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Local regularity and local boundedness results for very weak solutions of obstacle problems

of the «#-harmonic equation dive#(x, Vu(x)) = 0 are obtained by using the theory of Hodge
decomposition, where |4 (x, ¢)| = |¢[F~L.

1. Introduction and Statement of Results

Let Q be a bounded regular domain in R"”, n > 2. By a regular domain we understand
any domain of finite measure for which the estimates for the Hodge decomposition in (1.5)
and (1.6) are satisfied; see [1]. A Lipschitz domain, for example, is a regular domain. We
consider the second-order divergence type elliptic equation (also called «#-harmonic equation
or Leray-Lions equation):

div4(x, Vu(x)) =0, (1.1)

where #(x,¢) : QxR" — R" is a Carathéodory function satisfying the following conditions:

(a) (A(x,8),&) > algl?,
(b) |4 (x, &) < P,
(c) H#(x,0) =0,
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where p >1and 0 < a < < co. The prototype of (1.1) is the p-harmonic equation:

div(|vu|r’*2vu) = 0. (1.2)

Suppose that ¢ is an arbitrary function in Q with values in RU {+oo}, and 6 € W17 (Q) with
max{1l,p-1} <r <p.Let

K7 (@) = {"0 EWY(Q):v>gae, andv-0¢ W(}"(Q)}. (1.3)

The function ¢ is an obstacle and 6 determines the boundary values.
Forany u,v € JC; 0(Q), we introduce the Hodge decomposition for [V (v — u)|" "V (v -

u) € L7/ P)(Q), see [1]:

[V(o—u)|"PV(v-u) =V, +hypu, (1.4)

where ¢y, € Wg’r/(ﬂ”l) (Q) and h,, € LD (Q,R") are a divergence-free vector field,
and the following estimates hold:

Vol gpery < IV @ =), (1.5)

r—p+1
o ullyj—piry < €1(p = DIV (@ = w)ll; 7, (1.6)

where ¢; = ¢1(n, p) is some constant depending only on n and p.

Definition 1.1 (see [2]). A very weak solution to the JC; g-obstacle problem is a function u €
JCZ;,G(Q) such that

[ (00,19 - w790 =) > [ (a0, el (17)
Q Q
whenever v € JC;,G(Q).

Remark 1.2. If r = p in Definition 1.1, then h,, = 0 by the uniqueness of the Hodge
decomposition (1.4), and (1.7) becomes

f (A(x,Vu), V(v —u))dx > 0. (1.8)
Q

This is the classical definition for JCZLG—obstacle problem; see [3] for some details of solutions

of JCZ,G—obstacle problem.
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This paper deals with local regularity and local boundedness for very weak solutions
of obstacle problems. Local regularity and local boundedness properties are important
among the regularity theories of nonlinear elliptic systems; see the recent monograph [4]
by Bensoussan and Frehse. Meyers and Elcrat [5] first considered the higher integrability for
weak solutions of (1.1) in 1975; see also [6]. Iwaniec and Sbordone [1] obtained the regularity
result for very weak solutions of the «#/-harmonic (1.1) by using the celebrated Gehring’s
Lemma. The local and global higher integrability of the derivatives in obstacle problem was
first considered by Li and Martio [7] in 1994 by using the so-called reverse Holder inequality.
Gao et al. [2] gave the definition for very weak solutions of obstacle problem of «#-harmonic
(1.1) and obtained the local and global higher integrability results. The local regularity results
for minima of functionals and solutions of elliptic equations have been obtained in [8]. For
some new results related to «#-harmonic equation, we refer the reader to [9-11]. Gao and
Tian [12] gave the local regularity result for weak solutions of obstacle problem with the
obstacle function ¢ > 0. Li and Gao [13] generalized the result of [12] by obtaining the local
integrability result for very weak solutions of obstacle problem. The main result of [13] is the
following proposition.

Proposition 1.3. There exists r; with max{1,p -1} < r; < p, such that any very weak solution u to
the J(;/e—obstacle problem belongs to LIS;C(Q), s*=1/(1/s —1/n), provided that 0 < ¢ € Wll.f(Q),
r<s<mn,and r; <r <min{p,n}.

Notice that in the above proposition we have restricted ourselves to the case r < n,
because when r > n, every function in WIZZ(Q) is trivially in L{ (Q) for every t > 1 by the
classical Sobolev imbedding theorem.

In the first part of this paper, we continue to consider the local regularity theory
for very weak solutions of obstacle problem by showing that the condition ¢ > 0 in
Proposition 1.3 is not necessary.

Theorem 1.4. There exists r1 with max{1,p — 1} < r; < p, such that any very weak solution
u to the X;G—obsmcle problem belongs to L (Q), provided that ¢ € Wll’s(Q), r <s < m, and

loc oc
ry <r <min{p,n}.

As a corollary of the above theorem, if r = p, that is, if we consider weak solutions of
JCZIG—obstacle problem, then we have the following local regularity result.

Corollary 1.5. Suppose that ¢ € W*(Q), 1 < p < s < n. Then a solution u to the JCZ,G—obstacle

loc

problem belongs to LS (Q).

loc

We omit the proof of this corollary. This corollary shows that the condition ¢ > 0 in the
main result of [12] is not necessary.

The second part of this paper considers local boundedness for very weak solutions
of J(;le—obstacle problem. The local boundedness for solutions of obstacle problems plays
a central role in many aspects. Based on the local boundedness, we can further study the
regularity of the solutions. For the local boundedness results of weak solutions of nonlinear
elliptic equations, we refer the reader to [4]. In this paper we consider very weak solutions
and show that if the obstacle function is ¢ € Wﬁf(Q), then a very weak solution u to the
K;,g—obstacle problem is locally bounded.
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Theorem 1.6. There exists r1 with max{1,p — 1} < ry < p, such that for any r with r; < r <
min{p,n} and any ¢ € Wllo’f’(Q), a very weak solution u to the X;le—obstacle problem is locally
bounded.

Remark 1.7. As far as we are aware, Theorem 1.6 is the first result concerning local
boundedness for very weak solutions of obstacle problems.

In the remaining part of this section, we give some symbols and preliminary lemmas
used in the proof of the main results. If xy € Q and t > 0, then B; denotes the ball of radius
t centered at xo. For a function u(x) and k > 0, let Ay = {x € Q : [u(x)| > k}, A, = {x € Q:
u(x) > k}, Akt = Ax N By, Ai,t = A} N B;. Moreover if s < n, s* is always the real number
satisfying 1/s* = 1/s — 1/n. Let Tx(u) be the usual truncation of u at level k > 0, that is,

Tk (u) = max{—k, min{k, u}}. (1.9)

Let tx (1) = min{u, k}.
We recall two lammas which will be used in the proof of Theorem 1.4.

Lemma 1.8 (see [8]). Let u € W' (Q), @o € L] (Q), where 1 < r < n and q satisfies

loc loc

l<qg<=. (1.10)

Assume that the following integral estimate holds:
J‘ [Vu|"dx < Co[ podx + (t—T)_“J‘ |u|rdx], (1.11)
Akt At Aot

for every k € N and Ry < T <t < Ry, where ¢ is a real positive constant that depends only on
N, q,7,Ro, Ry, || and a is a real positive constant. Then u € LI(Z:) (Q).

Lemma 1.9 (see [14]). Let f(7) be a nonnegative bounded function defined for 0 < Ry <t < Ry.
Suppose that for Ry < T <t < Ry one has

f(T) SA(t-1)"+B+0f(1), (1.12)

where A, B, a, 0 are nonnegative constants and 0 < 1. Then there exists a constant ¢; = c2(a,0),
depending only on a and 0, such that for every p, R, Ry < p < R < Ry one has

flp) <e[A(R=p) " +B]. (1.13)

We need the following definition.
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Definition 1.10 (see [15]). A function u(x) € WIZZ"(Q) belongs to the class B(€,y, m, ko), if for
all k > ko, ko > 0 and all B, = B,(x0), By—ps = Bp—po(x0), Br = Br(x0), one has

m —-m —m m +
I+ |[Vu| dxgy{o p jA;p (u—k)"dx + Ak,p

k,p-po

}, (1.14)

for R/2 < p—-po < p < R, m < n, where |A;P| is the n-dimensional Lebesgue measure of the
set A, o

We recall a lemma from [15] which will be used in the proof of Theorem 1.6.

Lemma 1.11 (see [15]). Suppose that u(x) is an arbitrary function belonging to the class
B(Q,y,m, ko) and Bgr CC Q. Then one has

ma <cgc,
BR/qu(x) <c (1.15)

in which the constant c is determined only by the quantities y, m, ko, R, || Vull,,,,-

2. Local Regularity

Proof of Theorem 1.4. Let u be a very weak solution to the JC;re—obstacle problem. By
Lemma 1.8, it is sufficient to prove that u satisfies the inequality (1.11) with & = r. Let
B, CC Qand 0 < Ry < 7 <t < Ry be arbitrarily fixed. Fix a cut-off function ¢ € C§°(Bg,) such
that

supp¢p CB;, 0<p<1, ¢=1inB,, |VP|<2(t-7)7". (2.1)

Consider the function
v=u-Te(u) - ¢ (u-gx), (2.2)

where Ti (1) is the usual truncation of u at level k > 0 defined in (1.9) and ¢ = max{¢, Ti (1) }.
Now v € JC;;—Tk(u),G—Tk(u) (Q); indeed, since u € JC;/G(Q) and ¢ € C°(Q), then

v (0-T(w) =u-0-¢" (u-gx) € W, (Q),

0 - (‘I"_Tk(u)) =u—qj_¢7(u—q;k) > (1_¢r)(u_qj) >0, (2.3)
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a.e.in Q. Let

E(v,u) = |¢"Vu| P¢"Vu+|V(v - u+Te(w)[ PV (v —u+ Te(w)),
By an elementary inequality [16, Page 271, (4.1)],

[1X]7°X =YY < 261%;)( -YI", X, YeR", 0<e<],
Vo=Vwu-Tiwu)-¢"V(u-gi) —rd" 'V (u—¢r),
one can derive that

p-r+1 r-p+1

|E(v,u)| <2777

¢" Vo — ¢ V(1 - )

r-p+1

We get from the definition of E(v, u) that

f <e4(x,Vu), ¢rVu|r7p¢rVu>dx
At
=f (HA(x,Vu),E(v,u))dx
Akt
- (A(x, Vu), |V (v —u+Ti(w)| PV (v —u+Ti(u)))dx
Akt

=J (A(x,Vu),E(v,u))dx
Akt

- (A(x,Vu),|V(v-u)|"PV(v-u))dx.
Akt

Now we estimate the left-hand side of (2.7). By condition (a) we have

J‘AM (A(x,Vu),

Ak,T Ak,'r

¢'Vu| PP Vuyd > I (A(x,Vu),|Vu" PVu)dx > af |Vu|"dx.

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

Since u — T (u),v € JC;_Tk (1),0-T () (Q), then using the Hodge decomposition (1.4), we get

V(v —u+T(w)|PV(w—-u+Te(u) =V +h,
and by (1.6) we have

r—p+1
r .

||h||r/(r—p+1) < (&1 (P - T) ”V(U —u+ Tk(u))”

(2.9)

(2.10)
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Thus we derive, by Definition 1.1, that

J‘Q<e4(x, V(u—Ti(u))),|V(v—u+Te(w)| PV (0 -u+Ti(u)))dx

(2.11)
> [ (e, V0= T, by
Q
This means, by condition (c), that
I (A(x,Vu),|V(v-u)|"PV(v-u))dx > I (A(x,Vu), h)dx. (2.12)
Akt Ak

Combining the inequalities (2.7), (2.8), and (2.12), and using Holder’s inequality and
condition (b), we obtain

af |Vu|rdx§’[ (J(x,Vu),E(v,u))dx—f (HA(x,Vu), h)dx
Ak Agy

Akt
2P (p-r+1 i _ r-p+1
< ﬂL Vil @' Vg —rd T Vo (u—gi) | dx
r-p+1 At
+p | |vulP T hldx
Akt
27T (p-r+1) - el
< p 1 r r—p+
_ﬁ—r—p+1 Ak,t|Vu| |¢" V| dx
+ﬂ2pfr(p—r+1) |Vu|”’1|r¢r‘1v¢(u— )|rfp+1dx
r-p+1 At Pk
“p[ 1ur s 213)
Akt

op-r (P 4 1) (p-1)/r (r-p+1)/r
<p—>——~ J‘ |Vul|"dx f [V | dx
r= P + 1 Ak,l Ak,t
_ (p-1)/r
2P (p — 1
+ ﬂM (J |Vu|rdx>
r-p+1 A

(r-p+1)/r
X<f |r¢r-1v¢(u_q;k)|rdx> '

Akt

(p-1)/r (r-p+1)/r
+p f |Vl dx f |h|"/ P+ dx .
Ak,; Ak,t
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Denote c3 = c3(p, 1) =2P"(p—r+1)/(r —p +1). It is obvious that if r is sufficiently close to p,
then c3(p, ) < 2. By (2.10) and Young’s inequality

) 1 1
ab < ea’ +cu(e,p)b?, ;+r7 =1, ab>0,>0,p>1, (2.14)

we can derive that

af |Vu|"dx < Pes (p,r)gj
Ak

Akt

[Vul"dx + Bes(p, r)ca(e, p) IA | Ve | dx
+ Bes(p, r)gj [Vul"dx + Bes(p, r)ca(e, p) J‘ |r¢’*1V<])(u - @) |rdx
Akt Akt
+Pae(p-r) f [Vul|"dx + Beics(e, p) (p— 1) J V(v —u+Ti(u)| dx
Akt Q
<Pees(p,r) +ci(p—7)) IA |Vul"dx + es(p, r)ca(e, p) fA | Vi dx
“pes(pr)ea(en) [ [r Vg

+Percs(e,p)(p-1) L} V(v —u+Tk(u)| dx.
(2.15)

By the equality
Vo=V(u-Tu)-¢"V(u—gir) -1 'V (u— ), (2.16)

and v —u + Tk (u) = 0 for x € Q\ Ak, then we have

Akt

V(1) + ¢ V(- i) | dx

<2t [I [Vu|"dx + f [Vepe| dx + f |r¢’_1V¢(u - k) |rdx:|.
Agy At Agt
2.17)
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Finally we obtain that

Pe(2¢s(p, 1) +c1(p—1) + 27" percs(e, p) (p 1)

J‘ Yl dx < |Vul"dx
- a At
Palpmetep) 2TAaEnE 0 [ g, ra
a Akt
, or-1 : — r
, Bes(pr)cs(e,p) + 2 perca(e,p) (p - 1) [ Jror19ptu- g ax
a At
By Pe(2c3(p,r) +c1(p—r1) + 2P Berca(e,p)(p 1) |Vl dx
= a Akt
LB naep) s 2 aaEn) (=n) (g,
a At
. Pes(p.r)ca(e,p) + 27 peica(e,p) (p—1) 2Pp f [u| dx.
4 (t - T)r At

(2.18)

The last inequality holds since |u — ¢i| < |u| a.e. in Ax;. Now we want to eliminate the first
term in the right-hand side containing Vu. Choose € small enough and r sufficiently close to
p such that

g Peas(pr) tei(p—r) + 2 pac(ep)(p-r)
[24

(2.19)

4

and let p, R be arbitrarily fixed with Ry < p < R < R;. Thus, from (2.18), we deduce that for
every T and t such that p < 7 <t < R, we have

|V dx + %5 |Ve|"dx + QL " dx, (2.20)

f |[Vu|"dx <6 -
Akz AkR (t-7) AkR

At

where ¢5 = fes(p, r)ca(e, p) + 2p‘1ﬂclc4(£,p)(p —r) with € and r fixed to satisfy (2.19), and
ce = 2Ppcs. Applying Lemma 1.9 in (2.20) we conclude that

f [Vu|"dx < 205 |Vqr|rdx + &rj‘ |u|" dx, (2.21)
Ap a R a(R -pP ) AkRr

Ak

where ¢, is the constant given by Lemma 1.9. Thus u satisfies inequality (1.11) with ¢y = [V
and a = r. Theorem 1.4 follows from Lemma 1.8. O
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3. Local Boundedness

Proof of Theorem 1.6. Let u be a very weak solution to the JC;,G—obstacle problem. Let Bg, CC Q
and R;/2 < 7 < t < Ry be arbitrarily fixed. Fix a cut-off function ¢ € C5°(Bg,) such that

supp¢p CB;, 0<¢p<1, $=1inB,, |VP|<2(t-7)7" (3.1)

Consider the function
— te(u) — ¢ (u—max{y, i (u)}), (3.2)

where t(u) = min{u, k}. Now v € X’ ; indeed, since u € X’ 6(Q) and ¢ € CF(Q),

gt (u) 60—tk (1)’

then
v— (0 -te(u) = u—0-¢" (u—max{e, t(u))) € W, (Q), 63
o= (¢ - tw) =u-¢ = ¢ (u-max{g t)}) 2 (1-9") (u-¢) 20 |
a.e.in Q.
As in the proof of Theorem 1.4, we obtain
[ urars P00 alo=) 2 e O 0 [ gy,
ke A
r—1 _
ﬁCSCAL(S p)+2 ﬂC104(€ p)(P T) I |Vmax (If/tk(u)” dx
, Pes(pr)ele,p) + 2 perca(e,p) (p 1)
a
X J‘ ) r¢”1V¢(u —max{y, ti(u)} |rdx (3.4)

e(2c3(p,r) +ci(p—r) + 27 Berca(e, p) (p-7)

< |Vu|"dx
a Ay
+ ﬂC3C4(€,P) +271£C164(5’p) (P B 7’) f |qu|rdx
ﬁCa(P/T)C4(5 p) +2; 'Peica(ep) (p - r) ; 2 l;) k[ dx.

k
Choose ¢ small enough and r; sufficiently close to p such that (2.19) holds. Let p, R be

arbitrarily fixed with R;/2 < p < R < R;. Thus from (3.4) we deduce that for every 7 and
t such that R, /2 < T <t < Ry, we have

J |Vu|" dx<6f |Vu|" dx+—f [Ve| dx+ ) f lu— k| dx. (3.5)
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Applying Lemma 1.9, we conclude that

f |Vl dox < —26 f - kf'de+ 25| |V dx
A, a(R-p)" Ja;, @ Jai
(3.6)
C2Cq r C2C5C7 | 4
<92% [ |ju—k[dx+ A,
LI(R - P)r Afr a -

where ¢; is the constant given by Lemma 1.9 and ¢7 = ||qu||pm(g). Thus u belongs to the class
B with y = max{cyce/a, cocscy/a} and m = r. Lemma 1.11 yields

<c.
e @7

This result together with the assumptions u > ¢ and ¢ € Wllo’cw(Q) yields the desired result.
O
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