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1. PRELIMINARIES AND STATEMENT OF RESULTS

The most basic inequality which deals with comparison between inte-
grals over a whole set and integrals over a subset is the following inequal-
ity, which was established by Steffensen in 1918 [5].

THEOREM A (Steffensen’s inequality) Let f and g be integrable
functions from [a,b] into R such that f is nonincreasing and for every
x €la,bl,0<g(x)<1. Then

b b a+
| rwaxs [rwemars [

where A = f: g(x)dx.
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In [1], Steffensen’s inequality was extended from integrals over
compact intervals of the real line to integrals over general measure
spaces. To state this result we need the notion of a separating subset that
was introduced and studied in [1].

Let X = (X, A, u) be a measure space.

DEFINITION 1 Let fe L°(X). Let (U, ¢) € A x R. We say that the pair
(U, ¢) is upper-separating for f iff

(xeX f(x)>c}CUC{xe X f(x) > ¢},

where A é Bmeans that A is almost contained in B. In this case, we also say
that the subset U of X is upper-separating for f. We say that the pair (V, c¢)
is lower-separating for f iff the pair (X \V, c) is upper-separating for f.

THEOREM B (Steffensen’s inequality over a general measure space) Let
frge L'(X) be such that 0 < g <1a.e.on X. Let U, V € Abe respectively
upper-, lower-, separating subsets for f such that y(U)=pu(V) = [x gdp.
Then

/Vfd#S/Xf'ngS/dep.

The following definition can be found, for example in [2].

DEFINITION 2 We say that the measure space (X, A, p) is continuous iff
forall A, B € Asuchthat A C Band u(A) < u(B), there exists an increasing
mapping ¢ : [u(A), p(B)] — A such that ¢( u(A4)) = 4, ¢((B)) = B, and
(@) =u for all u €[ (A4), u(B)].

In the case when (X, A, u) is continuous with u(X) < oo, the following
theorem guarantees the existence of separating subsets U and V in
Theorem B.

THEOREM C [1] If (X,A,u) is a continuous measure space with
w(X) < oo, then, given fe L%X), for any real number X such that
0< A< (X)), there exist an upper-separating subset U and a lower-
separating subset V for f such that pW(U)=u(V)=A.

The main results of this paper are the following two theorems gen-
eralizing the second Steffensen’s inequality over a general measure space.
These theorems are extentions of the results by Pecari¢ obtained in [3].
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THEOREM 1 Let (X,A,u) be a continuous measure space with
wWX) < oo. Let > 1 be a real number and let f and g be functions on X
such that f,f*-g€ L'(X) and f,g >0 a.e. on X. Set \=([xgdu)*. Let
U be an upper-separating subset for f such that p(U)= ). Assume that
g (Jrgdw*'<lae.onU. Then

(f gfdu)as [rean

Remark  If we assume a little bit more, namely, thatg - (fx g dp*'<1
a.e. on X, then integrating this inequality over X, we obtain that
0 <A <u(X). It will guarantee the existence of an upper-separating
subset U with w(U) = A. Similar remarks can be done in all following
theorems and lemmas.

THEOREM 2 Let (X, A,u) be a continuous measure space with
w(X) < co. Let o> 1 be a real number and let f,g € L'(X) be such that
f>0and0<g<lae onX. Set \=(1/(p(X)*™") (Jxgdp)*. Let U be
an upper-separating subset for f such that y(U)= X. Then

IR (Leosan)< [ rman

To obtain Pecaric’s inequalities from Theorems 1 and 2 we must take
X =[a, b] and assume that f'is nonincreasing.
As applications of Theorem 1 we obtain the following two theorems.

THEOREM 3 Let o and 3 be real numbers such thata>1,8—a+1>0,
(X, A, ) be a continuous measure space with (X') < oo, f be a function on
X such that f,f*€ L\(X), [xfdu=A, [xf*du=B* and 0<f<C ae.
on X, where A, B, and C are positive real numbers. Let U be an upper-
separating subset for fwith W(U)= A/C. Then

/ Pdp> L g-0-ar1/@-1) asfia-1)
v =T

If C= B, we obtain a theorem proved in [1] by a different method.
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THEOREM 4 Let o and 3 be real numbers such thata> 1,3 —a+1>0,
and let (x;);_, be a nonincreasing sequence of nonnegative real numbers
such that 31 x; < A, Y1, x2 > B®, where A and B are positive real
numbers. Let k € {1,...,n} be such that k > (4/B)*/(@=DE+D) Thep

B8 >ﬁ/((a-1)(ﬂ+1))

k

B
z;xi 2 (A,B—a+1
1=

Taking 8= 1 in Theorem 4, we obtain the following.

COROLLARY 1 Let o be a real number such that 1 <a <2, and let
(xi);_, be a nonincreasing sequence of nonnegative real numbers such that
Siixi< A, YL, x* > B, where A and B are positive real numbers.
Letke{l,...,n} be such that k > (A/B)*/*©@~D)_ Then

k Bo \1/@la-D)
> x> (;n) :
i=1

Corollary 1 complements the following result proved in [1]: Let o be
a real number such that o > 2, and let (x;);_, be a nonincreasing sequence
of nonnegative real numbers such that Y ;. x; < A, S, x?> B°.
Letke{l,...,n} be such that k> (4/B)"/@ D Then 3%  x;, > B.

Taking a =2, =1 in Theorem 4, we obtain the following corollary.

COROLLARY 2 Let (x;);.; be a nonincreasing sequence of nonnegative
real numbers such that 31 x; < A, 3 1 x} > B®. Letke{l,...,n} be
such that k > (A/B). Then Y., x; > B.

Corollary 2 with 4 =300 and B=100 was a problem in Moscow
Mathematical Olympiad in 1954.

2. PROOFS OF THEOREMS 1-4

Proof of Theorem 1 By Jensen’s inequality for convex function x“

with > 1,
(/Xf‘gdu)as (/ngu)a_l/xf‘”gdu,
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(see Theorem 2.3 in [4]). Hence it is enough to prove that

</ng“>a_l‘/xfa Lgdp < /Ufa a.

We proceed as follows:

reau—( [gan) [ gan

Joroe= (L),
=/Uf“du— (/ngu)a‘{ (/Uf“‘gdu+/x\vf"-gdu)
=/Uf“- (1—g- (Lgdﬂ)a_l)du— (/nguy—l " Uf" gdpy.

Let ¢ be a real number such that (U, ¢) is an upper-separating pair
for f. Then f>c a.e. on U. Since 1 —g-(fngu)""l >0 a.e. on U, we
obtain that

/Uf"‘du— (/ngu)a_l‘/xf“-gdu

e f e (o) Yo (o) o0
( ( gdn) gdu) (/ngu)a‘l- X\Uf",-gdu

((/ngu> ( gdu) gdu) ( gdu) f"-gdu

(s (- )~ (o '

(o) (s

=</ngu) _1-/){\[]&(0" —f*)dp >0,

where the last inequality holds since < c on X\ U.

Il
\
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Proof of Theorem 2 This theorem can be proved exactly in the same
way as Theorem 1 in [3]. Therefore we omit the proof.

LEMMA 1 Let (X, A, ) be a continuous measure space with u(X) < co.
Let o and (3 be real numbers such that o> 1, 8 —a+1>0, and let f and
g be functions on X such that f°,g,f* ' -ge L"(X) andf,g >0 a.e. on X.
SetA=([xg dp)?@=Y, Let U be an upper-separating subset for f such that
w(U) = \. Assume that g - (fx gdp)P=>V @D <1 ae. on U. Then

(/Xf“" -gdﬂ)ﬂ/(a_])s /Ufﬁ du.

Proof We obtain Lemma 1 if we take 3/(c — 1) instead of o and £’
instead of fin Theorem 1.

Proof of Theorem 3 Set g=CU~P4@=F=DIff Then [ygdu=
- gle=p-1)/5 fodN = C(-a)B gla=B-1D)/f 4 (A/C)(Ot—l)/ﬂ' There-
fore w(U) = A/C = (fx g dp)?®~". Moreover,

X

A\(@ /B (B-at)/(a-1)
_ U8 . gla-s-1/8 . ( )

C

~

=>=<1 a.. onlX.
S a.e. on

Therefore £, g and U satisfy the conditions of Lemma 1. Hence we obtain

that
1 8/(a=1)
/fﬂdﬂ> (/f"‘ -gdu)
8/(a-1)
= (ct-rp . glo- ﬂ—l)/ﬁ < / o d#)
1

4~ (B-o+1)/(e-1) _ paf(a-1).

a |

LEMMA 2 (Discrete Pecari¢’s inequality) Let a>1 be a real number
and let (x;);_, be a nonincreasing sequence of nonnegative real numbers.
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Let ke{l,...,n} be such that k> (3., y)* Assume that
yiX L y) < Vfori=1,...,k. Then

n o k
(Z xi)’i) < z X7
=1 i=1

Proof We obtain the conclusion by applying Theorem 1 with X = (0, n]
and f= E;’:l XiX(i-1,i]» & = Einzl YiX(i-1,i] Where

_{L ifxe(i—1,i]
XG11= 0, if xg (i 1,i].

LEMMA 3 Let a and 3 be real numbers such that o> 1, 3—a+12>0,
(xi)i_; be anonincreasing sequence of nonnegative numbers, and ( ), be
a sequence of nonnegative real numbers. Let k€ {1,...,n} be such that
k> (S0, )Y, Assume that y(S) ) 0D <1 for
i=1,...,k. Then

i=1

n B/la=1) 4
(o) ey

Proof We obtain Lemma 3 if we take 8/(a. — 1) instead of o and x?~!
instead of x;in Lemma 2.

Proof of Theorem 4 If x; > (B°?| 4P~ 1)!/@=DE+D) for some j, then

K 5 \B/((a=1)(B+1)
> 2o 257 > () ,

AB—a+1

and we are done. Therefore without loss of generality, we can assume that

gos \V/(@-1)(B+1)
x; < <——-————) forallie {1,...,n}. (%)
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Set y;= A~ F-o+D/B+D) . p=a/B+D) . . Then

n n
Zyi = 4~ (B—a+)/(B+1) g—a/(B+1) in

i=1 i=1

N5+
< A~(B-at))/(B+) | pa/(B+1) . 4 (§> _

Therefore (3.1, )@V < (4/B)*P/(@=D/B+) " Hence if k>
(A/B)*PI@=DE+D) then k > (Y1, yi)ﬁ/(a_l). Moreover

n o \(B-etD/(e-1)
Yi (Z J’j)
j=1

N/ D) (et (a-1)
< A B-otV/B+) | gof(5+) (E)

gf-ar1\ /(1) (B+1)
-(*7) |

By (%),

n o \B-etD)/(a=1)
Vi (Z y;)
=1

pes \V/(@ DB/ 4p-at11/(e-1)(B+1))
< (A—ﬁ:m) (W) =1

Therefore (x;)%_,, ()i, and k satisfy the conditions of Lemma 3. Hence

k n B/(a—1)
S ()
. B/(e=1)
= ( A~ B+ )/(B+1) | g—a/(B-1) .xia>
A

N
~(B(B-a+1))/((e=1)(B+1)) . gaB/((@=1)(B+1)) . <Z xia)

> 4~ BB-et+1))/(e=1)(B+1)) | gab/((a-D)(F+1)) . (Ba)ﬂ/(a—l)

gos \I/(@-D(B+)
= <Aﬂ-—a+l) :
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