∞∑

n=1

(
1 + b

n + 1 + b

)s

an+pz
n+p. (1.10)
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When p = 1, the operator Js,b is well-known Srivastava-Attiya operator [5].
Using the operator Js,b,we now introduce the following classes:

S∗
p,s,b

(
γ
)
=
{
f(z) ∈ A(

p
)
: Js,bf(z) ∈ S∗

p

(
γ
)}
,

Cp,s,b

(
γ
)
=
{
f(z) ∈ A(

p
)
: Js,bf(z) ∈ Cp

(
γ
)}
,

Kp,s,b

(
β, γ

)
=
{
f(z) ∈ A(

p
)
: Js,bf(z) ∈ Kp

(
β, γ

)}
,

K∗
p,s,b

(
β, γ

)
=
{
f(z) ∈ A(

p
)
: Js,bf(z) ∈ K∗

p

(
β, γ

)}
.

(1.11)

In this paper, we will establish inclusion relation for these classes and investigate Srivastava-
Attiya operator for these classes.

We note that

(1) for s = σ, b = p,we get Jung-Kim-Srivastava ([6, 7]);

(2) for s = 1, 1 + b = c + p,we get the generalized Libera integral operator. [8, 9];

(3) for s = −k being any negative integer, b = 0, and p = 1, the operator J−k,0 = Dkf(z)
was studied by Sălăgean [10].

2. Inclusion Relation

In order to prove our main results, we will require the following lemmas.

Lemma 2.1 (see [11]). Letw(z)be regular in U withw(0) = 0. If |w(z)| attains its maximum value
on the circle |z| = r at a given point z0 ∈ U, then z0w′(z0) = kw(z0), where k is a real number and
k ≥ 1.

Lemma 2.2 (see [12]). Let u = u1 + iu2, v = v1 + iv2, and let ψ(u, v) be a complex function,
ψ : D → C, D ⊂ C × C. Suppose that ψ satisfies the following conditions:

(i) ψ(u, v) is continuous in D,

(ii) (1, 0) ∈ D and Re{ψ(1, 0)} > 0,

(iii) Re{ψ(iu2, v1)} ≤ 0 for al(iu2, v1) ∈ D such that v1 ≤ −(1 + u22)/2.

Let h(z) = 1 + c1z + c1z2 + · · · be analytic in U, such that (h(z), zh′(z)) ∈ D for z ∈ U. If
Re{ψ(h(z), zh′(z))} > 0, (z ∈ U) then Reh(z) > 0 for z ∈ U.

Our first inclusion theorem is stated as follows.

Theorem 2.3. S∗
p,s.b(γ) ⊂ S∗

p,s+1,b(γ) for any complex number s.

Proof. Let f(z) ∈ S∗
p,s,b

(γ), and set

z
(
Js+1,bf(z)

)′

Js+1,bf(z)
− γ =

(
p − γ)h(z), (2.1)
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where h(z) = 1 + c1z + c2z2 + · · · . Using the identity

z
(
Js+1,bf(z)

)′ =
(
p − (1 + b)

)
Js+1,bf(z) + (1 + b)Js,bf(z), (2.2)

we have

Js,bf(z)
Js+1,bf(z)

=
1

1 + b

(
z
(
Js+1,bf(z)

)′

Js+1,bf(z)
− p + b + 1

)
,

Js,bf(z)
Js+1,bf(z)

=
1

b + 1
(
γ +

(
p − γ)h(z) − p + b + 1

)
.

(2.3)

Differentiating (2.3), logarithmically with respect to z, we obtain

z
(
Js,bf(z)

)′

Js,bf(z)
− γ =

(
p − γ)h(z) +

(
p − γ)zh′(z)

(
p − γ)h(z) + γ − p + b + 1

. (2.4)

Now, from the function ψ(u, v), by taking u = h(z), v = zh′(z) in (2.4) as

ψ(u, v) =
(
p − γ)u +

(
p − γ)v

(
p − γ)u + γ − p + b + 1

, (2.5)

it is easy to see that the function ψ(u, v) satisfies condition (i) and (ii) of Lemma 2.2, in D =
(C − {(γ − p + b + 1)/(γ − p)}) × C. To verify condition (iii), we calculate as follows:

Re
{
ψ(iu2, v1)

}
= Re

{ (
p − γ)v1(

p − γ)iu2 + γ − p + b + 1

}

= Re

{(
p − γ)v1

[(
γ − p + b + 1

) − i(p − γ)u2
]

(
p − γ)2u22 +

(
1 − p + b + γ)2

}

= Re

{(
p − γ)(γ − p + b + 1

)
v1 − i

(
p − γ)2v1u2

(
p − γ)2u22 +

(
1 − p + b + γ)2

}

=

(
p − γ)(γ − p + b + 1

)
v1

(
p − γ)2u22 +

(
1 − p + b + γ)2

≤ −
(
p − γ)(γ − p + b + 1

)(
1 + u22

)

2
[(
p − γ)2u22 +

(
1 − p + b + γ)2

] < 0,

(2.6)

where v1 ≤ −(1 + u22)/2 and (iu2, v1) ∈ D. Therefore, the function ψ(u, v) satisfies the
conditions of Lemma 2.2.

This shows that if Re(h(z), zh′(z)) > 0 (z ∈ U), then

Re(h(z)) > 0, (z ∈ U). (2.7)
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if f ∈ S∗
s(γ), then

S∗
p,s,b

(
γ
) ⊂ S∗

p,s+1,b

(
γ
)
. (2.8)

This completes the proof of Theorem 2.3.

Theorem 2.4. Cp,s,b(γ) ⊂ Cp,s+1,b(γ), for any complex number s.

Proof. Consider the following:

f(z) ∈ Cp,s,b

(
γ
) ⇐⇒ Js,bf(z) ∈ Cp

(
γ
) ⇐⇒ z

p

(
Js,bf(z)

)′ ∈ S∗
p

(
γ
)

⇐⇒ Js,b

(
zf ′(z)
p

)
∈ S∗

p

(
γ
) ⇐⇒ zf ′(z)

p
∈ S∗

p,s,b

(
γ
)

=⇒ zf ′(z)
p

∈ S∗
p,s+1,b

(
γ
) ⇐⇒ Js+1,b

(
zf ′(z)
p

)
∈ S∗

p

(
γ
)

⇐⇒ z

p

(
Js+1,bf(z)

)′ ∈ S∗
p

(
γ
) ⇐⇒ Js+1,bf(z) ∈ Cp

(
γ
)

⇐⇒ f(z) ∈ Cp,s+1,b
(
γ
)
,

(2.9)

which evidently proves Theorem 2.4.

Theorem 2.5. Kp,s,b(β, γ) ⊂ Kp,s+1,b(β, γ), for any complex number s.

Proof. Let f(z) ∈ Kp,s,b(β, γ). Then, there exists a function k(z) ∈ S�p(γ) such that

Re

{
z
(
Js,bf(z)

)′

g(z)

}
> β (z ∈ U). (2.10)

Taking the function k(z) which satisfies Js,bk(z) = g(z), we have k(z) ∈ S�p(γ) and
Re{z(Js,bf(z))′/Js,bk(z)} > β (z ∈ U).

Now, put z(Js+1,bf(z))
′/(Js+1,bk(z))− β = (p − β)h(z),where h(z) = 1+ c1z+ c2z2 + · · · .

Using the identity (2.2) we have

z
(
Js,bf(z)

)′

Js,bk(z)
=
Js,b

(
zf

′
(z)

)

Js,bk(z)

=
z
(
Js+1,b

(
zf ′)(z)

)′ − (
p − (1 + b)

)
Js+1,b

(
zf ′)(z)

z(Js+1,bk(z))
′ − (

p − (1 + b)
)
Js+1,bk(z)

=
z
(
Js+1,b

(
zf

′
)
(z)

)′
/Js+1,bk(z) −

(
p − (1 + b)

)
Js+1,b

(
zf

′
)
(z)/Js+1,bk(z)

z(Js+1,bk(z))
′/Js+1,bk(z) −

(
p − (1 + b)

) .

(2.11)
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Since k(z) ∈ S∗
p,s,b(γ) and S

∗
p,s,b(γ) ⊂ S∗

p,s+1,b(γ), we let z(Js+1,bk(z))
′/Js+1,bk(z) = (p− γ)H(z) +

γ , where ReH(z) > 0 (z ∈ U) thus (2.11) can be written as

z
(
Js,bf(z)

)′

Js,bk(z)
=
z
(
Js+1,b

(
zf ′)(z)

)′
/Js+1,bk(z) −

(
p − (1 + b)

)[
β +

(
p − β)h(z)]

(
p − γ)H(z) + γ − [

p − (1 + b)
] . (2.12)

Consider that

z
(
Js+1,bf(z)

)′ = Js+1,bk(z)
[
β +

(
p − β)h(z)]. (2.13)

Differentiating both sides of (2.13), and multiplying by z, we have

z
(
Js+1,b

(
zf ′)(z)

)′

Js+1,bk(z)
=
(
p − β)zh′(z) + (

β +
(
p − β)h(z)) · [(p − γ)H(z) + γ

]
. (2.14)

Using (2.14) and (2.12), we get

z
(
Js,bf(z)

)′

Js,bk(z)
− β =

(
p − β)h(z) +

(
p − β)zh′(z)

(
p − γ)H(z) + γ − (

p − (1 + b)
) . (2.15)

Taking u = h(z), v = zh′(z) in (2.15), we form the function ψ(u, v) as

ψ(u, v) =
(
p − β)u +

(
p − β)v

(
p − γ)H(z) + γ − [

p − (1 + b)
] . (2.16)

It is not difficult to see that ψ(u, v) satisfies the conditions (i) and (ii) of Lemma 2.2 in D =
C × C. To verify condition (iii), we proceed as follows:

Reψ(iu2, v1) =

(
p − β)v1

[(
p − γ)h1

(
x, y

)
+ γ − [

p − (1 + b)
]

[(
p − γ)h1

(
x, y

)
+ γ + (1 + b) − p]2 + [(

p − γ)h2
(
x, y

)]2 , (2.17)

where H(z) = h1(x, y) + ih2(x, y), h1(x, y) and h2(x, y) being the functions of x and y and
ReH(z) = h1(x, y) > 0.

By putting v1 ≤ −(1/2)(1 + u22), we have

Reψ(iu2, v1) ≤ −
(
p − β)(1 + u22

)[(
p − γ)h1

(
x, y

)
+ γ − [

p − (1 + b)
]

2
{[(

p − γ)h1
(
x, y

)
+ γ + (1 + b) − p]2 + [(

p − γ)h2
(
x, y

)]2} < 0. (2.18)

Hence, Reh(z) > 0 (z ∈ U) and f(z) ∈ Kp,s+1,b(β, γ). The proof of Theorem 2.5 is complete.

Theorem 2.6. K∗
p,s,b

(β, γ) ⊂ K∗
p,s+1,b(β, γ) for any complex number s.
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Proof. Consider the following:

f(z) ∈ K∗
p,s,b

(
β, γ

) ⇐⇒ Js,bf(z) ∈ K∗
p

(
β, γ

)

⇐⇒ z

p

(
Js,bf(z)

)′ ∈ Kp

(
β, γ

)

⇐⇒ Js,b

(
zf ′(z)
p

)
∈ Kp

(
β, γ

)
=⇒ zf ′(z)

p
∈ Kp,s,b

(
β, γ

)

=⇒ zf ′(z)
p

∈ Kp,s+1,b
(
β, γ

) ⇐⇒ Js+1,b

(
zf ′(z)
p

)
∈ Kp

(
β, γ

)

⇐⇒ z

p

(
Js+1,bf(z)

)′ ∈ Kp

(
β, γ

)

⇐⇒ Js+1,bf(z) ∈ K∗
p

(
β, γ

)
=⇒ f(z) ∈ K∗

p,s+1,b

(
β, γ

)
.

(2.19)

The proof of Theorem 2.6 is complete.

3. Integral Operator

For c > −1 and f(z) ∈ A(p), we recall here the generalized Bernardi-Libera-Livingston
integral operator Lcf(z) as follows

Lcf(z) =
c + p
zc

z

0
tc−1f(t)dt

= zp +
∞∑

n=1

(
c + p

c + p + n

)
an+pz

n+p.

(3.1)

The operator Lc(f(z)) when c ∈ N = {1, 2, 3, . . .} was studied by Bernardi [13], for
c = 1, L1(f(z))was investigated earlier by Libera [14]. Now, we have

Js,b
(
Lcf(z)

)
= zp

∞∑

n=1

(
1 + b

1 + b + n

)s( c + p
c + p + n

)
an+pz

n+p, (3.2)

so we get the identity

z
(
Js,b

(
Lcf(z)

))′ =
(
c + p

)
Js,bf(z) − c

(
Lcf(z)

)
. (3.3)

The following theorems deal with the generalized Bernard-Libera-Livingston integral
operator Lc(f(z)) defined by (3.1).

Theorem 3.1. Let c > −γ, 0 ≤ γ < p. If f(z) ∈ S∗
p,s,b

(γ), then Lcf(z) ∈ S∗
p,s,b

(γ).



8 Journal of Inequalities and Applications

Proof. From (3.3), we have

z
(
Js,b

(
Lcf(z)

))′

Js,bLcf(z)
=

(
c + p

)
Js,bf(z)

Js,b
(
Lcf(z)

) − c = 1 +
(
1 − 2γ

)
ω(z)

1 −ω(z) , (3.4)

where w(z) is analytic inU, w(0) = 0. Using (3.3) and (3.4)we get

Js,bf(z)
Js,bLcf(z)

=

(
c + p

)
+w(z)

(
1 − c − 2γ

)
ω(z)

(
c + p

)
(1 −ω(z)) . (3.5)

Differentiating (3.5), we obtain

z
(
Js,bf(z)

)′

Js,bf(z)
=

1 +
(
1 − 2γ

)
w(z)

1 −w(z)
− zw′(z)
1 −w(z)

+

(
1 − c − 2γ

)
zw′(z)

p + c +
(
1 − c − 2γ

)
w(z)

. (3.6)

Now we assume that |w(z)| < 1 (z ∈ U). Otherwise, there exists a point z0 ∈ U such that
max |w(z)| = |w(z0)| = 1. Then by Lemma 2.1, we have z0w′(z0) = kw(z0), k ≥ 1. Putting
z = z0 and w(z0) = eiθ in (3.6), we have

Re

{
z0
(
Js,bf(z0)

)′

Js,bf(z0)
− γ

}
= Re

{
2
(
1 − γ)keiθ

(
1 − eiθ)(p + c + (

1 − c − 2γ
)
eiθ

)
}

=
−2k(1 − γ)(c + γ)

(1 + c)2 + 2(1 + c)
(
1 − c − 2γ

)
cos θ +

(
1 − c − 2γ

)2 ≤ 0,

(3.7)

which contradicts the hypothesis that f(z) ∈ S∗
p,s,b(γ).

Hence, |w(z)| < 1, for z ∈ U, and it follows (3.4) that Lcf ∈ S∗
p,s,b(γ).

The proof of Theorem 3.1 is complete·

Theorem 3.2. Let c > −γ, 0 ≤ γ < p. If f ∈ Cp,s,b(γ), then Lcf(z) ∈ Cp,s,b(γ).

Proof. Consider the following:

f(z) ∈ Cp,s,b

(
γ
) ⇐⇒ zf ′(z)

p
∈ S∗

p,s,b

(
γ
)

=⇒ Lc

(
zf ′(z)
p

)
∈ S∗

p,s,b

(
γ
) ⇐⇒ z

p

(
Lcf(z)

)′ ∈ S∗
p,s,b

(
γ
)

⇐⇒ Lcf(z) ∈ Cp,s,b

(
γ
)
.

(3.8)

This completes the proof of Theorem 3.2.

Theorem 3.3. Let c > −γ, 0 ≤ γ < p.If f(z) ∈ Kp,s,b(β, γ) then Lc(f(z)) ∈ Kp,s,b(β, γ).
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Proof. Let f(z) ∈ Kp,s,b(β, γ). Then, by definition, there exists a function g(z) ∈ S∗
p,s,b(γ) such

that

Re

{
z
(
Js,bf(z)

)′

Js,bg(z)

}
> β (z ∈ U). (3.9)

Then,

z
(
Js,bLcf(z)

)′

Js,bLcg(z)
− β =

(
p − β)h(z) (3.10)

where h(z) = c1z + c2z2 + · · · . From (3.3) and (3.10), we have

z
(
Js,bf(z)

)′

Js,bg(z)
=
Js,b

(
zf ′(z)

)

Js,bg(z)
=
z
(
Js,bLc

(
zf ′(z)

))′ + cJs,bLc
(
zf ′)(z)

z
(
Js,bLc

(
g(z)

))′ + cJs,bLcg(z)

=
z
(
Js,bLczf

′(z)
)′
/Js,bLc

(
g(z)

)
+ cJs,bLc

(
zf ′(z)

)
/Js,bLc

(
g(z)

)

z
(
Js,bLcg(z)

)′
/Js,bLc

(
g(z)

)
+ c

.

(3.11)

Since g(z) ∈ S∗
p,s,b

(γ), then from Theorem 3.1, we have Lc(g) ∈ S∗
p,s,b

(γ).
Let

z
(
Js,bLc

(
g(z)

))′

Js,bLc
(
g(z)

) =
(
p − γ)H(z) + γ, (3.12)

where ReH(z) > 0(z ∈ U). Using (3.11), we have

z
(
Js,bf(z)

)′

Js,bg(z)
=
z
(
Js,bLc

(
zf ′(z)

))′
/Js,bLc

(
g
)
+ c

((
p − β)h(z) + β)

(
p − γ)H(z) + γ + c

. (3.13)

Also, (3.10) can be written as

z
(
Js,bLc

(
f(z)

))′ = Js,bLc
(
g(z)

)((
p − β)h(z) + β). (3.14)

Differentiating both sides, we have

z
{
z
(
Js,bLcf(z)

)′}′
= z

(
Js,bLcg(z)

)′((
p − β)h(z) + β) + (

p − β)zh′(z)Js,bLcg(z), (3.15)

or

z
{
z
(
Js,bLcf(z)

)′}′

Js,bLc
(
g(z)

) =
z
(
Js,bLc

(
zf ′(z)

))′

Js,bLc
(
g(z)

)

=
(
p − β)zh′(z) + ((

p − β)h(z) + β)((1 − γ)H(z) + γ
)
.

(3.16)
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Now, from (3.13) we have

z
(
Js,bf(z)

)′

Js,bg(z)
− β =

(
p − β)h(z) +

(
p − β)zh′(z)

(
p − γ)H(z) + γ + c

. (3.17)

We form the function ψ(u, v) by taking u = h(z), v = zh′(z) in (3.17) as follows

ψ(u, v) =
(
p − β)u +

(
p − β)v

(
p − γ)H(z) + γ + c

. (3.18)

It is clear that the function ψ(u, v) defined in D = C × C by (3.18) satisfies conditions
(i) and (ii) of Lemma 2.2. To verify the condition(iii), we proceed as follows:

Reψ(iu2, v1) =

(
p − β)v1

[(
p − γ)h1

(
x, y

)
+ γ + c

]

[(
p − γ)h1

(
x, y

)
+ γ + c

]2 +
[(
p − γ)h2

(
x, y

)]2 , (3.19)

where H(z) = h1(x, y) + ih2(x, y), h1(x, y) and h2(x, y) being the functions of x and y and
ReH(z) = h1(x, y) > 0.

By putting v1 ≤ −(1/2)(1 + u22), we have

Reψ(iu2, v1) ≤ −
(
p − β)(1 + u22

)[(
p − γ)h1

(
x, y

)
+ γ + c

]

2
{[(

p − γ)h1
(
x, y

)
+ γ + c

]2 +
[(
p − γ)h2

(
x, y

)]2} < 0. (3.20)

Hence, Reh(z) > 0(z ∈ U) and Lcf(z) ∈ Kp,s,b(β, γ). Thus, we have Lcf(z) ∈
Kp,s,b(β, γ). The proof of Theorem 3.3 is complete.

Theorem 3.4. Let c > −γ, 0 ≤ γ < p. If f(z) ∈ K∗
p,s,b

(β, γ), then Lcf(z) ∈ K∗
p,s,b

(β, γ).

Proof. Consider the following:

f(z) ∈ K∗
p,s,b

(
β, γ

) ⇐⇒ zf ′(z) ∈ Kp,s,,b

(
β, γ

)

=⇒ Lc
(
zf ′(z)

) ∈ Kp,s,b

(
β, γ

)

⇐⇒ z
(
Lcf(z)

)′ ∈ Kp,s,b

(
β, γ

)

⇐⇒ Lcf(z) ∈ K∗
p,s,b

(
β, γ

)
,

(3.21)

and the proof of Theorem 3.4 is complete.
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Sūrikaisekikenkyūsho Kōkyūroku, no. 821, pp. 128–137, 1993.
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