
J. ofInequal. & Appl., 2000, Vol. 5, pp. 419-432
Reprints available directly from the publisher
Photocopying permitted by license only

(C) 2000 OPA (Overseas Publishers Association) N.V.
Published by license under

the Gordon and Breach Science
Publishers imprint.

Printed in Singapore.

Argument Estimates of Meromorphically
Multivalent Functions

NAK EUN CHO a and SHIGEYOSHI OWA

aDepartment ofAppfied Mathematics, Pukyong National Oniversity,
Pusan 608-737, Korea; b Department of Mathematics, Kinki University,
Higashi-Osaka, Osaka 577-8502, Japan

(Received 2 June 1999; Revised 24 September 1999)
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1. INTRODUCTION

Let/,/-- {z E C’lz < }. Forf and g which are analytic in L/, we say
that f is subordinate to g, written f-< g or f(z)-< g(z), if there exists a
Schwarz function w in//such thatf(z) g(w(z)).

Let Ep denote the class of all meromorphic functions of the form

ao zkf(z) - + zp_-----f +... + ak+p-1 +"" (p E 1 {1,2,...})

which are analytic in the annulus 7) {z" 0 < [z[ < 1 }. We denote by

E(fl) the subclass of Ep consisting of all functions which are meromor-
phically starlike of order fl in
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The Hadamard product or convolution oftwo functionsfand g in Ep
will be denoted byf. g.

Let

on+p_lf(z
zP(1 Z)n+p

,f(z) (z 79) (1.1)

or, equivalently,

(Zn+2p-lf(z) (n+p-1)D"+"-lf(z) \(,; iSiJ
(n +p + 1)(n -+-p)

--ff + (n + p)ao + 2! a zp_2

(n + k + 2p- 1)... (n +p) k+"" + (k + p)! ak+p-lZ

+... (z

where n is any integer greater than -p.
For various interesting developments involving the operators Dn+p-

for functions belonging to Ep, the reader may be referred to the recent
works of author [1], Uralegaddi and Path [7], and others [8,9].

Let

p[n; A, B] E p z(Dn+p-lf(z))t(z)
On+p-If(z)

I+Az )"< P + Bz
z E lg (1.2)

where -1 _< B < A < 1. In particular, we note that Z[-p + 1; 1, 1] is
the well known class of meromorphically p-valent starlike functions.
From (1.2), we observe [6] that a functionfis in E[n; A, B] if and only if

z(Dn+p-f(z))’(z) p(1 AB)
-D-W+_z-) + I_B2

<
1-B2 (-1 <B<A_< 1;z/g). (1.3)

The object of the present paper is to give some argument estimates of
meromorphically multivalent functions belonging to Ep and the integral
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preserving properties in connection with the differential operators
D,,+p- defined by (1.1).

2. MAIN RESULTS

To establish our main results, we need the following lemmas.

LEMMA 2.1 [2] Let h be convex univalent in bl with h(0)= 1 and
Re(/3h(z) + -y) > 0 (/3,-y E C). Ifq is analytic in bl with q(O) 1, then

zq’(z) - h() (z U)q(z) +/3q(z) +
implies

q(z) --< h(z) (z lg ).

LEMMA 2.2 [4] Let h be convex univalent in bl and A(z) be analytic in bl
with Re A(z) > 0. Ifq is analytic in bl and q(O) h(O), then

q(z) + A(z)zq’(z) -.< h(z) (z

implies

q(z) -.< h(z) (z bl ).

LEMMA 2.3 [5] Let q be analytic in bl with q(O)= and q(z)
Suppose that there exists a point zo bl such that

largq(z)l < a for Izl < Iz01 (2.1)

and

Then we have

[argq(zo)l a (0 < a _< 1). (2.2)

zoq’(zo)
q(zo)

ika, (2.3)
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where

when arg q(zo) a, (2.4)

when argq(zo)=-c (2.5)

and

q(zo) 1/ +ia (a > 0). (2.6)

At first, with the help of Lemma 2.1, we obtain the following

PRO’OSITION 2.1 Let h be convex univalent in lg with h(O)= and Re h
be bounded in bl. Iff E Ep satisfies the condition

z(Z.+pf(z))’
pDn+pf(z) - h(z) (z U ),

then

(D"+.-’f(z))’
pDn+p-lf(z) - h() (z u)

for maxzu Reh(z) < (n + 2p)/p (providedDn+p-lf(z)O inbl).

Proof Let

q(z) z(D"+P-f(z))’
pDn+p-lf(z)

By using the equation

z(Dn+p-lf(z))’-" (n + p)Dn+Pf(z) (n + 2p)Dn+p-lf(z), (2.7)

we get

q(z)
n + 2p (n + p)Dn+lf(z)
p pOn+p-lf(z) (2.8)
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Taking logarithmic derivatives in both sides of(2.8) and multiplying by z,
we have

zq’(z) z(Dn+pf(z))+ q(z) -< h(z) (z E bl).
-pq(z) + n + 2p pDn+pf(z)

From Lemma 2.1, it follows that q(z)-.<h(z) for Re(-h(z)+
(n + 2p)/p) > 0 (z bt ), which means

z(D/-’f())
pDn+p-lf(z) - h(z) ( u)

for maxzu Re h(z) < (n + 2p)/p.

PROPOSITION 2.2 Let h be convex univalent in bt with h(O)= and Re h
be bounded in lg. Let Fbe the integral operator defined by

F(z)=
c tc+p_If(t)dt (c > 0). (2.9)

Iff Ep satisfies the condition

z(D.+-f(z))
pDn+p-f(z) - h(z) ( u ),

then

z(Dn+p-IF(z))
pDn+p-lF(z) - h(z) (z U)

for maxzu Reh(z) < (c + p)/p (providedD"+P-’F(z) 0 in bl).

Proof From (2.9), we have

z(Dn+p-1F(z))’ cDn+p-lf(z) (C -+- p)Dn+p-F(z). (2.10)

Let

z(Dn+p-IF(z))’
p(z) pDn+p_,F(z
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Then, by using (2.10), we get

Dn+p-f(z)
(2.11)q(z) (e + p) -c

Dn+p_F(z)

Taking logarithmic derivatives in both sides of(2.11) and multiplying by
z, we have

zq’(z) z(Dn+p-f(z))
-pq(z) + (e + p) + q(z) pDn+p_f(z -< h(z) (z lg).

Therefore, by Lemma 2.1, we have

z(Dn+p-’F(z))
pDn+p-F(z) h(z) (z U)

for maxzu Re h(z) < (c + p)/p (provided D"+P-F(z) :/: 0 in U ).

Remark Taking p and h(z) (1 + z)/(1 z) in Propositions 2.1
and 2.2, we have the results obtained by Ganigi and Uralegaddi [3].

Applying Lemmas 2.2, 2.3 and Proposition 2.1, we now derive

THEOREM 2.1 LetfE )21. Choose an integer n such that

n>P(l +A)_2p
I+B

where < B < A < andp . If

arg ( z(Dn+pf(z))’ 9/)
for some g E*p [n + 1; A, B], then

arg(_z(Dn+p-f(z))Dn+p-g(z)

(O <’)’ <p; O < 6 <_ 1)
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where a (0 < < 1) is the solution ofthe equation

6 a + tan-1 (a sin 7r/2(1 t(A, B)))

/(((n + 2p)(1 B) + A 1)/(1 B))

+ acosTr/2(1 t(A, BI))
when

t(A,B) 7r2 sin-1 (n + 2p)(1 B2) p(1 AB)

(2.12)

(2.13)

Proof Let

(Z(Dn+p-’f(z))’ )q(z)
P "Y \ Dn+p_lg(z 4- ")’

By (2.7), we have

(p 9’)zq’(z)Dn+p-lg(z) + (1 "7)q(z)z(Dn+p-g(z))’

(n + 2p)z(Dn+p-f(z))’

-(n 4- p)z(Dn+pf(z) "yz(Dn+p-’g(z) )’ (z).

Dividing (2.14) by Dn+p-lg(z)and simplifying, we get

q(z) + zq’(z)
-r(z) + n + 2p

(z(Dn+Pf(z))’+
p ,y \ Dn+pg(z)

where

r(z) -z(Dn+p-lg(z))’
Dn+p-lg(z)

Since g E E[n + 1; A, B], from Proposition 2.1, we have

+Az
r(z) -< p + Bz

(2.14)

(2.15)
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Using (1.3), we have

r(z) + n + 2p pei(/2) c,

where

(n + 2p)(1 + B) (1 + A)
I+B

t(A, < < t(A,

(n +2p)(1 B) + A-<p<
1-B

when t(A, B) is given by (2.13). Let h be a function whichmaps L/onto the
angular domain {w: larg w < (7r/2)6} with h(0) 1. Applying Lemma 2.2
for this h with ,k(z) 1/(-r(z) + n + 2p), we see that Re q(z) > 0 in b/and
hence q(z) :/: 0 in b/.

Ifthere exists a point z0 E b/such that the conditions (2.1) and (2.2) are
satisfied, then (by Lemma 2.3) we obtain (2.3) under the restrictions (2.4),
(2.5) and (2.6).
At first, suppose that q(zo)l/’= ia(a > 0). Then we obtain

arg
p-

(z(Dn+pf(z)’ 7)"7 \ Dn+pg(zo) +

arg (q(z0) + zoq’(zo) )-r(zo) + n + 2p

a + arg(l + iok(pei(r/2)) -1)

" (r/ksinTr/2(1-b) )a + tan-1 p + akcos 7r/2(1

( /> -a + tan- (a sin Tr/2(1 t(A,B))) (((n + 2p)(1 B) + A 1)-2

/(1 B) + acosTr/2(1 t(A,B))))

where 6 and t(A, B) are given by (2.12) and (2.13), respectively. This is a
contradiction to the assumption of our theorem.
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Next, suppose that p(zo)l/= -ia (a > 0). Applying the same method
as the above, we have

arg
P 7 Dn+pg(zo) +7

--a tan-1 ((a sin 7r/2(1 t(A,B)))

/(((n + 2p)(1 B) + A 1)

/(1 B) + acos 7r/2(1 t(A,B))))

where 6 and t(A,B) are given by (2.12) and (2.13), respectively, which
contradicts the assumption. Therefore we complete the proof of our
theorem.

Letting A 1, B- 0 and 6 in Theorem 2.1, we have

COROLLARY 2.1 LetfE . If

_Re{z(Dn+pf(z))Dn+pg(z } > 7 (o <_ 7 < p)

for some g Ep satisfying the condition

z(Dn+pg(z))
Dn+pg(z) +P <P,

then

_Re{z(Dn+p-f(z))’Dn+p_lg(z } > 7.

Taking A 1, B 0 and g(z)= 1/zp in Theorem 2.1, we have

COROLLARY 2.2 Letf Ep. If

larg[-zP+l(Dn+pf(z))t-’y]l <6 (0_< 7 <P; 0< 6_< 1),
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then

arg[-zp+l (on+p-If(z)) "711 < -6.
Making n 0, p and 6 in Corollary 2.2, we have

COROLLARY 2.3 Letf E 1. If

-Re{z2(zf"(z) + 3f’(z))) > "7 (0 _< "7 < 1),

then

-Re(zZf’(z)) > "7.

By the same techniques as in the proof of Theorem 2.1, we obtain

THEOREM 2.2 Letf . Choose an integer n such that

n>P(l +A)_2p
I+B

where < B < A <_ andp N. If

)’
arg + "7]

\ (Dn+pg(z)) /
("7 > p, 0<6_<1)

for some g )2*p In + 1;A, B], then

(Z(Dn+p-lf(z))’ "7)arg\ Dn+p_lg(z

where a (0 < a <_ 1) is the solution ofthe equation given by (2.12).

Next, we prove

THEOREM 2.3 Letf Ep and choose a positive number c such that

I+Ac>
-I+B
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where -1 < B < A < 1 andp E N. If

z(D/p-’f())’ )arg
Dn+p-lg(z) 7 (0 <’7 <p; 0 < 5 < 1)

for some g E*p [n; A, B], then

arg(-z(Dn+p-lF(z))’ "7)
where F is the integral operator given by (2.9),

C fO c+p-1G(z) g(t) dt (c > 0), (2.16)

and a (0 < a <_ 1) is the solution ofthe equation

6 a + tan-1 ((a sin 7r/2(1 t(A, B, c)))

/((( +p)( ) + A 1
/(1 B) + acos 7r/2(1 t(A,B,c)))) (2.17)

when

t(A,B,c)
2 sin- (. p(A-B)

(c +p)(1 B21 -p(1 AB)

Proof Let

(z(DnF(z))t )q(z)= P-"Tk, -(z) +’7

Sinceg E[n; ,4, B], from Proposition 2.2, g E[n; ,4,B]. Using (2.10),
we have

(p "7)q(z)Dn+p-1G(z) (c -at- p)Dn+p-1F(z)
-cDn+p-lf(z) "TDn+p-1G(z).
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Then, by a simple calculation, we get

(p 7)(zq’(z) + q(z)(-r(z) + c + p)) + "7(-r(z) + c + p)

cz(Dn+p-lf(z))’
On+p-lG(z)

where

z(Dn+p-IG(z))
Dn+p-IG(z)

Hence we have

zqP (z) (.z(Dn+p-lf(z) )t _+_ ,T)q(z) + -r(z) + c + p -P- 7 an+p-lg(Z)

The remaining part of the proof is similar to that ofTheorem 2.1 and so
we omit it.

Letting n -p + 1, A 1, B 0 and 6 in Theorem 2.3, we have

COROLLARY 2.4 Let e > 0 andfE . If

_Re(Zf’(z)’g(z) J > ")’ (0 <_ "y < p)

for some g Ep satisfying the condition

zg’(z)
g(z) +p <P,

then

(zF’ (z) "1
-te G(z) > 7,

where Fand G are given by (2.9) and (2.16), respectively.

Taking n 0, B---) A and g(z) 1/zp in Theorem 2.3, we have

COROLLARY 2.5 Let c > 0 andf Ep. If

arg(-zP+lf’(z)-7)1<6, (0_<7<p;0<6_<1)
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then

arg(-zp+lF’(z) 3’)1 < -,
where F is the integral operator given by (2.9) and t (0 < c < 1) is the
solution ofthe equation

6 c +-tan-
7r c+p-l

By using the same methods as in proving Theorem 2.3, we have

THEOREM 2.4 LetfE Ep and choose a positive number c such that

I+Ac>
-I+B

p

where -1 < B < A < andp 1. If

(z(on+p-lf(z))’ )arg\, g-- + (7>p;O<< 1)

for some g *.o [n; A, B], then

arg(Z(D"+p-lF(z))Dn+p-IG(z)

where FandG are given by (2.9) and (2.16), respectively, anda (0 < < 1)
is the solution ofthe equation given by (2.17).

Finally, we derive

THEOREM 2.5 Letf E,p. Choose an integer n such that

p(1 +A)n> -2p,
I+B

where < B < A < andp N. If

n+p

Dn+p-lg(z)
(O<7<p;O<< 1)
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for some g e Z*p [n; A, B], then

z(Dn+pF(z))’_,y)arg-
D.+PG(z)

where Fand G are given by (2.9) and (2.16) with c n +p, respectively.

Proof From (2.7) and (2.8) with c-n+p, we have Dn+p-lf(z)
Dn+PF(z). Therefore

z(Dn+p-lf(z)) z(Dn+pF(z))
Dn+p-lg(z) Dn+pG(z)

and the result follows.
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