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This paper presents new lower bounds for the norms of 2-homogeneous real-valued
polynomials on , spaces for 0 < p < oo which are sharper than those recently given by the
author.
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This note is concerned with the general problem of the relation between
the norm of a polynomial and its coefficients. This type of problem
has been studied in many contexts [1-6,8—11] over the years, because of
both its relevance to non-trivial problems in mathematics and because
of its our inherent interest. In this note we focus our attention on lower
bounds for the norms of 2-homogeneous real-valued polynomials on /,
spaces. Recently the author [9] gave lower bounds for the norms of 2-
homogeneous real-valued polynomials on /, spaces for 0 <p < oo. We
here improve them.

Let E be a real Banach space with the unit sphere Sz and m>2, a
natural number. P("E) denotes the Banach space of m-homogeneous
real-valued polynomials on E, endowed with the polynomial norm
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2 S.G. KIM

||P|| = supjx| < 1 |P(x)|. See Dineen [7] for more details about the theory
of polynomials on Banach spaces.

LEMMA 1 Let0#SCS'CNandx,a;eR fori,je S withi<j. Then

max |x+ E aji€i€;| < max X+ E ajei€;|.
a=+1, k€S i,jS, i<j =21, ke§ i, jEST, i<j

Proof Letm>2 be apositive integer. It is enough to show that

max  |x+ Z ajiei€j| < max x+ E aji€i€;|.

e==x1, 1<k<m I1<i<ygm ex==+1,1<k<m+1 1<i<jam+1

Let

f— €€ = Pyy !
M= max |x+ E ajjeicj| = |x + E aji€; €

a=+l, 1sksm 1<i<j<m 1<icj<m

for some sign choicese{, ..., €’ . Let
1 m

] o /
€nr1 = SIEN E Aim-+1€;
1<i<m

ifx+ 3 1cicjem ayei€] > 0and

’ : !
€m+1 = —SIEN Z Qim+1€;
1<i<m

otherwise. Then we have

_iln}g)lg< 1x-}- E aj€i€j| > | X + E aijei'ej'
g=xl, Isksm+ 1<i<j<m+1 1<i<jem+1

=[x+ Z ajej€; | + Z aimi1€| > M.

1<i<j<m 1<i<m
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LEMMA 2 Let m > 2 be a positive integer. Let x,a; (1 <i<j<m)€R.
Then

max
e==+1, 1<k<m

X+ 2 ajei€;

> |x| + max |ayl
1<i<j<m Jsm

1<i<j<

The equality holds if and only if the following conditions are satisfied.
Without loss of generality, assume that max; << j<m |ay| = |a12].

(@) a;=0for3<i<j<m.
(b) xa2a1;a2;<0 and |ay| = |ay,| for each3<i<m.
© Y s<i<mlan] <min{|x|, (a2}

Proof Use induction on m. If m=2, then the lemma is true because
max{|x + aa|, |x — a12|} = |x| + |a12|- Suppose that the lemma is true
for 2,3,...,m— 1. Without loss of generality, we may assume that
maX; << j<m|ay = |as| Put

M= max
eg=x1, 1<k<m

X+ E ajci€;

1<i<j<m

Substituting €; = +1, we get

(x+e2< > azje,) + > aijfi€j>

max
=1, 25ksm 3<Zm 3<i<i<m
+ | ape + E aje || <M (N
3<jsm

and

max
a==%1, 2<k<m

3<ji<m 3<i<j<m

- <t112€2+ Z aljfj)

3<j<m

<M. 2
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By adding (1) and (2) and the triangle inequality, we get

x+€2( Z a2j€j> + Z ajjei€;

3<j<m 3<i<j<m

max
e==%1, 2<k<m

<M. (3

Again, by substituting e; = =+1 into (3) and adding each other and the
triangle inequality, we get

max
e=%x1, 3<k<m

x+ E aj€;€;

3<i<j<m

<M. 4)

By induction hypothesis and (4), we have

x| + \max lag] = |x| + |asq| = |x| + Jmax |a]

X+ E (&3]

3<i<j<m

< max <M.

T g==1, 3<k<m

Suppose that conditions (a)—(c) are satisfied. From now on, we will
assume that

max |a;| = |aiz|-

1<i<j<m
Then by (a),
M = 5k=i1}}%§k§m{|x +an| + Z (a1; + az)eil,
3<i<m
Ix - 1112‘ + Z (al,- — a2i)€i } (5)
3<i<m

Without loss of generality, assume that xa;; > 0. Then by (b),

|x + ai2] + = |x + apz| = |x| + |ar2]

> (a1 + e

3<i<m
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for any sign choices €3, . . ., €, and, by (b) and (¢),

Z (a1 — axi)ei

3<i<m

Ix — anf + <lx—an|+2 ) |ail

3<i<m
< |x — aiz2| + 2 min{|x|, |a12|}
= |x| + ax| (©6)

for any sign choices €3, ..., €,. Thus M =|x|+ |a;z|. Let us prove the
necessary condition. First we will prove it when m =4. Some computa-
tion shows that

max
e=+1, 1<k<4

X + E aji€i€j

1<i<j<4

= max{|x + a1z £ azq| + |(a13 + a23) £ (a14 + a24)|,

|x — a1z = az4| + |(a13 — a3) £ (@14 — a24)|}.

By some calculation, we get
(a) azs=0.
(b) Xa2a1:a; < 0 and |(11i| = |a2i| fori= 3, 4.
(©) Ys<i<alan] <min{jx], |ap,|}.
Let m > 4. Suppose that M =|x|+ |a;5|. Let 3 <ip <jo <m be fixed.
Let o be the permutation on {1, 2, ..., m} such that
o(3)=io, o(4)=jo, olio) =3, o(jo)=4

Define b;; = a,)o(;) foreach 1 <i<j<m. By Lemma 1,

X+ Z b,-je;ej x4+ Z bijeiej

1<i<j<4 1<i<j<m

max =M

< max
a==%1, 1<k<4

e==x1, 1<k<m

and by the first claim of Lemma 2,

X+ Z bije,-ej

1<i<j<4

max

> |x| + max |byl
e=%1, 1<k<4 1<i<j<4

= |x| + |az| = M,
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SO

max
e==+1, 1<k<4

X+ Z b,-jeiej

1<i<j<4

= |x| + max |By]-

By the above argument for m=4 case, we have 0 = b3y = a;;;, and
xb12b13b2s = xapay,ay, < 0 and |a1,~o| = tb13| = |bu| = |a1j0|, showing
(a) and (b). Suppose that (c) is not true. By (a), (b), (5) and the triangle
inequality,

M> max |x—ap|+2

e==1, 3<k<m

E ayi€;

3<i<m

=|x—an|+2 ) laul > |x — an| + 2min{|x|, |ai|}

3<i<m

= |x| + |ai2| = M,

a contradiction. Therefore we complete the proof.

Remark Lemma in [9] can be improved as follows. Let E be a normed
space over a field (C or R) and m>2, a natural number. Let x,a;
(1<i<j<m)€E.Then

X+ E €i€jdjj

1<i< j<m

> m ey
>2" max {ljx]. ay)

e==x1, 1<k<m
Using Lemma 2, we obtain the main result of this paper.

THEOREM 3 Let P(x)=3 . ; byxix; € P(*L,), by € R,0< p<oco. Then
we have

E biw?| + max |byww| 7.
! 1<i<j<m v J
1<i<m ==

meN, (W] W2y, Wiy ,0,~~)€Slp

1Pl = sup {
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Proof 1t follows from Lemma 2 because

II1P|| > |P(e1w1, - - ., €mWm, 0,0, ...)]|

2
E b,~,~w,. + E b,‘jW,‘WjGiEj

1<i<m 1<i<j<m

for any (wi,w2,...,Wm,0,...) €8}, X =Y cic,n biw? and a;;=byes;
for any sign choices €y, . . . , €.

COROLLARY 4 (a) Let P(x) = Y, ; byxix; € P(ly), by € R,0<p < oo.

Then we have

1Pl > Sup{l/mz/”(
meN
(b) Let P(x) = Y, byxixj € P(ly), bij € R. Then we have
Z bi;

1<i<m

Z bii

1<i<m

i<j

meN 1<i<j<m

1Pl > SUP{

+ max |b,-j|}.

Proof (a) follows by taking wi=1/m"?fork=1,2,...,m.
(b) follows by taking w, =1 fork=1,2,...,m.

PROPOSITION 5(a) Let P(x)=3_; ; @i.i,%i, -+ - %i, € P("h), aiy..;, € K.
Then we have

1/2
1Pl < (Z lair.-z'nIz) :

(OF/3

Z Iail...,'nlz < 00,

U1 yeensin

then

P(x) = Z Ay Xiy * 0+ X, € P(nl2)

A
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Proof Use induction on ».
Casen=2.Forx = (x) € Sy,

S| < Y| W] = Sl s
— % 17 k /
Y ’ 1/2 ’ 1/2
<D b (Z |ak,-|2) <Z |xf|2)
k j J

(by the Holder inequality)

1/2
<> Il (Z |ak,~|2> (by the Hélder inequality)
k k»]

1/2
= (Z lakj|2> .
k’j

Suppose that for n < k, the proposition is true. For x = (xx) € Sy,

E : Qipeveipy Xy~ Xy

i, bk
< § lxik+|| E , Aiy-ig Xiy ** * Xiy
1 yeenslic

ik+1

1/2
< i ( > lai, |2) (by the induction hypothesis)

Bt i yeenylic

Tt LI

1/2
= ( Z Iail“'ik+l |2> .

LTI /|

1/2 1/2
< (Z %o, |2> ( > aiin (2) (by the Holder inequality)
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