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1 INTRODUCTION
Let (X, ||-]|) be a real normed linear space. Consider the lower and

upper semi-inner products
2 2
ol =

(y’x)i - tl~1+0— 2t ’
and
e+ ol =
=1
(7,), = Jim ===y

which are well defined for every pair x, y € X (see for example [1}).

* Supported by the Melbourne University Grant for Visiting Scholars 1996.
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For the sake of completeness we list here some of the main properties
of these mappings that will be used in the sequel (see [1,2,3]), assuming
that p, g€ {s,i} and p#gq:

(I) (x,x),=||x||* for all x€ X;
(ID) (ax, By),=0pB(x,y), if e8>0 and x, y € X;
(HI) [Gx, p)pl < [Ix]| [|y[} for all x, y € X;
(IV) (ax+y, x)p = alx, x), + (y, x), if x, y belong to X and « is a real
number;
(V) (=x,3)p=—(x,y)q for all x, y € X;
(VI) (x+y,2), <||x|| |lzl| + (»,2), for all x, y, z€ X;
(VII) The mapping (-, -), is continuous and subadditive (superadditive)
in the first variable for p=s (or p=1);

(VIII) Thenormed linearspace (X, ||-]|)is smooth at the point xo € X'\ {0}
if and only if (y, xo); = (p, Xo); for all y € X; in general, (y, x); <
(y,x), for all x, ye X;

(IX) If the norm ||-|| is induced by an inner product (-, -), then

(¥, x);=(y,x) =(y,x), forallx,yelX.

For other properties of (:,-), see the recent papers [1,2,3], where
further references are given.

The terminology throughout the paper is standard. We mention that
for functions we use the terms ‘increasing’ (and ‘strictly increasing’),
‘decreasing’ (and ‘strictly decreasing’), thus avoiding ‘nondecreasing’
and ‘nonincreasing’.

2 MAPPINGS ASSOCIATED WITH THE LOWER AND UPPER
SEMI-INNER PRODUCTS

Let (X, ||-||]) be a real normed linear space and x, y two fixed elements of
X. We define the following mappings:

ey R—= Ry, ny(f) = ||x + 1y,

e,y R\{0} — R, vy, (t) = Hx_—i—t_)_)tH;Hx_H

We shall list here some pertinent properties of the mappings » and v.
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PROPOSITION 2.1 Let x,y be fixed in X. Then

(i) ny, ,, is convex on R;
(i) ny, , is continuous and has one sided derivatives at each point of R;
(iii) If x, y are linearly independent, then

dtne () (y,x+1ty),

= , teR 2.1
dt |x + ty]| (2.1)
and
d7ne (1) (px+1y);
. = , teR. 2.2
dt Ix + || (2.2)

Proof (i) is well known; (ii) follows from the convexity of n, ,
[6, Proposition 5.5.17].
(iii) Let € R. Then

dmy () _ (et oyl = Iy + o]
dt as! a—t
— lim <Hx +iy+ Byl —lix+ tyII)
—0
%>0 ﬂ
B S e el L
B—0+ 2,8
. 2
x lim
gm0 Tty + Byl + I + o]
_ (O x+1y),
llx+ ol

and relation (2.1) is proved.
Equality (2.2) is proved in a similar fashion.

Remark 2.2 In the case of a normed linear space, the graph of the
mapping n, , for fixed linearly independent vectors x, y is depicted in
Figure 1. The mapping is convex, but may not be strictly convex; this is
suggested by drawing the graph in a dashed line.

In the case of an inner product space, the mapping v, , is strictly
convex and attains a unique minimum at-the point o= —(y, x)/||y|*
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equal to

_ (I|x||2||y||2 —(, x)2)1/2
[l :

ny = nx’y(l‘o)
Indeed, ', ,(#) = 0 if and only if =1 and

_(x)y
Iyl

P I ~ (%)
[E] ‘

ny y(to) = Hx

The graph of .. , for the case of an inner product is depicted in Figure 2.
The mapping v, , has the following properties.
THEOREM 2.3 Let x,y be fixed in X. Then:
(1) vy, , is increasing on R\{0};

(i) vy, , is bounded and

Px (D] < Iyl Sfor all t € R\{O}; (2.3)
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FIGURE 2

(ii1) We have the inequalities

(y,x—i—uy)s (y’x)i

W < vy, y(u) < E for all u < 0, (2.4)
(. x+ty); (3, %),

TEET > vy y(t) > I forall t >0, (2.5)

assuming that x, y are linearly independent.
(iv) We have the limits

u

fm vy =yl moe, ()= (26)
and

(y’x)i

> ,~,0+vx,y<t>=<y’x)s .

]

lim vy () =
u—0—

assuming that x # 0,

(V) vy, , has one sided derivatives at each point of R\{0} and, if x, y are
linearly independent, then

dtvye,(1) 1 [t (yox +1y),

di 2|t “"x’y(’””xll} (2:8)
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and

d_vx, (Z)_ 1 (ysx+ty)i

—Tty——‘ti [’m“”x,y(l) + ||x||] (2.9)
Sfor all t e R\{0}.

Proof (i) Since n, , is convex, the mapping

_ nx,y() —nyxy(0)

v,y (1) —0

is known to be increasing on R\{0} [6, Lemma 5.5.16].
(ii) By the triangle inequality for the norm we have

Hix+ eyl = llxl | < llx+ 2y = x| =l Iyl €R,

from which (2.3) follows.
(iii) Let u <0. Then, by the Schwarz inequality,

(6, x +uy)g < |IxI| llx +uyll.
From the properties of semi-inner product (-, -); we obtain

(X, x+uy), = (x+uy —uy, x +uy),
= [lx + wyll* + (—uy, x + uy),
= [lx + up|> — u(y, x + uy),,

and so, by the previous inequality,
[l + wyll* — u( p, x + up), < [lx] [l + uy|
for all u <0, from which we get

oy = Bl el (x4 ),
u e w

and the first inequality in (2.4) is proved.



THE MAPPING v, , IN NORMED LINEAR SPACES 43

By the Schwarz inequality,
[l llx + upll > (x + uy, x),
for all u < 0. A simple calculation shows that
(x4 up,x), = Il + @y, 20), = dl? = (=, ), = dl* + u(y. ),
for all u <0, and thus the above inequality gives
Il 1+ wyll = 1%l = w(y, %), u <0,
from where we get

Vx,y(u) — ”x+ uy“ - ”x“ < (y’ x)s

u ]

for all u <0, and the second inequality in (2.4) is also proved.
Inequality (2.5) is proved analogously.
(iv) We have

, o _ e IxHy/all = lix]
t—l-}I-}:loo Vx’y(l) - all>r{)l+ vx,y(l/a) - all>n(}+ 1/0[

= fim (I el = allxl) = ]

The second limit in (2.6) is proved similarly.
Now let us observe that

2 2
‘ , tyl* - : 2
lim vy ,(1) = lim lx +ayll” = Ix[° .
. Vy, 10 21 =0+ |lx + 2yl + |||
_(nx),

Bl

for all x € X\{0}.
The second limit in (2.7) is proved similarly.
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(v) The fact that v, , has one sided derivatives at each point
t € R\{0} is obvious. Let us compute the one sided derivatives:

A, (1) d* (ne, (1) — |x]

dty “??( - t )
:%F¥%QPMWM—MM
1 [ (y,x + 1),

= — t ,
L[ R+ 1]

and relation (2.8) is obtained.
Identity (2.9) is established similarly.

Remark 2.4 In the case of a normed linear space, the graph of the

mapping v, , is depicted in Figure 3. The dashed line suggests that the

convexity of the mapping is not known.

Note that if the space (X, ||-||) is smooth at x, then (y, x);=(, X):.
The lines v = ||y|| and v= —||y|| are asymptotes to the graph as r — oo

and ¢ — —oo, respectively.

3 THE CASE OF INNER PRODUCT SPACES

We address ourselves to an important question whether v, , is convex
(concave) by considering the case: when (X,]|-|) is an inner
product space. In this case the following proposition holds.
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ProrosiTiON 3.1 If (X;(:,-)) is a real inner product space and x,y
linearly independent vectors in X, then the mapping v, , is twice differ-
entiable on R\{0} with

dzvx,y(t) — ¢ n)zc,y(t)(nxyy(t) - l|x||)2 - tz(y’x + ty)z
arr t4n3 (1) ’

t € R\{0}.
(3.1)

Proof 1f (X;(:,-)) is an inner product space, then v, , is differentiable
on R\{0}, and

dvey() 1| (p,x) + tly)l?
a2l (1) ne () + |Ix]] |-

The second derivative of v, , also exists, and

d?vy (1) 1
dr? t*n2 (1)’

where /=1, ,(f) is calculated as follows:

1= 9 (1000) 4 I = 2,0 + il () P (0

(0 2) + P = 12,0 Il 00) 5 (2 (1)
= ((2) + 210017 = 2y (0 1)+ Il ) (1)
(102 + AP = 12,00 + Il (1)) Qe (1) + £, (1)
= 200y () + 200 Py 1) = 2602 (0, (1)
2l (0, (1) = 2623, 6 (0) = 20 Py 1)
2008, (1) = 2l 1) = £, () = P (1)
2 (00, (1) — e (0, (1)
=—t%(y, X)ny (1) — tznfcyy(t)n;yy(t) + 2tniy(t) - 2t||x]|ni’y(t)
— (X, (0~ P, 0
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= _tz(ya x)nx,y(t) + 2l‘nz’c,y(t) - 2t”x“n)2c,y(t)

2,2 (t) (y,x) + t||y||2 _ t3(y’x)(y’x) +t”y”2

—1t°n
i N,y (1) N y(1)
_t4”y”2(y9x)+l”y”2 — J
N,y (1) Ny (1)’
where

J=—1*(y,x)n2 (1) +2m% (1) = 21|x|In (5) — 2n2 ,(£)( 3, )
— 202 (OIP = £ (p,%)° = 204 yP (3, x) = |l *.

But

= Iyl = 264117 (v, x) = £ (3, %)?
= (I + (7x))* = = (rx + 1),

and

23 (1) = 2l|xl|n3, (1) = 26%(p,x)n3, (1) = 0 L (O)|1y]?
= tn}, (1) (2n3, (1) = 2l|xllns (1) = 2t(y.x) — 2|1¥])
= tn3, (1) (0%, (1) + llx + ]l = 2llxlne, () = 260, x) = 2y)
= m3 (03, (1) + x5l +26(y, x) + 2 |yI* = 2] x]lnx, (1)
—2(y,x) = *|lyll”)
= 3, (1) (s, (1) = 1],

In conclusion, for each 1 € R\ {0} we get

dvy (1) nd () (ney(1) - [ = £2(y. x + tp)? 39
a ! t*n3 (1) ’ (3-2)

In the case that the vectors x, y are orthogonal, the preceding
proposition gives information about the convexity and concavity of v, ..

PROPOSITION 3.2  If x, y are nonzero orthogonal vectors in an inner prod-
uct space (X;(-,)), then the mapping v, , is strictly convex on (—o0,0)
and strictly concave on (0, c0).
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Proof By the preceding proposition we have

Pray(0) _ | ey
dr? t*n (1)

where

Cx (1) :=n? y(l)(nx, () = lIx)? = 2y, x + 1)*
= [y (8) (e, (2) = |IX[) = 1( 3, x + 1p)]
X [”x,y(f)(”x,y( ) = Ixl) + t(p, x + 19)].

As x, y are linearly independent (being orthogonal and nonzero), we
have by (2.4) and (2.5) that

(x+0) _ x+ 1yl = |x]

if t<0
I+ o : nrs
and

x+ 1) _ llx+ ol = lIx]
llx + 2yl t

if t > 0;

in both cases we have
nx,y(0) (1, (2) — |Ix]) — #(p, x + 2y) <O.
If x Ly, then (x,y) =0 and ||x + tp|| > ||x|| for all z€R. Then

A,y (8) (1, (£) = [1X]]) + £(y, x + 1)
= [lx + tyll(llx + ey]l = IIx[]) + 2[ly])> > 0.

Consequently v () > 0if t € (—00,0) and v} ,(1) < 0if £ € (0, 00), and
the proposition is proved.

Remark 3.3 Ifitis assumed that X is an inner product space and x, y
are nonzero orthogonal vectors in X, then the mapping v, , is strictly
increasing in R\{0}, strictly convex on (—oc0,0), and strictly concave
on (0, 00).

It can be extended by continuity to all of R as

lim vy, (1) = (», x)/[|x[| = 0
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in view of equation (2.7). In this case the graph passes through the
origin; it is depicted in Figure 4.

We note that the lines v=1|y|| and v=—||y|| are asymptotes for
t— oo and t — —oo, respectively.

4 APPLICATIONS TO THEORY OF
INEQUALITIES IN ANALYSIS

The results of the preceding sections can be used to improve on some
classical theorems of theory of inequalities in analysis, such as the
Cauchy—Buniakovski—Schwarz inequality for sums and integrals,
Holder’s inequality for sums and integrals, and other.

The following proposition which follows from Theorem 2.3 gives an
improvement on the Schwarz inequality in normed linear spaces.

PROPOSITION 4.1 Let x,y be two linearly independent vectors in a

normed linear space (X, ||-||). Then the following inequalities hold for all
u<0<t

(16 (s x + up); X1 (s x + uy),
lx+uyll = llx+wl

< Il 4wyl = lx)
u

—llxlllixll <
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—<— (y>x)i S (yﬂx)s

< WXl Clx + 2yl = [1x1D

- t

< IxGx + 1), _ Ix[1Cy, x + 19),
T ol T Ikl

< vl (4.1)

We give some concrete examples of the preceding proposition.

Example 4.2 Let £'(R):={x= (x;);cn| i x| <o} and let
x,y € £'(R). Then the following inequalities hold for all u <0 < :

_im]g Z sgn(x; + uy;)yi — Z il
i=1

Xi4uy; #0 xituy; =0
< > salxitw)yi+ Y i
Xi+uy; #0 Xi+uy; =0

< i|xi+u)’i| — |xil
< Z Sgn(xl Vi — Z lyz

x;i#0

< Z sgn(x, yi+ Z lyt
x,;éO

o N Xt il — Ixil

—izl t

< Z sgn(x; + tyi)yi — Z |yil

xXi+tyi #0 Xi+tyi =0
< Y sealu+ oyt Y il
xi+1y; #0 xi+ty; =0
0
|yz| (4.2)

This follows from (4.1) taking into account that in £'(R) we have [4]

(x y) = z‘y: (Z sgn(y, Xi Z IX,l)

i=1 yi#0
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and

yi#0

(x.5), = i il ( Z sgn(yi)x; + Z Ixi|> ,
i=1 yi=0

where sgn(f) = |¢|/t for ¢ #0.

Example 4.3 Let x,y be two linearly independent elements of
CR) = {x=(x;);enl Dpo ¥} <o0o}. If u<0<t¢, the following
inequalities hold:

- - 1/2 s 2 12
_<ZX?ZJ’%> < [-—*——El——l“?] Zyi(xi+VYi)

=1 i=1 Yore (xi 4 uy; i=1

< [(i(x,-—i—uyi)zix%)l/z—ixf] /u

IN

12
Z?ilxzz o
A (% + 1y
| 505% (xi + tyi)° 2l )

00 00 1/2
(ZX?Zﬁ) : 4.3)
i=1 i=1

This follows from (4.1) applied to the inner product (x,y) =
Doy Xy

Example 4.4 Let (9, A, 1) be a measure space consisting of a set 2, a
o-algebra A of subsets of 2 and a positive measure p, and let p > 1. If
L7(Q) is the Banach space of all real valued functions on (2, p-integrable
with respect to u, then it is known [7] that

A

tliglgl(llirtlep-l|X|lp)/t=IIXII,I,_"/QIX(S)I”_'Sgn(X(S))y(S)du(S).
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Then
2 2
B2 x]P = th_% Ix + ty!z; - ||XI1,,
— 1xl12-P -
= 37 [ RO (a6 6)au),
where x, y € LP(Q).

Let x, y be linearly independent elements of L?(Q2) and u<0<¢t.
Applying inequality (4.1) to the semi-inner product [, ], =(, )i=(, *)s
we obtain the following inequalities:

~([porau) "

< JalX(9) +uy()l”” "sgn(x(s) + uy(s))y(s)dp(s)
B (fo 1x(s) + uy(s)Pdu(s)) (p=1)/p

) % [ ( / o)+ uy(s),pdu(s))‘ ”_( /ﬂ lx(s)lf’dms))l/p}

< Ja &P sgn(x(s))y(s)dus)
- (fQ |x(5)lpdp,(s))(1’“ )/p

g%[(/Lﬂﬂ+*ﬂ9V@AQY”—</w“”VWA”)W}

fg x(s) + ty(s)P"”'sgn(x(s) + tJ’(S))y( )dp(s)
(Joy 1X(5) + ty(s) [P dua(s)) P~

<(/ |y(s>|"dn<s>)l/p. (44)

We give further applications of the previously obtained results. First
we have the following proposition.

PrROPOSITION 4.5 Let a, b € R with a < b. Then the following inequalities
hold:

b
Ix +Ya + b)y|| < (b-a)-‘/ I+ ty|de

< 3{|Ix + 3a + b)y|| + 3lIx + ayll + lIx + byl)]
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<3(Ix + ayll + llx + byl)
< lxll -+ 3(al + 1bD)Iy]l- (4.5)

Proof The mapping f:R—R, f(#):=|x+ ty|, is convex on R. We
deduce (4.5) by using properties of norm and the following Hermite—
Hadamard’s inequality for convex functions [5, p. 10]:

b
f@w+m>sw—ar[/fmw
[f (3a+ b)) +1(f(a) +1(b))]
(f(a@)+f(b)), a<b, abeR.

PROPOSITION 4.6 Let a, beR, 0 <a<b. The following refinement of
the Schwarz inequality holds:

Ee
) X), < ——— vy, (8)dt
(10 <5 [ s

2 1 a+b |x + ay|| + ||x + by||
< —_ | = —
< T [2 ( ’x+ 3 y“ + ([l o]

2
2 [+l +lx+ byl
S L I e

< iyl (4.6)

forall x, ye X.

Proof We can apply éebyéev’s inequality [5, p. 239] to the mapping
Vx,y» Which is increasing on [a, b], to obtain

b b b
(b-—a)/ vx,y(t)tdtz/ vx,y(z)dt/ tdt,
a a a

which is equivalent to

b 2_,2 b
=) [ s+ ol = el 225 [ v )
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that is,

i [ ot < 2 [ [ ol -

By the preceding proposition,

_1_._/b||x+t||dt<l
b—al, A= 11

+a+by“ Ll tall+ ||x+byll]

2 2
and then
b
Iy

<a+b[ (“ a+by”+|lx+ay|l;||x+byll) —Hxll}

2 [l apl + |lx-+ by
- <
< o [l el | < Iyl

and (4.6) is proved except for the first part which follows from
Proposition 4.1.

Remark 4.7 The inequality

b
5z | o0t < g Tl + i + 1) = ]

is equivalent to the following interesting inequality for the mapping
Vi yt

b
3 1 a/ vy y(2)dt < avx’y(at)l i va’y(b) , 0<a<h.
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Remark 4.8 If we assume that a < b <0, then we prove in a similar
way that

[l ]
b —

aib[ (H a+b H leJrayllJ2r||x+by||)_HXH]HXll

(y,x); >

vx‘y(t)dt

N

\Y

> T all+ s+
> o [y el
> Iyl @)

for all x, ye X.

If (X;(-,-)) is an inner product space, the mapping v, , is strictly
convex in (—oo, 0) and strictly concave in (0, co) provided that x, y are
orthogonal and nonzero. The following proposition holds.

PROPOSITION 4.9  Let (X; (-, ) be an inner product space and let x 1 y,

x#0#£y.
W) If0<a<b, then

X+ ty| — ||x

N N Y.
P
AP (lx + 3@+ b)y|| - ||x||)
I B O % B B

2a 2b

51 b+ ayll = fixll | Jlx+by] — IIXH] > 0;

2| a b

(i) If a< b <0, then the reverse inequalities hold.
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