J. of Inequal. & Appl., 2000, Vol. 5, pp. 367-380 © 2000 OPA (Overseas Publishers Association) N.V.
Reprints available directly from the publisher Published by license under
Photocopying permitted by license only the Gordon and Breach Science
Publishers imprint.

Printed in Singapore.

On Powers of p-Hyponormal and
Log-Hyponormal Operators

TAKAYUKI FURUTAT and MASAHIRO YANAGIDA*

Department of Applied Mathematics, Faculty of Science, Science University
of Tokyo, 1-3 Kagurazaka, Shinjuku, Tokyo 162-8601, Japan

Dedicated to the memory of Prof. Szokefalvi-Nagy, Béla in deep sorrow
(Received 17 May 1999; Revised 14 July 1999)

A bounded linear operator T on a Hilbert space H is said to be p-hyponormal for p > 0 if
(T*T)? > (TT*)?, and T is said to be log-hyponormal if T is invertible and log T*T >
log TT*. Firstly, we shall show the following extension of our ?revious result: If Tis p-
hyponormal for p € (0,1], then (T% T%)E*D/M> .. >(72 72yp/2 5 o+l gpg
(TT*Y"*' > (1?2 Tz')("“j/ 2> > (T TP/ hold for all positive integer n. Secondly,
we shall discuss the best possibilities of the following parallel result for log-hY’)onormal
operators by Yamazaki: If T is log-hyponormal, then (T"'T%)'/">...>
(TP T2 1T and TT* > (T2T%)2 > ... > (T"T")'/" hold for all positive
integer n.
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1 INTRODUCTION

A capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive (denoted by 7> 0) if
(Tx,x) >0 for all x€ H and also an operator T is said to be strictly
positive (denoted by 7> 0) if T'is positive and invertible.
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An operator Tissaid to be p-hyponormalfor p > 0if (T*T)? > (TT*)?
and an operator T is said to be log-hyponormal if T is invertible and
log T*T >log TT*. p-Hyponormal and log-hyponormal operators are
defined as extensions of hyponormal one, ie., T*T>TT*. It is
easily obtained that every p-hyponormal operator is g-hyponormal
for p>¢g>0 by the celebrated Lowner—Heinz theorem “4>B>0
ensures A > B for any o €0, 1],” and every invertible p-hyponormal
operatorislog-hyponormalssincelog ¢is an operator monotone function.
We remark that (4°—1)/p—log4 as p—+0 for positive invertible
operator 4 >0, so that p-hyponormality of T approaches log-hypo-
normality of T as p— +0. In this sense, log-hyponormal can be
considered as 0-hyponormal.

Recently, Aluthge and Wang [2] showed the following results.

THEOREM A [2] Let T be a p-hyponormal operator for p € (0, 1]. Then
(T T"WP/" > (T*TY > (TT*Y > (T"T" Y/ (1.1)
hold, that is, T" is ( p/n)-hyponormal for all positive integer n.

It is well known that even if 7'is hyponormal, 72 is not hyponormal
in general [9, Problem 209], but paranormal [4], i.e., ||T2x| > || Tx|*
holds for every unit vector x. Now it turns out by Theorem A that 72 is
(1/2)-hyponormal for every hyponormal operator T, which is more
precise since (1/2)-hyponormality ensures paranormality [1,7].

Very recently, in [8], we showed an extension of Theorem A as follows.

THEOREM B Let T be a p-hyponormal operator for p € (0, 1]. Then
(Tn* Tn)(p+1)/n > (T*T)p+l (12)

and
(TT*)p+l > (TnTn")(p+1)/n (13)
hold for all positive integer n.

We also discussed the best possibilities of Theorem 1 and Theorem A.
On the other hand, Yamazaki [12] showed another extension of
Theorem A as follows.

THEOREM C [12] Let T be a p-hyponormal operator for p € (0, 1]. Then

(Tn*Tn)l/n > > (TZ"T2)1/2 > T*T (14)
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and
TT* > (T*T%)* > ... > (T"T")'/" (1.5)
hold for all positive integer n.

We remark that Theorem A follows from Theorem B (or Theorem C)
obviously. In fact, the first and third inequalities of (1.1) hold by (1.2)
and (1.3) of Theorem B (or (1.4) and (1.5) of Theorem C) and Léwner—
Heinz theorem, and the second inequality of (1.1) holds since T is
p-hyponormal.

Yamazaki[12] also showed the following Theorem D and Corollary E
for log-hyponormal operators which are parallel results to Theorem C
and Theorem A for p-hyponormal operators, respectively.

THEOREM D [12] Let T be a log-hyponormal operator. Then

(T T > > (TP TV > 7T (1.6)
and

T > (T2T2*>1/2 >.> (TnTn*)l/n (1.7)

hold for all positive integer n.

COROLLARY E [12] Let T be a log-hyponormal operator. Then
log(T™ TV > log T*T > log TT* > log(T"T™ )/ (1.8)
hold, that is, T" is also log-hyponormal for all positive integer n.

We remark that Corollary E is more general than the following
result by Aluthge and Wang [1] “If T is log-hyponormal, then T?*is
log-hyponormal for any positive integer n.”

In this paper, we shall show Theorem 1 stated below which is an
extension of both Theorem B and Theorem C. We shall also discuss the
best possibilities of Theorem D and Corollary E.

2 AN EXTENSION OF BOTH THEOREM B AND THEOREM C

THEOREM 1 Let T be a p-hyponormal operator for p € (0, 1]. Then
(Tn‘ Tn)(p+1)/n > > (TZ" T2)(p+l)/2 > (T*T)p-H (21)
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and
(TT*)p+1 > (TZTZ*)(p+1)/2 > > (TnTn*)(p+1)/n (22)
hold for all positive integer n.

We remark that Theorem B follows from Theorem 1 by comparing the
first and last terms of each of the inequalities, and Theorem C also
follows from Theorem 1 by Lowner—Heinz theorem. It is interesting to
remark that Theorem D just corresponds to Theorem 1 in case p = 0 since
log-hyponormal can be considered as 0-hyponormal as mentioned in
Section 1.

In order to give a proof of Theorem 1, we use the following Theorem F.

THEOREM F (Furuta inequality [S]) If 4> B >0, then for eachr >0,
() (B"*47B"*)"a> (B> BPB")" and
(11) (Ar/ZApAr/Z)I/q > (Ar/ZBpBr/Z)l/q
holdforp>0andq>1with(l1+r)g>p—+r.

We remark that Theorem F yields Lowner—Heinz theorem when we
put =0 in (i) or (ii) stated above. Alternative proofs of Theorem F are
given in [3,10] and also an elementary one-page proof in [6]. It is shown

in [11] that the domain drawn for p, ¢ and r in Fig. 1 is the best possible
for Theorem F.

(1,0) q

(01 _T)

FIGURE 1
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We also use the following result which is an application of Theorem F.
THEOREM F'  If A > B >0, then the following assertions hold:

@) for each ¢>0 and r>0, f(s)=(B"?4°B"+DIC+D s increasing
fors>q.

(i) for each ¢>0 and r >0, g(s) = (A*BSA"?) 976+ s decreasing
fors>gq.

Proof of Theorem 1 Let T=U|T| be the polar decomposition of T.
Then itis well known that the polar decomposition of T* is T* = U*|T*|.
Put A,=(T" T")?"=|T"*" and B,=(T"T"")"""=|T™" |*”/" for each
positive integer n.

Proof of (2.1) We shall prove that the following (2.3) holds for all
positive integer », which is equivalent to (2.1) obviously:

(T"“' Tn+1)(p+1)/(n+1) > (T"* T")(P‘H)/”. (2.3)
i) Firstly, we prove that (2.3) holds for n=1, that is,
( p
(TZ‘ T2)(p+1)/2 > (T*T)p+1. (24)
Ay=(T*T)? >(TT*)” = B, holds since T is p-hyponormal. By
applying (i) of Theorem F to 4, and B, for 1/p >0, we have
(T2* T2)(p+1)/2 — (U*lT*|T* TlT*IU)(p+1)/2
- U*(lT*|T*T|T*I)(p+1)/2U
_ U*(B}/2PA}/pB}/2p)(1+1/p)/(1/p+1/p)U
> U*B/"Py
— U*|T*|2(p+1)U
— (T* T)p+1 ,

so that (2.4) is proved.



372 T. FURUTA AND M. YANAGIDA

(ii) Secondly, in order to prove that (2.3) holds for n> 2, we prove the
following (2.5) by induction:
(T D > T TR for all positive integer n. (2.5)

We remark that (2.5) implies that (2.3) holds for n>2 by applying
Loéwner—Heinz theorem to (2.5) for (p + 1)/n € (0, 1].
(2.5) holds for n=1 by (2.4) and Lowner—Heinz theorem. Assume that
(2.5) holds forn=1,2,...,k— 1. By applying Léwner—Heinz theorem
to (2.5) for p/n € (0, 1], we have (Tn+1" Tr+1)P/01) > (pnt pmyp/n 6 that

A = (TF TR > o > (TF T2V > (T*T)P > (TT*Y = B,.

The last inequality holds since T is p-hyponormal. Put ¢, =(k —1)/
p>0 and r;=1/p>0. Then by (i) of Theorem F/, f(s)=
( Blr1/2 A B]rn/Z)(q1+r1)/(S+’l) = (B}/ » AiB}/ » )k/ (1) js increasing for
s> q;=(k—1)/p, so that we have
(Tk_H‘ Tk+1)k/(k+1) _ (U*lT*lTk* Tle*lU)k/(/H-l)
— U*('T*|Tk* Tle*|)k/(k+l) U
- U*(Bi/ZPA:/‘DB}/Zp)k/(kH)U

k
-
p
k—1
o)
p
«pl/2p 4(k=1)/p pl/2
=U Bl/ pAl(c )/PBI/PU
— T*(Tk* Tk)(k—l)/kT
2 T* Tk—l* Tk—l T
= T¥ T*.
The last inequality holds since we assume that (2.5) holds forn=k — 1.
Hence (2.5) also holds for n =k, so that it is proved that (2.5) holds for

all positive integer n.
Consequently, the proof of (2.1) is complete by combining (i) and (ii).
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Proof of (2.2) We shall prove that the following (2.6) holds for all
positive integer n, which is equivalent to (2.2) obviously:

(TnTn")(P+1)/n > (Tn+l Tn+l*)(P+1)/(”+1)_ (2.6)

(i) Firstly, we prove that (2.6) holds for n=1, that is,
(TT*P*! > (T27%)P D2, (2.7)

A =(T*T)? >(TT*)’ =B; holds since T is p-hyponormal. By
applying (ii) of Theorem F to 4; and B for 1/p > 0, we have
(T2T2)P+V2 — (U|T|TT*| T|U") P2
= u(|T|TT* TP U
— U(A}/2”B}/"A}/2”)('+1/”)/(1/"+1/P)U*
<uAryr
— U|T|2(p+1)U*
— |7
— (TT*y",
so that (2.7) is proved.

(ii)) Secondly, in order to prove that (2.6) holds for n>2, we prove
the following (2.8) by induction:

T > (T 7)) for all positive integer n.  (2.8)

We remark that (2.8) implies that (2.6) holds for »>2 by applying
Lowner—Heinz theorem to (2.8) for (p+ 1)/ne (0, 1].
(2.8)holdsforn=1by(2.7) and Lowner—Heinz theorem. Assume that
(2.8) holds for n=1,2, ...,k — 1. By applying Lé6wner—Heinz theorem
to (2.8) for p/n € (0, 1], we have (T"T"" P/" > (Tr+17n+1"Y/+D) (g6 that

Ay = (T*TY > (TT*Y > (T*T*Y/* > ... > (T*TF)/* = B,.
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The first inequality holds since T is p-hyponormal. Put ¢, =(k —1)/
p>0 and r;=1/p>0. Then by (i) of Theorem F', g(s)=
(A;‘/zB,iA?/2)(4'“‘)/(”") = (A}/z”B,fAi/z”)k/(”’“) is decreasing for
s> q1=(k—1)/p, so that we have

(Tk+1 Tk+1*)k/(k+1) — (U'T'Tka*ITl U*)k/(k+l)

= u(T|T*T¥ | ¢ U
— U(A}/ZPBIiC/PA}/ZP)k/(k"‘]) U*

)

=Ug| - |U"

“(y

< Ug<lf_____1_) U*
p

1/2p plk=1)/p 41/2p 774
— UAl/ PB]({ )/pAl/ P U
— T(Tk Tk* )(k—])/k T*
< TTk—l Tk—l* T*
=T¢TF.
The last inequality holds since we assume that (2.8) holds forn=k — 1.

Hence (2.8) also holds for n = k, so that it is proved that (2.8) holds for all
positive integer n.

Consequently, the proof of (2.2) is complete by combining (i) and (ii).

3 BEST POSSIBILITIES OF THEOREM D AND
COROLLARY E

The following Theorem 2 asserts the best possibility of Theorem D.
THEOREM 2 Letn>2 and o> 1. The the following hold:

(i) there exists a log-hyponormal operator T such that (T"™ T")*" %
(T"1)"
(ii) there exists a log-hyponormal operator T such that (TT*)*%
(TnTn‘)a/n.
We remark that A° > B for § > 0 approaches log 4 > log Bas § — +0
for positive invertible operators 4 and B. In this sense, the following

Theorem 3 asserts the best possibilities of all the inequalities of (1.8)
in Corollary E.
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THEOREM 3 Let n>1 and o> 0. Then the following hold:

() there exists a log-hyponormal operator T such that (T™ T™)" %
(TnTn*)a/n'
(i) there exists a log-hyponormal operator T such that (T T")¥" ¥
(TT ).
(iii) there exists a log-hyponormal operator T such that (T*T)*%
(TnTn*)a/n‘

To give proofs of Theorem 2 and Theorem 3, we use the following
results.

PROPOSITION 1 [13] Let p>0,g>0 and r>0. If rq<p-+r, then the
Jollowing assertions hold:

(i) there exist positive invertible operators A and B on R* such that
log A >log B and

(B’/2APB’/2)1/" # Brn/a,

(ii) there exist positive invertible operators A and B on R? such that
log A >log B and

AP/ % (472 B 4/2)14,

LEMMA 1 For positive operators A and B on H, define the operator T on
D H as follows:

(.
B2 ¢

A2 0
A2 0

where [] shows the place of the (0,0) matrix element. Then the following
assertions hold:
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(i) T is p-hyponormal for p > 0 if and only if A” > BP.
(i) T is log-hyponormal if and only if A and B are invertible and
log A > log B.

Furthermore, the following assertions hold for § > 0 and integersn > 2:
(i) (7" T™P">(T*T)" if and only if
(B¥2 "% B*/%)PI" > B pholds for k=1,2,...,n—1. (3.2)
(V) (TT*?>(T"T")?" if and only if
AP > (AR Bk 4B polds for k=1,2,...,n—1. (3.3)
W) (T TP > (T"T")?" if and only if

AP > BP  holds and
(Bk/zAn—kBk/z)ﬂ/n > B% and
AP > (AK2 Bk gk/2)BI hold for k =1,2,...,n— 1.

Proof By easy calculation, we have

T"T=

and

T*

I
5
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so that (i) and (ii) are obvious by comparing the two (0, 0) elements of
T*T and TT*. Furthermore, the following hold for n > 2:

T =
B"
B"
B(n—l)/ZAB(n—l)ﬂ
B/2 gn—k Bk/2
BI/ZAn-lBl/2
A
and
T =
B"
AI/ZBn—lBI/Z
Ak/ZBn——kAk/2 )
AM-1/2p 4(n-1)/2
A"
An

so that we have (iii), (iv) and (v) by comparing the corresponding
elements of 7" T" and T"T™ .

Proof of Theorem 2 Put py=n—1>0, gi=n/a>0and r;=1>0,
then we have rig; =nfa>n=p; +r,.
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Proof of (i) By (i) of Proposition 1, there exist positive invertible
operators A and B on H such that

log4 > logB (3.5)
and (Bn/24p Bn/2)V/4 % Bm+m)/ai that is,
(Bl/2An—1B1/2)a/n Z B (3.6)

Define an operator Ton @32 Has (3.1). Then T'is log-hyponormal by
(3.5) and (ii) of Lemma 1, and (7" T™)*/" # (T*T)* by (iii) of Lemma 1
since the case k=1 of (3.2) does not hold for 3 =« by (3.6).

Proof of (ii) By (ii) of Proposition 1, there exist positive invertible
operators A and B on H such that

log4 > logB 3.7)
and A(P+r)/a % (AN/2BP g1/ that i,
A% # (AV2Br=1 4112ye/n, (3.8)

Define an operator Ton @2 Has (3.1). Then T'is log-hyponormal by
(3.7) and (ii) of Lemma 1, and (TT*)* # (T"T" )*" by (iv) of Lemma 1
since the case k = 1 of (3.3) does not hold for 8= a by (3.8).

Proof of Theorem 3
Proof of (i) It is well known that there exist positive invertible
operators A and B on H such that

log4 > logB (3.9)
and
A% # B~ (3.10)

Define an operator T on @2 _ _H as (3.1). Then T is log-hyponormal
by (3.9) and (ii) of Lemma 1, and (77" T™)*" % (T"T" )* forn > 2 by (v)
of Lemma 1 since the first inequality of (3.4) does not hold for =«
by (3.10), and (T*T)* 2 (TT*)* by (3.10) and (i) of Lemma 1.
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Proof of (i) We have only to prove the case 1 >a >0 by Lowner—
Heinz theorem. Assume

(T" T > (TT*)°. (3.11)
Then we have
(Tn* T,,)a/n > (TT*)a > (TnT,,*)a/n.

The first inequality is (3.11) itself, and the second inequality holds by
(1.7) in Theorem D and Léwner—Heinz theorem. This is a contradiction
to (i) of Theorem 3.

Proof of (iii) We have only to prove the case 1 > a >0 by Lowner—
Heinz theorem. Assume

(T*T)* > (T"T™)*/", (3.12)
Then we have
(T" T > (T*T)® > (T"T™ )",

The first inequality holds by (1.6) in Theorem D and L&wner—Heinz
theorem, and the second inequality is (3.12) itself. This is a contradiction
to (i) of Theorem 3.
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