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This note is concerned with a comparison of the approximation-theoretical behaviour of
trigonometric convolution processes and their discrete analogues. To be more specific, for
continuous functions it is a well-known fact that under suitable conditions the relevant
uniform errors are indeed equivalent, apart from constants. It is the purpose of this note
to extend the matter to the frame of Riemann integrable functions. To establish the
comparison for the corresponding Riemann errors, essential use is made of appropriate
stability inequalities.
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1 INTRODUCTION AND RESULTS

Let C,, be the Banach space of 27-periodic functions f, continuous on
the real axis R, endowed with the usual sup-norm | f]|c:=
sup{|f(u)|: v € R}. In connection with bounded linear operators 7 from
Cy, into itself, ie., T€[Cy], we use the notation |T|c;:=
sup{||Tf||c: || fllc < 1}. For n €N, the set of natural numbers, let II,, be
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the set of all trigonometric polynomials of degree at most n. Given a
positive, even, polynomial kernel (x,)q., of the form

Xn(x) == Zpk,,e’kx—1+22pk,,coskx (1.1)
k=-n

thus 0 < x,(x) € IT,, with p_g , = px» and po = 1, consider the (positive
trigonometric) convolution operator

2

1) = (Fon)(® =32 [ fout—udu (12

Obviously, T, € [Ca]; in fact || Tullic) = lIxall; == (1/2m) f Ix¢n ()] du,
and therefore || T,||;c; = 1 in view of the positivity of the kernel. With the
aid of the equidistant knots u; , :== 2j/(2n + 1), a discrete analogue of T,
may be introduced via the finite sum

Juf(x) nt 1 Zf(“j,n)Xn(x Ujpn)s (1.3)

Jj=0

which may be interpreted either as a quadrature formula for the integral
(1.2) (mid-point or trapezoidal rule) or as a linear mean of the Lagrange
interpolation polynomial associated with {u;,} (cf. [7, p. 413]). As an
immediate consequence of these definitions we note that for each n € N
one has T,,p = J,,p for all p €I, (cf. [10, p. 8]). Therefore ||J,[|;c;=1 as
well, and there hold true the Berman conditions (n € N)

Tody=Jdudn,  JuTp=TuTh. (1.4)
Moreover, using the first part of (1.4), for example, it follows that
1Tnf =Flle SNTuf=Twdufllc+ Wndnf=InSllc+ 1nf=Fllc
< WS =1l |1 Tallie + nlli + 1)-

Consequently, for all f'€ C,, and n € N one has the comparison assertion

(see [1])
TS Fle < Wnf=Flle <HTf~fle- (L9

In other words, apart from a constant, one may immediately pass from
one (uniform) error to the other.
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Dealing with the discrete operators (1.3), it is not meaningful to look
for extensions of (1.5) to Lebesgue spaces L since point evaluation
functionals are not bounded in connection with I”-metrics. On the
other hand (cf. [10, p. 5]), a reasonable candidate for an extension of
(1.5) is given by the linear space R,, of 2w-periodic functions, Riemann
integrable over [0, 27]. Indeed, inspired by the work of Pdlya [8], a
notion of a convergence for sequences of elements was introduced in
R, (see [4]) such that R, is not only (sequentially) complete, but
trigonometric polynomials are in fact dense in R,,. As a consequence of
these considerations it also turned out that it is appropriate to measure
errors in R, via the functionals

(1.6)

sup | Ty f— f]
k>n

sup | Ji f— f]
k>n

bn

bn

for some suitable positive nullsequence (8,,). Here the §-norms are given
for f€ By, 6 >0 by (cf. [3,9])
=27

1A= [ M(fix.8)d,
M(f,x,6) :=sup{|f(u)|: u € Us(x) := [x — 6,x + 8]},

where f fi= f o f(u)du denotes the upper Riemann integral of /€ By,
the Banach space of functions, 27-periodic and bounded on R. Clearly,
C>:C Ry, C By, and f |1 = 27| f|l; if f€ R,,. Moreover, note that
JS€ Ry, in turn implies M(f, x, ) € Ry, (cf. [5]). On the other hand,
dealing with upper Riemann integrals of bounded functions ensures
that the error functionals (1.6) are indeed well-defined.

In these terms one has the following counterpart to (1.5) for Riemann
integrable functions.

(1.7)

THEOREM 1.1 Let the convolution process (T,),., and its discrete
analogue (J,),-, be given via ((1.1)—(1.3)) and suppose that the kernel
(x») additionally satisfies conditions ((2.1)—(2.2)) for some nullsequence
(6n) with 1/n=0(6,). Then for f€ Ry, there holds true the comparison
assertion

<
&

<62

¢l igplka—ﬂ Sup|ka fl

6/1

the constants 0 < ¢y, ¢5 < 00 being independent of f€ Ry and n € N,
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Indeed, since J;p = Ty p for every p € Il and since J,. f, T,.f € I, for all
f€ R, one has, for example, that for k,n € N with k > n (cf. (1.4))

Jif =f=D(f = Tuf) + T(Tof = f) + Tif — f,

and therefore the proof of Theorem 1.1 is an immediate consequence of
the stability inequalities, established in the next section.

2 STABILITY INEQUALITIES

For the convolution process (7,) there are several possibilities to prove
stability in connection with the Riemann errors (1.6). Let us just
mention the following result, actually valid for functions f'€ B,, which
are additionally Lebesgue measurable, i.e., for f€ BM,, (note that
R,,C BM>,).

THEOREM 2.1  Let a positive, even, polynomial kernel (x,),., be given
via (1.1). Suppose there exist some (>0 and a monotonely decreasing
sequence (cy),— of positive constants such that

Xa(tt) < cot™P for n €N and u € [6,, 7], (2.1)

where (8,),, with 0<6,<m is a further monotonely decreasing null-
sequence satisfying

c,,/ uPdu< M forn e N. (2.2)
5

n

Then for the convolution process (1.2) and f € BM,. there holds true the
stability inequality

sup | T f1l| < ellflls,» (2:3)
k>n 8
the constant ¢ < 0o being independent of f € BM,, and n € N.

Proof First let us recall the elementary fact (cf. [5]) that for f€ B,,,
6>0andmeNor A>0

[Allms < mllf s W 1ns < (T4 0 Ml (24)
respectively. Moreover (cf. [6]), for f€ BM,,, g€ Ry, and 6 >0

1/ glls < 1/ Nsllgll - (2:3)
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Since the kernel is even, one has (k > n)

T, f(x) = (/ /6) S 1)+ x - )] e ()

and therefore in view of (2.1)

| Tk f(x)| < M(f,x,6,) + 27r/ [1f(x + )| + | f(x — w)|Ju” du.

n

Because of ¢, < ¢, for k> n one obtains by (2.5) that

<ML, x, ),

bn

sup |Ti f]
k>n

+ el S / u P du < 2 £, +2M] £,

n

where we have used (2.2) and (2.4).

As a first application, actually needed for the following, let us
consider the Fejér means (cf. (1.2))

2
o f(x) = (Fe F) () =5 | f)Falx — ) du,

B = [S‘“t:;;};“] =123 (1

Since (cf. [2, p. 51])

7r2

n+1

1
F,(u) < u? forneNand ue [;,w],

the Fejér kernel satisfies all the assumptions of Theorem 2.1 with =2,
cn=m?/(n+ 1) and 6, = 1/n, and hence (cf. [6])

COROLLARY 2.1  For the Fejér means of f € BM,, there holds true the
stability inequality

/ < el A iyms

the constant ¢ < oo being independent of f€ BM,, and n € N.

Turning to the discrete operators (1.3) it will in fact be shown that the
discrete process (J,,) will always be stable, provided the convolution
process (T,) shares this property.
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THEOREM 2.2 For processes (Ty)mey, (Ju)pey given via ((1.1)—(1.3))
there exists a constant ¢ < oo, independent of f€ Ry, n€N, 6§>0,

such that
1
k>n k

Proof Without loss of generality one may assume k >n>2. Since
J€ Roy, i € I C Ry, one has f(u) xi(x — u) € Ry as a function of w and
thus M(f(-)xx(x— ), t,6) € Ry as a function of t foreachx e R, 6 > 0. In
view of the definitions (1.3) and (1.7) it follows that for each x e R

<c

k>n §+1/n

Uil k
O Z o ITACL L

< 517‘1_ (f(')Xk(x - ’)’ Z, ﬂ%) dt

<o [ (om0

the latter because of 27/(2k + 1) < 7(1/2k) and (2.4). Using the fact that
for6>0

sup |f(u)xi(x —u)| < sup |f(w)]- sup xi(z), (2.7)

ueUs(t) ueUs(t) zeUs(x—1t)

the previous estimate may be continued to

7 [ 1
< il
s < 5 [ (ot ) (x5
7 2m
) (" Zk) (X"’ 2k> d,

employing the 2z-periodicity of the expressions involved. Obviously,
since 0 < xy € II, one obtains (cf. (1.7))

M g) Su+ s )~ )

s,t€Uy o (v)

1/2k
< xelv) + / (v + )| dr,
~1/2k
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and therefore (cf. (1.2))

2m
i f(x)] < %/0 M(f,x— v, %)Xk(v)dv

+§.‘77;/02”M<f;x -, %IE) l/_ll/; |x,i(v+r)|dr] dv
= 1(fp ()] 00+ rw). (23)

say. Concerning Ay f(x), to apply a Fubini-type theorem for Riemann
integrable functions, let us just mention that g€ R,, indeed implies
g(y — ) to be Riemann integrable with regard to ( y, ) over [0, 27]* (this
may be shown via the Lebesgue characterization of the set of points of
discontinuity of a Riemann integrable function). Hence the interchange
of the order of integration is justified, delivering

1 1/2k 2 1 ,
af@ =g [ [ wa(pxn 35 ) ko + )l e

1 1/2k 27 1
= M ,x—u+r,—) ' (u du]dr,
- _W[ [ ) i)

again using the 2z-periodicity of the expressions involved. But for
|r| <1/2k

1 1 1
M(f,x—u+r, ﬁc) §M<f,x—u,%+|r|> SM(f,x—u,%>

and thus

11 2n 1
s <z [ M(f,x— u,§)|x,;(u>|du.

Now let us employ the representation (cf. [2, p. 99])

2w
X (1) = %/ Xk (U + v)Fi—1(v)2k sin kv dv (2.9)
0
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of the derivative of the polynomial y,. It may be mentioned that (2.9)
was used by F. Riesz (1914) for his elegant proof of Bernstein’s
inequality. Since the polynomial x is positive, one has (cf. (1.2), (2.6))

2 2m
A f(x) < %/0 M(f,x —u, %) [%/0 Xik(u — v)F—1(v) dv|du

- 2(M(f, . %) * Xk *Fk—l)(x)'

Again by Fubini’s theorem (within the frame of Riemann integration) it
is well-known that these convolutions are commutative. Moreover,
since T} and oy are positive linear operators, they are monotone. Hence,
setting Sy f(x):=Tx[M(f,-, 1/k)](x), it follows that | Sif|lc<
sup{|f(x)|} and (cf. (1.2), (2.6))

Ar f(x) < 20%-1[Skf)(x) < 2041 [s_up ij] (x).
jzn

In view of Corollary 2.1 this implies that for £ >#n>2 and every 6 >0
(cf. (1.7), 2.7)

72T
32/ M( sup ak[sup.S}f],x,5>dx
8 0 k>n—1 j=>n

2o
32/ ( sup ark[M(suijf,',é)}(x)>dx
0 k>n—1 Jjzn

sup A f

k>n

< 2|| sup ak[M(suijf, ',5>:H
k>n—1 jzn 1/(n—1)
<2c M(suijf,x,é)‘ = 2c||sup S;f ,
jzn 1/(n—1) Jjzn 5+1/(n—1)

where we have used the fact that sup;-,S;f€ BM,, and therefore
M(sup;>,, S; f,x,6) € BM>, for each f€ Ry, (cf. [6]). Thus in view of
(2.8) we have obtained

<7
6

+ 14c¢
é

sup [Ji. /]

k>n

sup Sy f

k>n

sup S;.f

j=>n

b

6+1/(n—1)

and a further application of (2.4) establishes the assertion.



TRIGONOMETRIC CONVOLUTION OPERATORS 305

THEOREM 2.3 Let the processes (Ty)nes (Ju)oe, be given via ((1.1)—
(1.3)) and suppose the convolution process (T),) to be stable in the sense

(cf-(2.3)) that for f € Ry, n € N and a monotonely decreasing nullsequence
(6,) with 1/n=0(6,)

sup | Tef1)| < cllflls,- (2.10)
k>n 8

Then the discrete analogue (1.3) also satisfies the stability inequality

sup [ f1)| - < el flls,
k>n 8

the constant ¢ < oo being independent of f€ Ry, n € N.

Proof By assumption there exists a constant M < oo such that 1/n <
Msé,,. Therefore by Theorem 2.2 and by (2.4), (2.10)

1
sup [k fll| <c¢ suka[M(f, ., —)]
k>n 6 k>n k bu+M6,
< ¢(2 4+ M)||sup T} [M(f, ., l)]
k>n n bn
* 1 *
<m(n-t) Hé — g < el
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