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Let F=F(vy,..., vn) smooth on (R)™ with F,y, > 0for i#j. Furthermore, let uy, . .., Uy,
nonnegative and bounded functions on R” with compact support. We prove the inequal-
ity fn" F(ur,...,um)dx < fR,. F(uj,...,u},)dx, where * denotes symmetric decreasing
rearrangement.
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1 INTRODUCTION
Let u: X — R{ a measurable function defined on a measure space
(X, ). We define its distribution function p, : Rf — R{ U {00} by
(1) = p({x € R u(x) > 1}), 120.
Two functions u and v are said to be rearrangements of each other if
(1) = (1) V2 20.

By F . (X ) we denote the collection of measurable functionsu : X — Ry
with

1y(2) < 400 V> 0.
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Nextlet M the family of u-measurable setsin X,andlet 7: M — Maset
transformation satisfying

M,Ne M, MCN = TM C TN (monotonicity), (1)
M e M = pu(M) = pu(TM) (equimeasurability).  (2)

Defining a function Tu by
Tu(x) :=sup{t>0: xe T({u>1})}, xeX, (3)

we see that w and Tu are rearrangements of each other. We will also call
any mapping 7: F.(X) — F(X) given by (1)-(3), a rearrangement.
Now the following inequality is basic: if u,v € F.(X) and if Tis a
rearrangement then

/Xuvd,u(x) S/XTuTvd,u(x). 4)

Equation (4) is attributed to Hardy and Littlewood (see [10],[11]).
An extension of this inequality was proved by Crowe et al. [7]. Let
F:R{ x R — R be continuous, and suppose that

F(0,0) =0 (5)
and

Fu+s,v+1t)— Flu+s,v) — F(u,v+t) + F(u,v) > 0
Vu,v,s,t € Ry. (6)

Then we have foru,v € F.(X),

/X Flu,v) du(x) < /X F(Tu, Tv) du(x). )

Note that if Fe C? then (6) is equivalent to

2
0°F >0,
oudv —

and if u(X) < oo then the condition (5) is superfluous.
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Equation (7) contains some important special cases: if F(u, v) = uv then
we recover (4). Furthermore, if F(u, v) = —f(|u — v|), where f is convex
with f(0)=0 then F is continuous and satisfies (6). In particular, for
f(O=1", pe[l, +o0), we obtain the nonexpansivity in LP(X, p), i.e. for
nonnegative functions u, v € LP(X, p) there holds

17w = Toll, < llu =¥l (8)

(Here and in the following || - || , denotes the usual norm in I”(X, p).)
Our aim is to generalize (7) to more than two functions: suppose that
F: (R§)™ — Ris continuous and satisfies

F(0,...,0)=0 (9)
and

Fvi,o.ouvi48, . v+t V) —F(vi, o i+ 8,0 Vs ooy Vm)
—F(vl,...,vi,...,vj+t,...,vm)+F(v1,...,v,~,...,vj,...,vm) >0
Vs, t,v1,...,vm €RY and Vije {1,...,m}, i#]. (10)

Note that if F€ C? then (10) is equivalent to

O’F
8v,~6vj

>0 Vije{l,...,m}, i#].

We ask for conditions on (X,u) and T such that the following
inequality might hold (uy, ..., um € F(X)):

/F(ul,...,um)d,u(x) S/F(Tul,...,Tum)du(x). (11)
b e X

We first point out that (11) was proved by Lorentz [12] for decreasing
rearrangement of functions given on a bounded interval on R. It seemed
difficult to use his idea of proof for other rearrangements.

Wewill prove (11)in the special cases that T'is the symmetric decreasing
rearrangement either in the Euclidean space R”, on the sphere S” or in the
hyperbolic space H” (for definitions see Section 2). The idea consists in
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the following: first (11) is shown for an elementary T — the so-called two-
point rearrangement. Then the result follows by approximation through a
sequence of two-point rearrangements. Note that this method of proof
turned out to be very fruitful in showing integral inequalities for
symmetrizations (see e.g. [1—4]).

Using (11) for symmetric decreasing rearrangement, it is also easy to
obtain analogous inequalities for symmetrizations depending essentially
on more than one variable. Unfortunately, regardless of the simplicity of
the method, it cannot be applied to more general situations. In particular,
we do not know whether (11) holds for arbitrary rearrangements 7 and
measure spaces (X, 1t).

Finally we show using (11) that vector valued solutions of certain
variational problems are radially symmetric.

2 SYMMETRIZATIONS AND TWO-POINT
REARRANGEMENT

From now on, let X denote either R”, the unit n-dimensional sphere
8" = {x € R*!: |x| = 1}, or the n-dimensional hyperbolic space H".
We equip X with the corresponding distance function d(x,y) and
measure u. Thus, for X=R", d(x, y) is the usual Euclidean distance
|x — y| and p the Lebesgue measure. For X = §”, d(x, y) is the great circle
distance on the sphere and y is the Lebesgue surface measure. We take as
a model for H” the ball {x € R": |x| < 1} equipped with Riemannian line
element dh = 2(1 — |x|*)~!|dx|. Then dand y ae the Riemannian distance
function and the volume measure, respectively, associated with dh.

If u € C(X') we denote by w, the modulus of continuity of u, which is
defined by

walt) = sup{Ju(x) — uy)|: d(x,») <}, 1>0.

We fix an origin e in X, and we denote by B(R) the ball {xe€ X:
d(x,e) < R}. For sets M C M with u(M)>0 let M* the ball B(R),
Re(0,+00], with p(B(R))=u(M), with the exception that, if X =
S§"=M, then M*=8". For ue F.(X) we define the symmetric
decreasing rearrangement u* by

u*(x) = sup{tr > 0: x € {u(x) > t}"}. (12)
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Then u* is ‘radially symmetric and radially decreasing’, that is we have
w(x)=u*(p) if de,x)=d(e,y) and u*(x)>u*(p) if d(e,x)<d(e,y).
Furthermore, it is well-known (see [1]) tht if u € C(X') then w,(¢) > w,+(¢)
Vt>0. Note that u* goes by various other names, such as Schwarz
symmetrization when X =R", spherical symmetrization when X = §”",
and hyperbolic symmetrization when X =H".

Next we define a very simple rearrangement.

Let H(R") the collection of all (» — 1)-dimensional hyperplanes of R”,
H(S”) the collection of all intersections of S” with n-hyperplanes through
the originin R*™', and H(H") the collection of allimages under the group
of hyperbolic motions of the hyperbolic (n — 1)-plane {x e R™: |x| <1,
X, =0}.For H € H(X)leto=o0g: X — X denote reflection in H, and let
H™ and H™ are the two components of X\ H, such thatec HUH *.

For ue F,.(X) we define the two-point rearrangement of u
(w.r.t. H) by

u(x) if xeH,
ug(x) := ¢ max{u(x);u(ox)} ifxe H", (13)
min{u(x);u(ox)} ifxeH".

Note that the two-point rearrangement is sometimes called polarization
in the literature (see [4,8,9]).

Remark 1 The following properties are easy to check (see [1,2]): uy
is a rearrangement of u, and if suppu C B(R) for some R>0 then
also suppuy C B(R). Furthermore, if u€C(X) then we have
wy(t) > wy,(?) V> 0. Finally, we have (u*)g=u*, and if uELz(X, ),
then by (8),

llurr = llp <l = 7.

3 INEQUALITY

Our main result is

THEOREM 1 Let X=R",S"orH",andlet F : (R})"™ — R continuous and
satisfies (10) and in addition (9) in case that X =R" or H". Furthermore,
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let either

@ wi,...,um € Fo(X)NLX(X,p) or
@) wui,...,um € Fr(X)NLP(X, ) and

m
[FO1,.ovm)| S CY P V0o, ,vm) € (R)", (14)
i=1

for some pe|[l,+00), C>0.

In case (ii) and if X = R" or H” we add the requirement that the functions
Uy, . .. , Uy, have compact support. Then

/nwmmm@mg/n@mﬂw@m. (15)
X X

For the proof we need the following technical lemma which was also
used in [12]. We include a proof for the convenience of the reader.

LEMMA 1 Let F: (Rf)™ — R continuous and satisfies (10). Further-
more, let a;, b, ci, ¢; € R{ with

¢; =max{a;b;}, c¢; =min{a;b;}, i=1,...,m.

Then

Fla,...,am) + Fb,...,bm) < F(cf,...,c8)+ Fler,...,c,). (16)

Proof W.l.o.g. we may assume that there is some ke {l,...,m—1}
such that

ai=cf and bj=¢; forl1<i<k.
Introducing the vectors v/ = (c7,...,c;), V' = (Cpifs---sCp)s W=
(h1y ... ), W' =(hisr, . .., h), Where b :=cf — ¢, i=1,...,m, (16)
reads as

I:=FO0'+HK v +H)+FO' V") —FO' + K, v") = FO' v+ H')
>0. (17)
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Let Fe C2. We have by Taylor’s theorem,
1(m k
I= / { Fo, (v +th' ,v" + th")h; — ZFvi(V' +th',v" )by
0 =1 i=1

m
- E F,(v',v" + th”)h,-} d:. (18)

i=k+1
Now, since Fy,,, > 0 for i# j, we have for ¢ €0, 1],
F,(v' +thv" +th") — F, (v + th ,v")

1 m
=/ S Fu (v + 0" + sth"Vyds > 0, if 1 <i<k,
0 j=k+1

and

F,(v' + ' v" +th") — F, (v',v" + th")

1 k
=/ S Py (v + st v" + th")hyds > 0, ifk+1<i<m.
0 J=1

Therefore the integrand {- - -} in (18) is nonnegative, and (17) follows.
In the general case we can argue by approximation.

Now we show that (11) holds for two-point rearrangements.

LEMMA 2 Let F: (R{)" — R continuous and satisfies (10). Further-
more, letuy, ..., uy € F1(X)and H € H(X). Then

/ Flun, .. 1) dpa(x) < / Fl) s () ) du(). (19)
X X

Proof Let Q(u,-..,u,) denote the left integral in (19). Then we have
by Lemma 1,

Oty .- um)
— /H F )t (3)) + Fa (03), . () dp()

< [ {F@)n (... (o))

+F((u1) g (0x), - - -, () (o)) } dpa(x)
=0()g>- - - (Um)g)-
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Proof of Theorem 1 Our proof is much like the proof of Theorem 3 in
[1]. Let Q as above. First we suppose that u; € C(X), and if X =R" or H"
then suppose in addition that u; has compact support in B(R) for some
R>0,i=1,...,m. We define

S(w) :={U € C(X): wy <w,, and U is a rearrangement of u;},

i=1,...,m,
S(uty...stm) ={(Ui,..., Un) € S(u1) x + - X S(thy):

(U, ..., Un) > Qu1, ..., um)},
5=inf{Z||U,~—u;‘|[§: (U,...,Un) eS(ul,...,um)}.
=1

If X = R" or H" then we add in the definition of S(u;) the requirement that
supp U C B(R). There exists (U?,...,U%) € S(u1,...,un) such that
6=, |U® — uz|)3. When X = &" this follows from the theorem of
Arzela—Ascoli, and if X=R" or H” it follows from Arzela—Ascoli
together with the translation invariance of the integral Q(uy, . . ., %,,). If
=0 then (u},...,u})=(UY,...,U%) € S(u,...,un) and hence
O(ut,...,u5,) > Q(u, ..., um), as required.

Suppose that § > 0. Then thereexistsk € {1, ..., m} such that U? # u}.
It is easy to show (see [2]) that there exists H € H(X) such that
(U g — wtll, < ||UL — u||,, which means that

m m
DU = w1z < D IUP — w3
i=1 i=1

Since also ((UD)y,...,(U%)y) € S(ut,...,un) by Remark 1, this last
inequality contradicts the definition of é.

In the general cases we chosen sequences ugk), e, uﬁ,’f ) of nonnegative
continuous functions with

(k)

suppy;  C suppu;, k=1,2,...,

and such that

uo w; in IP(X,pu), (20)

1
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in case (i), and
u? — w in L'(X, p), (21)
and
u® < ¢, uniformly Vk (C > 0), (22)

in case (ii), i=1,...,m; (20)—(22) also hold for u, ,u, replaced by
(ugk))*,u}‘, k= 1,2,..., i=1,...,m, respectivley, in view of (8). The
assertion then follows from (14) and from Lebesgue’s convergence
theorem.

Remark 2 (1) Choosing F(vi,...,vm) = [Iieyvi of F(vi,...,Vm) =
SOk, vi), where f is convex with f(0)=0 we obtain the following
inequalities which hold for nonnegative bounded functions uy, ..., u,
having compact support when X =R" or H":

/Hu,du(x /Hu dp(x), (23)

/ (Z u,> dp(x) < / (Z u ) dp(x (24)

(2) Theorem 1 implies analogous inequalities for the so-called (k, #)-
Steiner and cap symmetrizations in R”, respectively S”. Note that these
symmetrizations can be seen as symmetric decreasing rearrangements
on k-dimensional subspaces of X (1 <k <n— 1) (see[1]). For the proofs
one can argue analogously as in [1, p. 59].

Itis easy to obtain an inequality similar to (14) with F depending on x.
Replace m by m+1 and let u,,,; € L'(X, ) N L°(X, 1) smooth with
Umi1 = U, and strictly radially decreasing. Defining a function
G : (R)™"! — R by the relation

Gvis.- s Vmrd(e, X)) := F(v1, ..., Vs tms1(X)),
x€X (v1,...,vm) € (R,
we see that G is continuous and satisfies
GVyeoos Vit Sy sV 2+ 1) — GV, Vit Sy ooy Vs Z)
— Gy Ve sV 2+ )+ G0y, ey Vig o Vmy2) <0, (25)
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Gy Vit S Vi + 1ty Vm, 2)
— GV, Vi S Y Yy Z)
— GV, Vi Vi L Ve, 2)
+Gi, ey Vise Ve,V 2) 20

Vs, t,vi,...,vm €RY and Vi,je{l,...,m}, i#j. (26)

Note that if G € C? then (25) and (26) imply

&G >*G
Ay, > A a. < j j .. ] 'a
6Vjav]' - 0’ anaZ = 0 VIs.] S {1’ 9m}, 1 ?é]

The above considerations and Theorem 1 yield

COROLLARY 1 Let X=R", 8" or H". Let G : (R{)"™"" — R continuous
with

G(0,...,0,d(e,-)) € L'(X, ), (27)

and satisfying (25) and (26). Furthermore, let either

@) wi,...,um € Fr(X)NLPO(X, p) or
@) wy,... um € FL(X)NLP(X, 1) and

GO, Vs (e, X)) S CY VP +g(2) V(1. vm) € (R))",

i=1

(28)
for some p €[1,+00), C>0andge L'\(X, ).

In case (ii) and if X = R" or H" we add the requirement that the functions
Ui, ..., U, have compact support. Then

/G(ul,...,um,d(e,x))du(x) S/G(u}‘,...,ufn,d(e,x))du(x). (29)
X X

Remark 3 Tahraoui [14] showed (29) in the special case that X =R",
m=2 and G € C>. But his proof is quite complicated and it needs the
unnecessary condition that (8°G)/(8v,8v,0z) < 0.
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4 A SYMMETRY PROBLEM IN THE
CALCULUS OF VARIATIONS

Consider the following variational problem:

Jur, ... um) =/ ( Zqu,rI (ul,...,um,|x|)> dx — Min.!,
B(R)

weK:={ue W, (B(R):u>0}, i=1,...,m, (30)

where R>0,G : (Rf)™"' — Ris continuous and satisfies (25)—(28) and
q € (p, +00). Then it is easy to see that the functional Jis bounded below
and weakly lower semicontinuous. Hence there exists a minimizing
solution. We prove

LEMMA 3 There exists a solution of problem (30) with u; = u},
i=1,...,m

Proof Let(Uy,...,U,)aminimizing solution. By Corollary 1 we have
/ G(Us, ..., Up, ) dx < / GUL,...,Us ) dx.  (31)
B(R) B(R)

Furthermore, there hold the following well-known inequalities (see
e.g. [1]):

/ |VU,~|"dxz/ VUMdx, i=L...m  (32)
B(R) B(R)

Now (31) and (32) yield J(U7,...,U;) <J(Ui,...,Uy), and the
assertion follows.

Remark 4 1fG,, € C((R)™"") then a solution (uy, . . . , ,) of problem
(30) solves the following variational inequalities:

/ Va2V (v — ) dx > / Gy (11, sy J]) (v — ) dx
B(R) B(R)
Wwek, i=1,...,m. (33)

Next suppose that u;>0, i=1,...,m. (Note that this follows from
the maximum principle in case that G,,(ui,...,un, |x|) >0 in B(R),
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i=1,...,m, for instance.) Then (u,...,u,,) is a weak solution of the
following semilinear elliptic system,

—Agu; = —V(|Vui|* V) = Gy, (s, . . . , tim, |x|)in B(R)

(34)
;=0 ondB(R), i=1,...,m.

The system is cooperative by (26). Systems of this form arise in modelling
spatial phenomena in a variety of physical and chemical problems (see
e.g. [5,6,15)]).

It is worth to mention the following special case.

Let g =2, and assume that the functions w;and G,,, i=1,...,min (34)
are smooth. Then the radial symmetry of u;, i=1,...,m, follows as
well via the method of moving planes (see [13,15]).

References

[1] A. Baernstein II: A unified approach to symmetrization, in: Partial Differential
Eguations of Elliptic Type, Eds. A. Alvino et al., Symposia Matematica Vol. 35,
Cambridge Univ. Press 1995, pp. 47-91.

[2] A.Baernstein Il and B.A. Taylor: Spherical rearrangements, subharmonic functions,
and *-functions in n-space. Duke Math. J. 43 (1976), 245-268.

[3] W. Beckner: Sobolev inequalities, the Poisson semigroup and analysis on the sphere
S”. Proc. Nat. Acad. Sci. USA 89 (1992), 4816—4819.

[4] F. Brock and A.Yu. Solynin: An approach to symmetrization via polarization,
preprint, K6In (1996), 60 pp., Transactions of AMS (to appear).

[5] S. Chanillo and M.K.-H. Kiessling: Conformally invariant systems of nonlinear
PDE of Liouville type. Geom. Funct. Analysis 5 (1995), 924-947.

[6] M. Chipot,I.Shafrirand G. Wolansky: On the solutions of Liouville systems. J. Differ.
Equations 140 (1997), 59-105.

[7]1 J.A. Crowe, J.A. Zweibel and P.C. Rosenbloom: Rearrangements of functions.
J. Funct. Anal. 66 (1986), 432—438.

[8] V.N. Dubinin: Transformations of capacitors in space. Soviet Math. Dokl. 36 (1988),
217-219; Russian original in Dokl. Akad. Nauk SSSR 296 (1987), 18—20.

[9] V.N. Dubinin: Capacities and geometric transformations in n-space. GAFA 3 (1993),
342-369.

[10] G.H. Hardy, J.E. Littlewood and G. Polya: Inequalities. Cambride Univ. Press,
London (1934).

[11] B. Kawohl: Rearrangements and convexity of level sets in PDE. Springer Lecture
Notes 1150 (1985).

[12] G.G. Lorentz: An inequality for rearrangements. Amer. Math. Monthly 60 (1953),
176-179.

[13] A.W. Shaker: On symmetry in elliptic systems. Applicable Anal. 41 (1991), 1-9.

[14] R. Tahraoui: Symmetrization inequalities. Nonlinear Analysis, TMA 27 (1996),
933-955.

[15] W.C. Troy: Symmetry properties in systems of semilinear elliptic equations. J. Differ.
Egquations 42 (1981), 400—-413.



