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We consider quadrature formulae for Cauchy principal value integrals

Loelf]= /ab

The quadrature formulae considered here are so-called modified formulae, which are
obtained by first subtracting the singularity, and then applying some standard quadra-
ture formula Q,. The aim of this paper is to determine the asymptotic behaviour of the
constants k;, in error estimates of the form [RP4[ £ ¢]| < k;,(€)|| /@, for fixed i and
n— oo, where RP4[ f: ¢] is the quadrature error. This is done for quadrature formulae Q,,
for which the Peano kernels K; , of fixed order i behave in a certain regular way, including,
e.g., many interpolatory quadrature formulae as Gauss—Legendre and Clenshaw—Curtis
formulae, as well as compound quadrature formulae. It turns out that essentially all the
interpolatory formulae behave in a very similar way.
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168 K. DIETHELM AND P. KOHLER
1 INTRODUCTION

We consider the numerical evaluation of the Cauchy principal value
integral

b X
Lelf1= [ L ax,

for arbitrary, but fixed £ € (@, ), where wis a given weight function. This
expression is also known as the finite Hilbert transform of wf at the
point £. The numerical methods we investigate are based on the principle
of the subtraction of the singularity [4, p. 184]. We note that

_ [P 1) W(x)
el = [TOO a1 p00) [ 20 1)

Then, we let Ou(g] = >_;, aig(x;) be a quadrature formula for the
integral

b
L[g] = / g(x)w(x) dx, )

with remainder term R,[g]=1,{g] — Q,[g]. We now apply this quad-
rature formula to the first integral in (1), which yields

el = 0, [ULE) “’f’] R, [f“ =/ (5)] T+ ©hell]

= Orl[f€]+ R £,

where

orod £ = [ 0 =7 (5’] S kel

¢
B )
rEsfg = R [O=LE).

A quadrature formula Qﬂ‘f? obtained in this way is called a modified

quadrature formula. It uses one node more than Q,, namely &; if £ is
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already a node of Q,,, then it is a double node of Qnmffl. This method has
frequently been considered, see, e.g., Davis and Rabinowitz [4, p. 184],
Diethelm [5,6,9], Elliott and Paget [11], Gautschi [13], K&hler [16],
Monegato [18], and Stolle and StrauB [23].

Whereas it is sufficient for (2) that we Ly[a, b], more restrictive
assumptions are necessary for the consideration of Cauchy princi-
pal value integrals. We assume that w=w, g, where w, g(x)=
(x — a)*(b — x)® (a, B> —1) is a Jacobi weight function, and 1 satisfies
the Dini-type condition

/IMdI<oo
0 t

(w denotes the modulus of continuity).

The modified quadrature formulae have got a certain weakness
because they cannot be applied very well to functions of rather low
smoothness properties. In particular, it is known [3,22] that divergence
may happen if the function f does not fulfil a Lipschitz condition of
order 1. On the positive side, we note that convergent subsequences
exist under very weak assumptions on f [2]. Furthermore, as soon as
we assume that f fulfils a Lipschitz condition of order 1, we can imme-
diately deduce convergence for almost every reasonable choice of the
quadrature formula Q,,[9]. A very attractive feature of modified methods
is that, under this Lipschitz assumption, the convergence is automati-
cally uniform for all £ € (a, b) [9]. It is known that many other classes of
quadrature methods for the Cauchy integral do not give uniform con-
vergence at all [7]. Moreover, it is known that the Gaussian formulae
for the Cauchy principal value integral, i.e. the formulae having the
highest possible algebraic degree of exactness among all formulae having
a prescribed number of nodes (a property that is heuristically used to
argue that the error is likely to be very small for smooth functions), are
methods of this special type.

Our main interest are error bounds of the form

|RPS[ £:€]] < R (€)1 loos

with best possible constants k; (), the so-called error constants. Obvi-
ously, in order to give bounds on the error, it is useful to have sharp
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bounds for these error constants. In particular, we shall look at the
behaviour of the «;, as i is fixed and n— oo. For a bounded linear
functional L:C'a,b]— R with L[P;_1] =0 (where P;_; denotes the
polynomials of degree less than i), let

LA
11f Ol

L], = sup{ . feCla Bl /9] # o}.

Then, it is well known that ;= ||L||; is the best possible constant in the
estimate |L[f]| < Kl /P]loo- If Ru[Pr_1] =0 (but R,[p]#0 for some
p € Py), then RP[P,; €] = 0 for all £, and ||RPO{[; €]||; is finite for all
¢ and i=1,...,r+ 1. Therefore, in our case we have to consider

IR [ €

Let us now recollect the most important previously known results
about these expressions. Noble and Beighton [19] and Stolle and Straul3
[23] have discussed the case of modified trapezoidal and modified
Simpson methods for the weight function w= 1. They have stated some
upper bounds for special cases of i, but (except for one special case) these
bounds did not display the correct order of magnitude of the constants
as n— oo. Later, for the modified trapezoidal and midpoint methods,
Diethelm [5] has shown

cn”'lnn < RPN €| < én'Inn fori=1,2,

with some constants ¢} and ¢; independent of €. Using different methods,
this has been extended to arbitrary modified compound methods [6]
for all i satisfying R,[P;_1] = 0, but still only for w=1, and with some
significant gaps between the constants ¢} in the lower bound and ¢; in
the upper bound. Yet another approach [9] gave the upper bound for
all i, but no lower bounds, for more general weight functions and modi-
fied interpolatory methods. Note that the results described up to this
point were all uniform results for all £ € (a, b). A particular consequence
of this uniformity is uniform convergence results of the form

sup |REOS[ £:€]| < cill £P|oon " 1nm, (4)

é€(a,

with ¢; independent of £, n, and ¢ in all the situations mentioned above.
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Now, it is clear that a potential user of a quadrature formula would
like to prefer a method having a small coefficient c;in (4). Therefore, it is
of interest to determine the coefficients corresponding to the various
methods as precisely as possible in order to allow a comparison. The first
stepin this direction was done by K&hler [16] who, using a method similar
to that of [9], determined the precise asymptotic constants for modified
compound methods under the assumption w=1. Some results of this
type concerning quadrature methods not based on the subtraction of
the singularity have also been established recently [8,17]. In the present
paper, we want to continue the work in this direction and generalize
the results to more general weight functions and, in particular, to include
the class of modified interpolatory quadrature formulae. Since, as we
mentioned above, for all these methods the uniform and optimal order
convergence of the error terms has already been established, we may look
at the pointwise behaviour of the error constants || RT¢[-; £]|; as € is fixed
and n — oo. It turns out that we can determine this behaviour precisely.
The main result in this context is (cf. Theorem 2.1) that asymptotically
all the modified interpolatory formulae based on the classical choices of
nodes behave in the same way, i.e. the coefficients ¢; are identical. This
gives the user the freedom to choose any one of these formulae, the choice
possibly being based on the simplicity of the nodes or the availability of
function values of f, without having to worry about the quality of the
approximation.

In Section 2, we shall state our main results, i.e. the theorems
describing the asymptotic behaviour of the constants ||RRd[; ¢]||; for
various types of quadrature formulae. The proofs are based on a general
theorem stated in Section 3. In Section 4, we shall prove the theorems of
Section 2, and Section 5 finally contains the proof of the general result
described in Section 3.

2 ASYMPTOTIC BEHAVIOUR OF THE ERROR CONSTANTS

21 Interpolatory Quadrature Formulae

Let nodes a<x;<---<Xx,<b be given, and let F[f] € P,—1 be the
polynomial of degree n—1 interpolating a given function f defined
on [a,b] at xq,...,x, Then an interpolatory quadrature formula for
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L[f] = [P f(x)w(x) dxis defined by
Oulf1=LIF[f])

Various choices of interpolatory quadrature formulae have been sug-
gested as basic methods for the construction of modified formulae, such
as Clenshaw—Curtis formulae (Chawla and Jayarajan [1]), Gaussian
formulae (Criscuolo and Mastroianni [2], Elliott and Paget [11],
Gautschi [13], Hunter [14]), Gauss—Kronrod formulae (Rabinowitz
[21]), or, more generally, positive interpolatory quadrature formulae
(Diethelm [9]).
In this subsection, let [a, b]=[—1, 1], let

wa(x) = (1 - x?)*1?

denote the ultraspherical weight functions and p) the corresponding
orthogonal polynomials. Let the weight function w and the nodes
X1, . - ., X, be chosen according to one of the following four cases.

(1) Let w=w, for some A >0, and let the nodes x; be the zeros of p;};
ie., Q, is the Gauss formula for the weight function w) (this
includes the Gauss—Legendre formulae for A=1/2).

(2) Letw=1,andletxy, ..., x, be the zeros of p) for some A € (—1/2,2).

(3) Letw=1,letx;= — 1,x,=1,andletx,,..., x,_; bethezerosof p)_,
for some A €[1/2,4] (this includes the Clenshaw—Curtis formulae
for x=1).

(4) Let w=1, let n be odd, and let x,,xy4,...,x,_1 be the zeros of
the Legendre polynomial of degree (n — 1)/2, and x3, x3, ..., X, the
zeros of the Stieltjes polynomial of degree (n+1)/2, so that the
corresponding interpolatory quadrature formulae are the Gauss—
Kronrod formulae.

It is known that in all four cases, the weights a,, .. ., a, are positive.
Under these assumptions, we can determine the asymptotic behaviour

of the error constants precisely. In the following result, B; denotes the

ith Bernoulli polynomial with main coefficient 1/i!, defined on [0, 1].
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THEOREM 2.1 Let the Q,, n=1,2,... be interpolatory quadrature
Jformulae according to one of the four cases described above. Then,

lim RISl = 27| Bl (@)1 (1 - €72

foralli>1 andevery £ €(—1,1).

The expression for the limit in Theorem 2.1 depends on i, w and &, but
not on the special quadrature formula Q,, (i.e., not on the nodes x;), so
that, for functions of low smoothness (which means for non-analytical
functions), it is likely that the performance of all quadrature formulae
admitted in this subsection is very similar; other criteria like simplicity of
the nodes x; may therefore be preferred.

Remark 2.1 1In[9, Theorem 2.3], the uniform upper bounds

IRE 58l < 220 Bill o [wy /(1 = D) _nmnt-Cn™, (5)

with an explicitly stated constant C;, have been derived. A comparison
with our Theorem 2.1 reveals that the bound of (5) overestimates the
correct value significantly, especially if i is large and/or £ is close to one
of the end points of the interval of integration.

2.2 Compound Quadrature Formulae

Letnodes 0 < x¢! < -+ < x& < 1 be given, let F[ f] € P,_; be the poly-
nomial of degree r — 1 interpolating a given function f defined on [0, 1]
atx¢,...,x%, and let E[ f]=f— F[ f] denote the interpolation error.

Using F, a piecewise polynomial interpolant F,, is defined in the
following way. Let, for f defined on [a, b],

Fj[f] = F[fo <I>j] o <I>j'1, with q’j(t) =2zj1+ thj,
and

F(m)[f](x) = F’[f](x) for x € (Zj_l,Zj), j=1,...,m.
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Then a quadrature formula of compound type for I,[f]=
12 £(x)w(x) dx is defined by

Om[f] = L[Fm f1]-

This approach has been investigated, e.g., in Diethelm [5,6], Kohler [16],
Noble and Beighton [19] and Stolle and Straul [23].

In the notation of the previous sections, Q) = Qn, Where n=km+c
for some k € {r — 1, r} and c € {0, 1} but for convenience, we will use the
notation Qg here.

Let the elementary quadrature formula Q% be defined by Q"1 =0
for w=1 and [a, b] =[0, 1], and let

B = K;'
be the Peano kernels of Qel, ie.,

1 1
el — ¥)dx — el - 0] el
RI[f] /0 £(x)dx - Q% f] /0 FO()KA () de

Then, the following result describes the behaviour of the error con-
stants for the modified quadrature formulae based on these compound
methods.

THEOREM 2.2 Assume that there exists a strictly increasing function
z € C'[0, 1] such that z(0) = a, z(1) = b, and

mh; = z'(z71(z])) + o(1)

uniformly for 1€ {j—1,j} and z;_1,z; € [a,b] C (a,b) for all closed sub-
intervals [a,b] C (a,b) where hj=z;,— z; ;. Moreover, let

max (h;‘.—l / ], |w(x)|dx> = 0(%) (6)

Then the error functional R, [ € =Tl — m°‘71[ €] satisfies

lim ——IIR“‘°°'[ &l = 211B; = bill w(€)I(' (=™ (€)'

m—oo In m

fori=1,...,rand €€ (a,b), where b; = fol Bi(x)dx, B; = K?.
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Example 2.1 Let
(x) = {a+(2x)7(b——a)/2 for x € [0,1/2]
b—(2(1-x))"(b—a)/2 forxe[l/2,1],
zj=z(’—7j;—) for j=0,...,m,

and let

w(x) = (x — @) (b — x) y(x),
where v is of Dini-type and «, 3 > —1. Then (6) holds if

1 1
> —_— .
W_max<a+l’6+1)

For y=1 and w=1 the Q,, are the classical compound quadrature
formulae with constant weight function and equidistant partition points
(this case was treated in [16]). However, our new results now allow us to
apply compound-type methods also for other weight functions. More-
over, by a suitable choice of the function z (that determines the mesh
spacing), we can adapt the location of the nodes. Doing so, we may
reduce adverse effects due to an irregular behaviour of the weight
function.

Example 2.2 Let[a, b]=[—-1,1],
z(x) = — cos(mx),
and let z;and w as in Example 2.1. Then (6) holds if

1
04,,32 -7

Remark 2.2 Instead of defining F by polynomial interpolation, one
can also use other linear approximation methods, cf. [15].

Remark 2.3 1If only w = 1is considered, then it is not necessary that Q°!
is defined by interpolation as above. Instead, one can choose for Qe' any
quadrature formula defined on [0, 1] which is exact for polynomials of
degree r—12>0.
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Remark 2.4 Fori=r+1, K, 1 (m) does not exist, so that the estimates
developed here cannot be applied, though Kr‘:‘j}d(m) exists. As earlier
results for w=1 and equidistant z; show [6,16], it can be expected that

IRG 8l = O(m™).

3 A GENERAL RESULT ON THE ERROR CONSTANTS

For the error functional of the classical quadrature formulae R, we have
Peano kernel representations

b
R,[g]l = / g(")(x)K,-,,,(x) dx fori=1,...,r,
a

where the Peano kernels K; , are defined by
Kin(x) = (~=1)'R G i
in n (i—l)! IEREERA)

The behaviour of these Peano kernels is the crucial point in our
considerations. Indeed, one can say that we require a certain regular
behaviour of these Peano kernels. As we shall see in the proofs, most of
the important types of classical quadrature formulae do have this
regularity. In particular, this holds for compound methods and many
positive interpolatory methods (Gauss, Gauss—Kronrod, Clenshaw—
Curtis, etc.).
To be precise, we assume that there exist points

a=zp<z1< -+ <zpm=b,
where n and m are related by
n=km+c (7

for some fixed values k and ¢, and that there exists a strictly increasing
function z € C'[0, 1] such that z(0) =a, z(1) = b, and

mh; = z'(z7 (z1)) + o(1)
uniformly for /€ {j— 1,j} and z_1,z € [a,b] C (a,b) (8)
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for all closed subintervals [a,b] C (a,b), where h;=z;—z;_;, and that
there exist constants -; such that
i
[1Kinlloo < p for all n. 9

1

We further need that K;, behaves asymptotically like a function Kﬁ,
of the form

X —Zj1

hj

Kgl(x) = th}Bi( ) for x € [z-1, 2], (10)

where B; is a function defined on [0, 1] which depends on X; ,,, and where
w; = w(n;) for some 7; € [zj_1, zj].

More precisely, this means that we assume the existence of constants
Yin = 7Yin(@, b) (depending on » and the interval [a, b]) with ~;, = o(1)
for fixed i and n — oo, such that

Vi, 1
1Ko — KB oy < 222 = (—) ()

n n'
forall [a,b] C (a,b).
Having collected these hypotheses, we now state the fundamental
theorem that we shall later use for the proofs of Theorems 2.1 and 2.2.

THEOREM 3.1  Under the assumptions made above, there holds

RT3 €Ml = 2118 = bill w(©)1(=' (7 (9)))',

mi
lim —
n—oolnm

where b; = fol B;(x) dx.

Note that in statements where mainly the order is concerned, e.g.,
|K;nlloo = O(n™), it is of no importance if n or m is used (because of (7));
one could also write ||K; ||l = O(m ™). However, in statements where
the precise value of the constants is of interest, as in Theorem 3.1, one
has to be more careful.
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4 THE PROOFS OF THEOREMS 2.1 AND 2.2

To apply Theorem 3.1 to the case that Q, is an interpolatory quadra-
ture formula, it is necessary to show that the assumptions made in the
previous section hold; especially, that there exists a function Kg, of the
form given in (10), such that (11) holds. For certain classes of inter-
polatory quadrature formulae, Petras [20] has shown that this is the case,
with B; being the Bernoulli polynomials. More precisely, let

Bi = (-—-l)iBj

for the part dealing with the interpolatory formulae, where B; is the
Bernoulli polynomial of degree i, with main coefficient 1/i!. The
Bernoulli polynomials have the property that fol Bi(x)dx=0fori>1,
so that b;=0. Petras has considered rather general classes of weight
functions and nodes, but for simplicity, we will restrict to the standard
cases mentioned in the statement of Theorem 2.1 here.

Proof of Theorem 2.1 For open quadrature formulae (i.e., for a < x;
and x, <b), we define m=n+1, zg=—1, z;=x; for j=1,...,m—1,
and z,,=1, and for closed formulae (i.e., for a = x; and x,,=Db) we set
m=n-1and z;=x;,forj=0,...,m. Further, let

z(x) = —cosmx and w;= w(zj—12+ Zj).

We consider the cases 1-3, using results of Petras [20]; the proof of
case 4 is essentially the same, using results of Ehrich [10]. Equation (8)
follows from the remark on page 218 of Freud [12] concerning the
distance 6,1 —6;, where x;=cos#6, Further, there holds ||K; ,|lc=
O(m™) (cf. [20, Eq. (1.2)]), so that (9) is satisfied. The relation
[1Kin — K5 Lolab] = o(n™") for every [a,b] C (—1,1) follows from the
results of Petras [20], so that also (11) holds. Therefore, we can apply
Theorem 3.1, which, since z'(z~'(€)) = n(1 — £€%)'/?, completes the proof.

The proof of the corresponding theorem in the case of compound
quadrature formulae relies on the construction principle of these for-
mulae. In particular, our regularity assumptions on the Peano kernels
are almost immediate consequences of this construction principle.
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Proof of Theorem 2.2 The interpolation error E has Peano kernel
representations

] -
Elf)(x) = /0 SO H(x,1) dr

fori=1,...,r. We obtain

Romlf] = i / W) (f(x) — FLf](x)) dx

m

I 7 W) ELfo &)@ (x)) dx
1 Y21

Il

J

J

I
LMS

/ w(x) /f< (®;(1)) Hy(®; " (x), 1) drdx

Il
M 3
=

-1 (7 10y / 7 W) (@5 (x), @ (1) dx du

.
lL

I
:\
>

SO WK, ) (u) du,
where

. Z
Ky () = ! / w(x) Hi(®(x), @7 () dx  for u € (z1.1,2).
Zj—1

j—

Letw; = [ w(x)dx/h;, and let

Zj

) %4
Kl ) = wili™ |~ Hi(@7 (x), 8" (u)) dx

Zj1

= wiliBi(®; " ().

Then

K (m) () = Ky () = B! /z ’ (w(x) = w)) Hi(®; (x), ;' () dx,

Zj—1
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and
1Ky () = Ky )| < B\ Hilloo  sUp  [w(x) — w(0)]
x,lE{Zj_l,Zj]
for u € [zj_1, zj],

2<j<m— 1. Since w € C(a, b), this yields

1
| K my — KE(m)“Lw[ﬁ,l;] = "(—)

mi

for [a, b] C (a,b). Further,

i1 7 - !
Kl < VBl (hj [ Iw(x)ldx) ~o(>)

by assumption.

5 THE PROOF OF THEOREM 3.1

By [16], we have the following Peano kernel representations for the
error functionals of the modified quadrature formula and the underly-
ing classical formula, respectively:

b
RIS £:6] = / O () KRS (x:6) dx — 6,1B(E)(€)

fori=1,...,r+1,

b
R,[g] =/ g(i)(x)li},n(x)dx fori=1,...,r,
a
b -
R,[g] = —/ g(’)(x) dKii10(x) fori=0,...,r—1,
a

where

ar if§=xk.

ﬂ(g)z{o if ¢ {x1,. .., %n}s
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Therefore, by Holder’s inequality, we have that
IR €l = IS (5 Oy ay + it lBE)]-

Thus, in order to determine the behaviour of || R™¢[-; £]||,, it will be useful
to investigate the Peano kernels occurring here. These Peano kernels

are defined by

i x— ) ,
K,-‘,‘;‘i"l(x;é)=(~1)R,,‘“+°?{((—i_—i—)!—;} for i=1,....r+1, (12)

and

Kin(x) = (—1)'R, [%}—l-l;?'—l} fori=1,...,r.

A key element in the proofis the following relation between the Peano
kernel of the modified formula on the one hand and the Peano kernel of
the classical formula on the other hand [9,16].

LEMMA 5.1 Let the intervals J¢  be defined by

_ [ la,x] forx<§,
Jex = { [x,b] forx>¢&.

Then, for x € [a, b)\{£}, there holds

K4 () = e [ Hd’ fori=2.rkl,  (13)
Jex -

KT () = —J¢ — x| / LK) fori=1,...r.  (14)
Jex |£_t|

This relation essentially allows us to express the relevant quantities
in terms of Peano kernels of the classical formulas and use some facts
about these kernels that have been established already.

Further, the following splitting of Kg‘,‘fl is used, which is obtained by
partial integration of (14).



182 K. DIETHELM AND P. KOHLER

LEMMA 5.2 Let1<i<randx€[a,b]\{¢}. Then
K53 (x%:6) = K} (x;€) + K5 (% 6),

where
Kl (x;€) = If:"_(? ,
. . i— Kiv" 4
K2 (x;€) = isign(§ — x)|¢ — x| /Ju,z‘__,%‘

Now, we are in a position to give the proof of our fundamental result.

Proof of Theorem 3.1 Let £€(a,b) be fixed. In the following, we
consider only the interval [a, ], since the interval [£, b] can be treated in

a completely analogous way.

Choose a (not depending on ») and ji, j, (depending on n) such that

for n sufficiently large, the following holds:

a<a<z <z, <z, <&

For the proof, the interval [a, £] is splitted into the three parts [a, z;,],
[zj,,z5] and [z;,,€], and the Peano kernels are treated on each part

separately:
KGR (36l e = 4+ B+ C,
where
A= [" Kz olax
B= [ 1Kz el

i

- / K8 (3 6)] dx.
Zjy

It is assumed that z;, and z;, have been chosen such that

(15)
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and

Lemma 5.2 yields, for a < x < £, that

KMo 1 i- 1
tn+d](x ol < ”I(ln”oo( + (€ — x) l/a (é-___—t_)-t-i——]dt)

I EPSRY S B
”I(”l”oo (E x+(€ x) ((é._x)z (€_a)l)>

Recalling assumption (9) and the fact that 1/(§ — z;,) = O(Inn), this
implies

i Inlnn
a= [ kg glar = o 22) (16

Note that this estimate holds uniformly for all £ € (q, b) because a is not
involved in the calculations.

Next, we consider the interval [z;,, £]. Using the representation (14), we
derive C < C; + C,, where

3 ,
C =/ (§*x)l—1
— (= Zj'z)i 21 .
= /a T dK; (1)

(=2 | Kinz) [, Kin()
RGN / K t)"“d”

2 1
<21kl = 0(57):

i,n(t) dx
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and

C = / ‘5(6 —x)"!
<[ [

where V; ,(f) = Var(K; », [a, ]) is the total variation of K; , on the interval
[a, 7]. Changing the order of integration yields

——I_—i dI(,',n(t) dx
Zj (6 - t)

dVi.(r)dx,

G <

[ (g—z) / (€ — %) dx Vi)

/ dVn(2)

—Var(K,,,, [zp,&]) for1<i<r
< E_%”Ki_],,,nw = 0(%) for2<i<r.
For i=1, we use the fact that K ,(x) = £(x) — x(x), where
R(x) = /b w(f)dt and &(x)= zn:au(xu - x)(l.
x prsi
Then,

3
Var(s, [, ) = [ (0] dt < [l jag(€ — ) = O(1/m)

V4 j2

and

Var(k, [z, ) < > lay| = O(1/n)

Zj qu SE

(since, as a consequence of || K ,|| = O(1/n), there holds max, < , < 4|a,| =
0(1/n)), and thus we have C, = O(1/n’) for i =1, too.
Therefore,

C=0(n™ (17)

for 1 <i<r, and again this bound holds uniformly for all £ € (a, b).
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Combining (15), (16), and (17), we have
K53 (5 yjag = B+ O(n ' Inlnn)
uniformly for £ € (a, b). It now remains to estimate B. Therefore, we now
consider the interval [zj,, z;,].

Let K; , be defined by

1‘( _ Kin(x) for x € [a,z;],
in(x) = {Ki,Bn(x) for x € (ijﬁ],

and f(f,’ffl by

K% (x;8) = ——’fc_(’? +isign(¢ — x)|¢ — x"" /J le- 17 Kin(r) 1.

For z;, < x < ¢, we obtain

|K50d (x5 €) — Ko (. 9)|

in+1
|Kin(x) = Kin(x)| . i1 [ *\ |Kin(t) — Kin(1)]
<Ml ([ [ ) e

Yin 1 . i-1 * 1
S_}’l7<§'—_x+l(£_x) Wdt)

Zj‘
< 27i,n ,
~ (€ —x)

since K;(t) — Kin(t) = 0 for ¢ € [a, z;,]. This implies

) _ inlnn Inn
[ k0 - Kzl ax = 0 227) —o(27).
Zjy

nt
Let

P _ [ Kin(x) for x € [a,z],
t’n(x) - th}bi for x € (zj_l,zj], j=n+1,...,p.
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We spht up K,“,‘,L into four parts similar to Lemma 5.2, so that

R0 (€)= Kl (x,€) + K2 (x;€) + K} (x;€) + Ki(x:€) for x€[a,),
where

Ki(x;€) = —
R2(6:6) = i€ - w‘/fﬁtﬁéﬂu
R2(x;6) = ile - W*/ELQW%@ ,
ﬁu@=—&aﬂzxf

These four parts are now treated separately. Let B, = f | KCH (x; €)| dx.
Then

B =

j—1

J z thJi' Bi((x — zj-1 /h —b;
Z/z] Wi (Bi( j ).

ferd] x—¢

J2 AW ez .
<> il /] Bi<x ZH) —b)
1—11+15 71 hy

Jj= 11+1

dx

and analogously, using 1/(§ — x) > 1/({ — z;_;), one obtains

Bl>—||B bill, Zhlwfl(’"h)

A §7F

which yields
B = B 1nm 1
1= 1B bi”l|W(§)|(Z'(Z—1(€)))'n—mi+o(n_~ ),

since lim, Zj, = limy_oo Zj, = §
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Letz;_ <x<z;<§,ji+1<j<j, Then

[

Jj-1 2,
Wl (a(”‘“4)—b0¢mdt
1/=]Z];—1 /z.,_| hy
+ wih} / ) (B,-(t "hjf“‘) - bi) O
where ¢(f) = 1/(€ — )’ ". Since [, (Bi() — b;) dt = 0, we obtain
W t—2zy—1
/. (B (5t) o) etoa
[ (5(52) - )6 - st ar

< hu(¢(ZU—1) - ¢(ZV))”BI - bi”]'

K2 (x; )| = i€ — x)"™!

i+1

Km(t) Rin(®) 4
—1)

=i~ x)""

Together with

/,x. <Bi (L_T?—i) - bi) (1) dt

this yields

< hid(x)||1B; = bill;,

I (x; )] < il B; — billy (€ — x)"

j-1
x ( > Wl (9(zem1) = 6(z,)) + |Wj|h§+'¢(X)>

v=j+1

< 2i]B; - bill,  max_ (| wilhy)

@—)”

so that

1 1
By < 2iBi — bill W]z aX”“—_:OCJ

J1+H1<v<y; v 5—212
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Obviously, B; < B3 1 + B3 5, where

/z,, Kin(t) = Kin(x) t\ dx

( t)l-‘rl

. i-1
By, =/ i(§ — x)

gl

< : )|b;
< (il +, max (wulii51)

V4 jl
X
%

1

1 1
(uK,nu + 1l 2 jag g}lfg;,hlbo 0(ﬁ>’

. Zjy 1
1(6 - X)l—l /‘; (é—_;)—'ﬁ dedx

and
Kin(t) — Kin(x)
33,2=/ ( "/ Kin(®) = Kin(x) 44,
Z (5 H—]
< sup IKi,n(t) '—ki,n(x)lln“_—z‘]l
XJG[ijij] 5.— ‘j2
N Inn
= sup |Kin(t) — Kin(x)|O(Inn) -—o( ),
x,tG[Zjl ’sz]
since

Sup Kin() — Kin@) =20 max (k) = w,(oh)]
x,t€lz;, 23] n pve{ji+l,...j}

and w, — w(¢), nh,— Z(z"'(¢)) uniformly for all € {ji+1,...,ja}.
Further,

zj, _ i—1
By < ”IA(i,nnool @(—f_x—i);— dx

<linlo 23— o (1),
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Collecting the estimates obtained above, yields

B=/z'

Zjy _ Inm
K glax= [ IR s v+ o(—)

mt

ij |
zjl

= 1~ il ()™ ) "+ o227,

Therefore,

mt

1 1
1K 5Ol = 1B = bill WO ' (7 (€)' — + (_m)

An analogous reasoning can be applied to the interval [¢, b], completing
the proof of Theorem 3.1.
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