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We solve the inhomogeneous differential equation of the form y′′+2xy′ −2ny =
∑∞

m=0 amx
m, where

n is a nonnegative integer, and apply this result to the proof of a local Hyers-Ulam stability of the
differential equation y′′ + 2xy′ − 2ny = 0 in a special class of analytic functions.

1. Introduction

Assume that X and Y are a topological vector space and a normed space, respectively, and
that I is an open subset ofX. If for any function f : I → Y satisfying the differential inequality

∥
∥
∥an(x)y(n)(x) + an−1(x)y(n−1)(x) + · · · + a1(x)y′(x) + a0(x)y(x) + h(x)

∥
∥
∥ ≤ ε (1.1)

for all x ∈ I and for some ε ≥ 0, there exists a solution f0 : I → Y of the differential equation

an(x)y(n)(x) + an−1(x)y(n−1)(x) + · · · + a1(x)y′(x) + a0(x)y(x) + h(x) = 0 (1.2)

such that ‖f(x) − f0(x)‖ ≤ K(ε) for any x ∈ I, where K(ε) is an expression of ε only, then we
say that the above differential equation satisfies the Hyers-Ulam stability (or the local Hyers-
Ulam stability if the domain I is not the whole space X). We may apply this terminology for
other differential equations. For more detailed definition of the Hyers-Ulam stability, refer to
[1–6].

Obloza seems to be the first author who has investigated the Hyers-Ulam stability of
linear differential equations (see [7, 8]). Here, we will introduce a result of Alsina and Ger
(see [9]): If a differentiable function f : I → R is a solution of the differential inequality
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|y′(x) − y(x)| ≤ ε, where I is an open subinterval of R, then there exists a solution f0 : I → R

of the differential equation y′(x) = y(x) such that |f(x) − f0(x)| ≤ 3ε for any x ∈ I.
This result of Alsina and Ger has been generalized by Takahasi et al.: They proved

in [10] that the Hyers-Ulam stability holds true for the Banach space-valued differential
equation y′(x) = λy(x) (see also [11]).

Using the conventional power series method, the author in [12] investigated the
general solution of the inhomogeneous Legendre differential equation of the form

(
1 − x2

)
y′′(x) − 2xy′(x) + p

(
p + 1

)
y(x) =

∞∑

m=0

amx
m (1.3)

under some specific conditions, where p is a real number and the convergence radius of the
power series is positive. Moreover, he applied this result to prove that every analytic function
can be approximated in a neighborhood of 0 by the Legendre function with an error bound
expressed by C(x2/(1 − x2)) (see [13–15]).

Let us consider the error function and the complementary error function defined by

erfx =
2√
π

∫x

0
e−t

2
dt, erfcx =

2√
π

∫∞

x

e−t
2
dt = 1 − erfx, (1.4)

respectively. We recursively define the integrals of the error function as follows:

i−1erfcx =
2√
π
e−x

2
, i0erfcx = erfcx, imerfcx =

∫∞

x

im−1erfc tdt (1.5)

for any m ∈ N0. Suppose that we are given a nonnegative integer n, and we introduce a
differential equation

y′′(x) + 2xy′(x) − 2ny(x) = 0, (1.6)

whose general solution is given by

y(x) = Ainerfcx + Binerfc (−x) (1.7)

(see [16, §7.2.2]).
In Section 2 of this paper, using power series method, we will investigate the general

solution of the inhomogeneous differential equation:

y′′(x) + 2xy′(x) − 2ny(x) =
∞∑

m=0

amx
m, (1.8)

where the radius of convergence of the power series
∑∞

m=0 amx
m is ρ > 0, whose value is in

general permitted to have infinity. Moreover, using the idea from [12–14], we will prove the
Hyers-Ulam stability of the differential equation (1.6) in a class of special analytic functions
(see the class CK in Section 3).

In this paper, N0 denotes the set of all nonnegative integers.
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2. General Solution of (1.8)

In the following theorem, we solve the inhomogeneous differential equation (1.8).

Theorem 2.1. Assume that n is a nonnegative integer, the radius of convergence of the power series
∑∞

m=0 amx
m is ρ > 0, and that there exists a real number μ ≥ 0 with

|a2m| ≤ μ2m(2m + 2)(2m + 1)|α2m+2| (if n is odd),

|a2m+1| ≤ μ2m(2m + 3)(2m + 2)
∣
∣β2m+3

∣
∣ (if n is even)

(2.1)

for all sufficiently large integersm, where

α2m =
2m−1

(2m)!

m−2∑

k=0

(2k)!
2k

a2k

m−1∏

i=k+1

(n − 2i),

β2m+1 =
2m−1

(2m + 1)!

m−2∑

k=0

(2k + 1)!
2k

a2k+1

m−1∏

i=k+1

[n − (2i + 1)]

(2.2)

for anym ∈ {2, 3, . . .}. Let us define ρ0 = min{ρ, 1/μ} and 1/0 = ∞. Every solution y : (−ρ0, ρ0) →
C of the inhomogeneous differential equation (1.8) can be represented by

y(x) = yh(x) +
∞∑

m=2

am−2
m(m − 1)

xm +
∞∑

m=2

α2mx
2m +

∞∑

m=2

β2m+1x
2m+1, (2.3)

where yh(x) is a solution of the homogeneous differential equation (1.6).

Proof. Assume that a function y : (−ρ0, ρ0) → C is given by (2.3). We first prove that the
function yp(x), defined by y(x) − yh(x), satisfies the inhomogeneous differential equation
(1.8). Since

y′
p(x) =

∞∑

m=2

am−2
m − 1

xm−1 +
∞∑

m=2

2mα2mx
2m−1 +

∞∑

m=2
(2m + 1)β2m+1x

2m,

y′′
p(x) =

∞∑

m=0

amx
m +

∞∑

m=1

(2m + 2)(2m + 1)α2m+2x
2m

+
∞∑

m=1

(2m + 3)(2m + 2)β2m+3x
2m+1,

(2.4)
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we have

y′′
p(x) + 2xy′

p(x) − 2nyp(x) =
∞∑

m=0

amx
m +

∞∑

m=1

(2m + 2)(2m + 1)α2m+2x
2m

+
∞∑

m=1

(2m + 3)(2m + 2)β2m+3x
2m+1 +

∞∑

m=2

2am−2
m − 1

xm

+
∞∑

m=2

4mα2mx
2m +

∞∑

m=2

2(2m + 1)β2m+1x
2m+1

−
∞∑

m=2

2nam−2
m(m − 1)

xm −
∞∑

m=2

2nα2mx
2m −

∞∑

m=2

2nβ2m+1x
2m+1

=
∞∑

m=0

amx
m + 12α4x

2 +
∞∑

m=2
(2m + 2)(2m + 1)α2m+2x

2m

+ 20β5x3 +
∞∑

m=2
(2m + 3)(2m + 2)β2m+3x

2m+1

+
∞∑

m=2

2(m − n)
m(m − 1)

am−2xm −
∞∑

m=2

2(n − 2m)α2mx
2m

−
∞∑

m=2

2[n − (2m + 1)]β2m+1x
2m+1

(2.5)

for all x ∈ (−ρ0, ρ0).
It is not difficult to see that

(2m + 2)(2m + 1)α2m+2 = 2(n − 2m)α2m +
n − 2m

m(2m − 1)
a2m−2,

(2m + 3)(2m + 2)β2m+3 = 2[n − (2m + 1)]β2m+1 +
n − (2m + 1)
(2m + 1)m

a2m−1

(2.6)

for any m ∈ N. Hence, we obtain

y′′
p(x) + 2xy′

p(x) − 2nyp(x) =
∞∑

m=0

amx
m + 12α4x

2 +
∞∑

m=2

n − 2m
m(2m − 1)

a2m−2x2m + 20β5x3

+
∞∑

m=2

n − (2m + 1)
m(2m + 1)

a2m−1x2m+1 +
∞∑

m=2

2(m − n)
m(m − 1)

am−2xm

=
∞∑

m=0

amx
m,

(2.7)

which proves that yp(x) is a particular solution of the inhomogeneous equation (1.8).
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We now apply the ratio test to the power series expression of yp(x). If n is an odd
integer not less than 0, then βn+2 = βn+4 = βn+6 = · · · = 0. Hence, the power series
∑∞

m=2 β2m+1x
2m+1 is a polynomial. And it follows from the first conditions of (2.1) and (2.6)

that

lim
m→∞

∣
∣
∣
∣
α2m+2

α2m

∣
∣
∣
∣ = lim

m→∞

∣
∣
∣
∣

n − 2m
(m + 1)(2m + 1)

+
n − 2m

m(2m + 2)(2m + 1)(2m − 1)
a2m−2
α2m

∣
∣
∣
∣

= lim
m→∞

|n − 2m|
m(2m + 2)(2m + 1)(2m − 1)

∣
∣
∣
∣
a2m−2
α2m

∣
∣
∣
∣

≤ lim
m→∞

|n − 2m|
m(2m + 2)(2m + 1)(2m − 1)

μ2(m − 1)2m(2m − 1)

= μ2.

(2.8)

If n ≥ 0 is an even integer, then we have αn+2 = αn+4 = αn+6 = · · · = 0. Thus, for each
even integer n ≥ 0, the power series

∑∞
m=2 α2mx

2m is a polynomial. By the second conditions
in (2.1) and (2.6), we get

lim
m→∞

∣
∣
∣
∣
β2m+3

β2m+1

∣
∣
∣
∣ = lim

m→∞

∣
∣
∣
∣

n − (2m + 1)
(2m + 3)(m + 1)

+
n − (2m + 1)

(2m + 3)(2m + 2)(2m + 1)m
a2m−1
β2m+1

∣
∣
∣
∣

= lim
m→∞

|n − (2m + 1)|
(2m + 3)(2m + 2)(2m + 1)m

∣
∣
∣
∣
a2m−1
β2m+1

∣
∣
∣
∣

≤ lim
m→∞

|n − (2m + 1)|
(2m + 3)(2m + 2)(2m + 1)m

μ2(m − 1)(2m + 1)2m

= μ2.

(2.9)

Therefore, the power series expression of yp(x) converges for all x ∈ (−ρ0, ρ0).
Moreover, the convergence region of the power series for yp(x) is the same as those

of power series for y′
p(x) and y′′

p(x). In this paper, the convergence region will denote the
maximum open set where the relevant power series converges. Hence, the power series
expression for y′′

p(x) + 2xy′
p(x) − 2nyp(x) has the same convergence region as that of yp(x).

This implies that yp(x) is well defined on (−ρ0, ρ0) and so does for y(x) in (2.3) because yh(x)
converges for all x ∈ R under our hypotheses.

Since every solution to (1.8) can be expressed as a sum of a solution yh(x) of the
homogeneous equation and a particular solution yp(x) of the inhomogeneous equation, every
solution of (1.8) is certainly in the form of (2.3).

Remark 2.2. We might have thought that the conditions presented in (2.1) were too strong.
However, we can show that some familiar sequences {am} satisfy the conditions in (2.1). For
example, let n = 0 and a0 = a1 = 1, a2m = a2m+1 = 1/(m − 1)! for all m ∈ N and choose an
arbitrary μ > 0. Then, by some manipulations, we can show that the coefficients sequence
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{am} satisfies the second condition of (2.1) for all sufficiently large integersm as we see in the
following:

μ2m(2m + 3)(2m + 2)
∣
∣β2m+3

∣
∣ =

μ2

(m − 1)!

∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)kk
∣
∣
∣
∣
∣

≥ 1
(m − 1)!

= |a2m+1|.

(2.10)

3. Hyers-Ulam Stability of (1.6)

In this section, let n be a nonnegative integer and let ρ be a constant with 0 < ρ ≤ ∞. For a
given K ≥ 0, let us denote by CK the set of all functions y : (−ρ, ρ) → C with the properties
(a) and (b):

(a) y(x) is represented by a power series
∑∞

m=0 bmx
m whose radius of convergence is at

least ρ;

(b) it holds true that
∑∞

m=0 |amx
m| ≤ K|∑∞

m=0 amx
m| for all x ∈ (−ρ, ρ), where am =

(m + 2)(m + 1)bm+2 + 2(m − n)bm for each m ∈ N0.

It should be remarked that the power series
∑∞

m=0 amx
m in (b) has the same radius of

convergence as that of
∑∞

m=0 bmx
m given in (a).

In the following theorem, we prove that if an analytic function satisfies some given
conditions, then it can be approximated by a combination of integrals of the error function
(see the last part of Section 1 or [16, §7.2.2]).

Theorem 3.1. Let n be a nonnegative integer. For given constants K and ρ with K ≥ 0 and 0 <
ρ ≤ ∞, suppose that y : (−ρ, ρ) → C is a function which belongs to CK. Assume that there exist
constants μ, ν ≥ 0 satisfying

ν2|α2m+2| ≤ |a2m| ≤ μ2m(2m + 2)(2m + 1)|α2m+2|, (3.1)

ν2
∣
∣β2m+3

∣
∣ ≤ |a2m+1| ≤ μ2m(2m + 3)(2m + 2)

∣
∣β2m+3

∣
∣ (3.2)

for allm ∈ N. (See the definitions of α2m and β2m+1 given in Theorem 2.1. Indeed, it is sufficient for the
second inequalities in (3.1) and (3.2) to hold true for all sufficiently large integers m.) Let us define
ρ0 = min{ρ, 1/μ}, where 1/0 = ∞. If the function y satisfies the differential inequality

∣
∣y′′(x) + 2xy′(x) − 2ny(x)

∣
∣ ≤ ε (3.3)
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for all x ∈ (−ρ0, ρ0) and for some ε ≥ 0, then there exists a solution yh : R → C of the differential
equation (1.6) such that

∣
∣y(x) − yh(x)

∣
∣ ≤

(
1
2
+

1
ν2

)

Kεx2 (3.4)

for any x ∈ (−ρ0, ρ0).

Proof. Since y ∈ CK, it follows from (a) and (b) that

y′′(x) + 2xy′(x) − 2ny(x) =
∞∑

m=0
[(m + 2)(m + 1)bm+2 + 2(m − n)bm]xm

=
∞∑

m=0

amx
m

(3.5)

for all x ∈ (−ρ, ρ). It follows from the last equality and (3.3) that

∣
∣
∣
∣
∣

∞∑

m=0

amx
m

∣
∣
∣
∣
∣
≤ ε (3.6)

for any x ∈ (−ρ0, ρ0). This inequality, together with (b), yields that

∞∑

m=0
|amx

m| ≤ K

∣
∣
∣
∣
∣

∞∑

m=0

amx
m

∣
∣
∣
∣
∣
≤ Kε (3.7)

for each x ∈ (−ρ0, ρ0).
By Abel’s formula (see [17, Theorem 6.30]), we have

p∑

m=0
|amx

m| 1
(m + 2)(m + 1)

=
p∑

m=0
|amx

m| 1
(
p + 2

)(
p + 1

)

−
p−1∑

m=0

(
m∑

i=0

∣
∣
∣aix

i
∣
∣
∣

)[
1

(m + 3)(m + 2)
− 1
(m + 2)(m + 1)

]

=
1

(
p + 2

)(
p + 1

)

p∑

m=0
|amx

m|

+
p−1∑

m=0

(
m∑

i=0

∣
∣
∣aix

i
∣
∣
∣

)
2

(m + 1)(m + 2)(m + 3)

≤
∞∑

m=0

Kε
2

(m + 1)(m + 2)(m + 3)

=
K

2
ε

(3.8)
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for any x ∈ (−ρ0, ρ0) and p ∈ N, since

∞∑

m=0

2
(m + 1)(m + 2)(m + 3)

=
∞∑

m=0

{(
1

m + 1
− 1
m + 2

)

+
(

1
m + 3

− 1
m + 2

)}

=
1
2
. (3.9)

Hence, it follows from (3.7) and (3.8) that

∞∑

m=2

∣
∣
∣
∣

am−2
m(m − 1)

xm

∣
∣
∣
∣ = x2

∞∑

m=0
|amx

m| 1
(m + 2)(m + 1)

≤ K

2
εx2 (3.10)

for each x ∈ (−ρ0, ρ0).
Finally, it follows from Theorem 2.1, (3.1), (3.2), (3.7), and (3.10) that there exists a

solution function yh : R → C of the homogeneous differential equation (1.6) such that

∣
∣y(x) − yh(x)

∣
∣ ≤

∞∑

m=2

∣
∣
∣
∣

am−2
m(m − 1)

xm

∣
∣
∣
∣ +

∞∑

m=2
|α2m|

∣
∣
∣x2m

∣
∣
∣ +

∞∑

m=2

∣
∣β2m+1

∣
∣
∣
∣
∣x2m+1

∣
∣
∣

≤ K

2
εx2 +

1
ν2

∞∑

m=2
|a2m−2|

∣
∣
∣x2m

∣
∣
∣ +

1
ν2

∞∑

m=2
|a2m−1|

∣
∣
∣x2m+1

∣
∣
∣

≤
(
1
2
+

1
ν2

)

Kεx2

(3.11)

for all x ∈ (−ρ0, ρ0).

If ρ is finite, then the local Hyers-Ulam stability of the differential equation (1.6)
immediately follows from Theorem 3.1.

Corollary 3.2. Let n be a nonnegative integer. For given constants K and ρ with K ≥ 0 and 0 <
ρ < ∞, suppose that y : (−ρ, ρ) → C is a function which belongs to CK. Assume that there exist
constants μ, ν ≥ 0 satisfying the conditions in (3.1) and (3.2) for all m ∈ N. (It is sufficient for the
second inequalities in (3.1) and (3.2) to hold true for all sufficiently large integers m.) Let us define
ρ0 = min{ρ, 1/μ} and 1/0 = ∞. If the function y satisfies the differential inequality (3.3) for all
x ∈ (−ρ0, ρ0) and for some ε ≥ 0, then there exists a solution yh : R → C of the differential equation
(1.6) such that

∣
∣y(x) − yh(x)

∣
∣ ≤

(
1
2
+

1
ν2

)

Kρ2ε (3.12)

for any x ∈ (−ρ0, ρ0).

We now deal with an asymptotic behavior of functions in CK under the additional
conditions (3.1) and (3.2).

Corollary 3.3. Let n be a nonnegative integer. For given constants K, ρ, and ρ1 with K ≥ 0 and
0 < ρ1 < ρ ≤ ∞, suppose that y : (−ρ, ρ) → C is a function belonging to CK. Assume that there exist
constants μ ≥ 0 and ν > 0 satisfying the conditions in (3.1) and (3.2) for any m ∈ N. (It is sufficient
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for the second inequalities in (3.1) and (3.2) to hold true for all sufficiently large integers m.) Then
there exists a solution yh : R → C of the differential equation (1.6) such that

∣
∣y(x) − yh(x)

∣
∣ = O

(
x2
)

(3.13)

as x → 0.

Proof. Since y ∈ CK, it follows from the first 4 lines of the proof of Theorem 3.1 that

y′′(x) + 2xy′(x) − 2ny(x) =
∞∑

m=0

amx
m (3.14)

for all x ∈ (−ρ, ρ). As was remarked in the first part of Section 3, the radius of convergence
of the power series

∑∞
m=0 amx

m is same as that of
∑∞

m=0 bmx
m(= y(x)), that is, it is at least ρ.

Since 0 < ρ1 < ρ, if we set ρ0 = min{ρ1, 1/μ}, then there exists a constant δ > 0 such that

∣
∣y′′(x) + 2xy′(x) − 2ny(x)

∣
∣ =

∣
∣
∣
∣
∣

∞∑

m=0

amx
m

∣
∣
∣
∣
∣
≤ δ (3.15)

for any x ∈ (−ρ0, ρ0).
According to Theorem 3.1, there exists a solution yh : R → C of the differential

equation (1.6) satisfying

∣
∣y(x) − yh(x)

∣
∣ ≤

(
1
2
+

1
ν2

)

Kδx2 (3.16)

for any x ∈ (−ρ0, ρ0). Hence, we have

∣
∣y(x) − yh(x)

∣
∣ = O

(
x2
)

(3.17)

as x → 0.

4. An Example

The conditions in (3.1) and (3.2) may seem too strong to construct some examples for the
coefficients am’s. In this section, however, we will show that the sequence {am} given in
Remark 2.2 satisfies these conditions: let n = 0 and a0 = a1 = 1, a2m = a2m+1 = 1/(m − 1)!
for allm ∈ N and choose some constants μ > 0 and ν =

√
2. The second inequality in (3.2) has

been verified in Remark 2.2.
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The first inequality in (3.2) is also true for all m ∈ N as we see in the following:

ν2
∣
∣β2m+3

∣
∣ = 2

∣
∣
∣
∣
∣

(−1)m
(2m + 3)(2m + 2)

1
m!

m−1∑

k=0

(−1)kk!a2k+1

∣
∣
∣
∣
∣

≤ 2
(2m + 3)(2m + 2)m

|a2m+1|
∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)kk
∣
∣
∣
∣
∣

≤ 2
(2m + 3)(2m + 2)m

|a2m+1|
[
m + 1
2

]

≤ m + 1
(2m + 3)(2m + 2)m

|a2m+1|

≤ |a2m+1|,

(4.1)

where [x] denotes the largest integer not exceeding x.
It is not difficult to show that

1
4k

≤ (2k + 2)!
4k+1(k + 1)!k!

− (2k)!
4kk!(k − 1)!

≤ 2k − 1
4k

, (4.2)

1
2
≤ (2k)!

4kk!(k − 1)!
≤ k − 1

2
(4.3)

for all k ∈ N.
By using (4.2), we will now prove that

∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

∣
∣
∣
∣
∣
−→ ∞ (4.4)

asm → ∞: ifm = 2
 for some 
 ∈ N, then

1 +
m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

=
1
2
+


−1∑

i=1

[
1
42i

(4i)!
(2i)!(2i − 1)!

− 1
42i+1

(4i + 2)!
(2i + 1)!(2i)!

]

≤ 1
2
+


−1∑

i=1

(

− 1
8i

)

−→ −∞ as m −→ ∞.

(4.5)
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Ifm = 2
 + 1 for some 
 ∈ N, then

1 +
m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

= 1 +

∑

i=1

[
1
42i

(4i)!
(2i)!(2i − 1)!

− 1
42i−1

(4i − 2)!
(2i − 1)!(2i − 2)!

]

≥ 1 +

∑

i=1

1
8i − 4

−→ ∞ as m −→ ∞.

(4.6)

It then follows from (4.3) and (4.4) that

μ2m(2m + 2)(2m + 1)|α2m+2| = μ2 4mm!
2(2m − 1)!

∣
∣
∣
∣
∣

m−1∑

k=0

(−1)k
4k

(2k)!
k!

a2k

∣
∣
∣
∣
∣

= μ2m
4mm!(m − 1)!

(2m)!
|a2m|

∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

∣
∣
∣
∣
∣

≥ μ2m
1
m
|a2m|

∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

∣
∣
∣
∣
∣

≥ |a2m|

(4.7)

for all sufficiently large integers m, which proves that the sequence {am} satisfies the second
inequality in (3.1).

Finally, we will show that the sequence {am} satisfies the first inequality in (3.1). It
follows from (4.3) that

ν2|α2m+2| = 2
4mm!

(2m + 2)!

∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

∣
∣
∣
∣
∣

= 2
4mm!(m − 1)!
(2m + 2)!

|a2m|
∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

∣
∣
∣
∣
∣

=
2

(2m + 2)(2m + 1)
4mm!(m − 1)!

(2m)!
|a2m|

∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

∣
∣
∣
∣
∣

≤ 4
(2m + 2)(2m + 1)

|a2m|
∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(−1)k
4k

(2k)!
k!(k − 1)!

∣
∣
∣
∣
∣

≤ 4
(2m + 2)(2m + 1)

|a2m|
∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(2k)!
4kk!(k − 1)!

∣
∣
∣
∣
∣
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≤ 4
(2m + 2)(2m + 1)

|a2m|
∣
∣
∣
∣
∣
1 +

m−1∑

k=1

(

k − 1
2

)∣
∣
∣
∣
∣

=
2m2 − 4m + 6

(2m + 2)(2m + 1)
|a2m|

< |a2m|
(4.8)

for each m ∈ N.
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