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Singular differential systems of the type

(O = ez, (@@l = ey (%)

are considered in an interval [a, 00), where o, 3, A, p are positive constants and p, g, , ¥ are
positive continuous functions on [a,00). A positive decreasing solution of (x) is called
proper or singular according to whether it exists on [a, 0o) or it ceases to exist at a finite point
of (a, 00). First, conditions are given under which there does exist a singular solution of (x).
Then, conditions are established for the existence of proper solutions of (*) which are
classified into moderately decreasing solutions and strongly decreasing solutions according
to the rate of their decay as t — oo.
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1. INTRODUCTION

We consider systems of second order singular differential equations of
the type

(POW'1* 1Y = p(1)z7,

A
@'z = ey, *)

* Corresponding author.
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582 T. KUSANO AND T. TANIGAWA

where o, (, A and p are positive constants, and p(t), q(¢), ©(¢) and 9(¢) are
positive continuous functions defined on [a, 00), a > 0.

By a solution of (A) on J C [a, c0) we mean a vector function (y, z)
which has the property that y, z, p|y’|*”'y’ and gq|z/|°"'z’ are
continuously differentiable on J and satisfies the system (A) at all points
of J. Obviously, both components of a solution must be positive on J.

In this paper we are concerned exclusively with positive decreasing
solutions of (A), that is, those solutions of (A) whose components are
positive and decreasing on intervals of the form [a, T'), T'< oo. Let (y, 2)
besuchasolutionand let[a, T) beits maximal interval of existence. There
are two possible cases: T < oo or T=o0o. If T < 00, (3, z) has the property
lim,_, r_oy(t)=1lim,_,r_o z(f) =0 and is called an extinct singular solu-
tion. The question of existence of extinct singular solutions for (A) is
discussed in Section 2. If, on the other hand, T= oo, then (y, z) exists on
[a, 00) and both y and z decrease to nonnegative limits as  — co. In this
case (y,z) is called a decreasing proper solution. Motivated by our
knowledge [2,5] of positive decreasing proper solutions of single singular
differential equations of the form

(PO = w0y, (B)
we take up the two cases:
/ (p(6)) /e dt =00 and / @) VPdt=oo (L)
a a
and

/ oo(p(t))’l/adt<oo and / oo(q(t))—‘/ﬂdt<oo, (1.2)

and focus our attention on the following two types of decreasing proper
solutions ( y, z) of (A):

(I-1) lim y(f) = const. > 0, lim z(¢) = const. > 0,
t—00 t—o00
and

(II-1) lim y(¢) =0, limz(:)=0
t—o00 1—00
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in case the condition (1.1) holds, and

(1-2) lim Z(—Q =const. >0, lim -Z—(t—) = const. > 0,
1= (1) =00 p(t)

and

(1) . zZ(f)
r2) lim=ey =0 lim=m =0

in case the condition (1.2) holds, where m(¢) and p(¢) are given by

"= [ o) ds o= [ae)Pds 1za 03

A solution of the type (I-1) or (I-2) is called a moderately decreasing
solution or a moderately decaying solution, while that of the type (1I-1) or
(II-2) is referred to as a strongly decreasing solution or a strongly decaying
solution. The cases (1.1) and (1.2) are examined separately in Sections 3
and 4, where, first, necessary and sufficient conditions are established for
the existence of moderately decreasing or moderately decaying solutions
of (A), and then sufficient conditions are derived for the existence of
strongly decreasing or strongly decaying solutions of (A).

The motivation of our study in Sections 2—4 is to extend some of the
results [2,5] obtained for the single singular differential equation (B) to
the case of second order singular differential systems, on the one hand,
and to generalize the results [3,7] developed for the simplest system
y" =)z, 2" =)y to as large a class of singular differential
systems of the type (A) as possible, on the other.

Because of the generality of the functions p(f) and ¢(¢) in (A), the results
for (A) can be applied to provide useful information about the existence
of positive spherically symmetric solutions of singular systems of partial
differential equations of the type

div(|Du|"*Du) = f(|x)v™,

C
div(|Dv|""2Dv) = g(|x|)u*, ©

in exterior domains E,in R¥, N>2, wherem>1,n>1,A>0and pu>0
are constants, D stands for the gradient operator (9/9x;, . . . , 8/0xy), and
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E,={x€R": |x|>a}, a>0 and f(¢) and g(¢) are positive continuous
functions on [a, c0). Some of the results obtained for (C) in this manner
are listed in Section 5.

There has been an increasing interest in the study of spherically
symmetric solutions of nonsingular differential systems including

div(|Du|™ 2 Du) = £ (|x|)v*,
div(|Dv|" 2 Dv) = g(|x|)u*,

asa special case; see, e.g., [1,4,6]. To the best of our knowledge, however,
there is no previous work devoted to the qualitative study of systems of
partial differential equations with nonlinear singularities.

2. EXTINCT SINGULAR SOLUTIONS

In our earlier paper [2] we have proved that in case A <min{a, 1} the
single singular differential equation (B) possesses a positive singular
solution which is extinct at any given point to the right of a. An extension
of this result to differential systems of the form (A) is presented below.

THEOREM 2.1 Suppose that

and ,u<—9—— (2.1)

A< .
a+1

B+1

Then, for any given T > a, there exists a singular solution of the system (A)
which is positive on [a, T') and extinct at T.

Proof Wefirstnote that a8 > Ay by (2.1). Define the positive constants
k and / by

Bla+1) - A(B+1)

k= af—

_aBt D —platl)

’ ! af — M

Itiseasy toseethatk>1,/>1,

1-D=a(k-1)>0 and 1-ku=p(I-1)>0.
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Let K, K5, L, and L, denote the positive constants

K = L(_elp Ve K = L(_¢lp Ve
"“k\ak—-1)) >"k\ak-1)

(2.3)
L _l U/ q" 1/8 L _l V*/qs 1/8
'TT\BI=1n) *TI\Bi-n) °
where we have used the notation
fr= é‘?f’r‘lf M, fi= min, (),
and put
/e @B/ (@B=A) /e @B/ (@B-2)
€ = (KleA/ ) s €= (K2L1 a4 ) s
(2.4)

aB/(aB—u) af/(af~u)

dy = ( L K;u/ﬂ) dy = ( L, Kl—u/ﬂ)

Itisclearthat K; < K5, Li < L,, ¢; < (&) and d; <d,.
Let usnow consider the set Y C Cla, T| x Cla, T'] consisting of vector
functions (3(2), z(¢)) satisfying

a(T =1 <y(0) < ex(T - 1),
d(T-1)<z()<h(T—-1), telaT], (2.5)
and the mapping F :  — Cla, T] x C[a, T] defined by
F(y,2)(t) = (Gz(1), Hy(1)), t€[a,T], (2.6)
where

1/a

Gz(1) = /t T[(p(S))'1 /s Tw(r)(Z(r))_*dr] ds, (2.7)

and
1/8

o) = [ T[<q(s))*‘ / T«p(r)(y(r»"‘dr] . (8)
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As is easily verified, (y,z) € ) implies that

Kudy YT = 0 < Ga(1) < KodV(T - 1),
Lic"P(T = 1) < Hy(t) < LocT"P(T— 1), t€la,T).

Since from (2.3) and (2.4) we have KidyV* =c1, Kod; Me — ¢,
Lic, W8 — g and Lgcl_”/ # = dy, we see that F (y,z) € Y, showing that
F maps Y into itself. Let {(ya(?),z(¢))}ne; be a sequence of vector
functions of ) converging to (y(¢), z(¢)) uniformly on [a, T'] as n — oo.
Then (y,z) € Y and it can be shown with the help of the Lebesgue
convergence theorem that F(y,,z,)() converges to F(y,z)(¢) uni-
formly on [a, T'] as n — oo. This shows that F is a continuous mapping.
Finally, using (2.7), (2.8) and (2.5), we find that

* 1/a
162 ()] < ( e /p. ) de (T - e,

alk—1)
%k l/ﬁ
0001 < (52%5) T =0, refar)

whence it follows that the set F()) is compact in C[a, T] x Cla, T'].

Thus we are able to apply the Schauder fixed point theorem to
conclude that there exists a vector function (y,z) € Y such that
(y,2) = F(p,z), that is,

T T 1/a
0= [ | [ et e]
! s . (2.9)
T T /B
0= [ o)™ [ vooe e e e
The system of integral equations (2.9) shows that the restriction of vec-

tor function ( y(f), z(¢)) on [a, T) gives a desired extinct singular solution
of (A). This completes the proof.

Example 2.2 Consider the singular differential system
/171y = alk — ko2,

2.10
('1°7'2"Y = U~ 1)1y~ 10
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on [0, c0), where A and p satisfy (2.1) and k and / are given by (2.2).
According to Theorem 2.1 the system (2.10) has an extinct singular
solution on any interval of the form [0, T'), 7> 0. One such solution is

given by (y(1), 2(0) = (T - 0*,(T - 1)").

Remark 2.3 Ttisknown [2] that the single singular equation (B) admits
no extinct singular solution provided A > 1 and the functions p(¢) and (¢)
are smooth. It would be of interest to extend this type of nonexistence
result to the case of singular systems of the form (A).

3. DECREASING POSITIVE PROPER SOLUTIONS

Let us turn to the study of positive decreasing solutions of (A) existing on
the entire interval [a, 00).

We begin with the case where the functions p(¢) and g(¢) in (A) satisfy
the condition (1.1), and direct our attention to the two types of positive
decreasing solutions ( y, z) of (A) on [a, oo) such that

tlim y(f) = const. > 0, tlim z(t) = const. >0 (3.1)
—00 —00
and
lim y(¢) =0, lim z(¢) = 0. (3.2)
t—00 t—00

A solution (y, z) satisfying (3.1) or (3.2) is referred to as a moderately
decreasing solution or a strongly decreasing solution of (A), respectively.

Let (y, z) be a positive decreasing solution of (A) on [a, o). Note that
the system (A) for this ( y, z) takes the form

(=p()(=y" ()™ = (1) (z(1) ™ (33)
(—a()(=2'()) =) ()", t2a.

We claim that
lim p()(—y'(1)° = lim g())(~=(1))’ = 0. (3.4)
In fact, if lim,_, o, p()(—y'(8))* =k > 0, then

POY' (1) 2k or —y'(O) >k (p(e) Ve, t>a,
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and integrating the last inequality gives

20~ 3(a) < -k [ (o) Ve ds, 1>a

Letting ¢ — oo in the above and using (1.1), we have lim,_,, y(f) = —o0,
which contradicts the assumed positivity of y(z). Thus we must have
lim,_, . p()(—y’(£))*=0. Similarly, it is impossible that lim, ., g(#) x
-z'@®))°>0.

We now integrate (3.3) from ¢ to oo to obtain in view of (3.4)

00 1/a
()= [(p(r»-‘ / so(s)(z(s»-*ds] ,
! (3.5)

) 1/8
—z'(z)=[(q<t)>-‘ / zz:(s)(y(s))-“ds] L ira

One more integration of (3.5) yields the following system of integral
equations for a moderately decreasing solution of (A):

1/

90 =)+ [ o)™ [ ete)™ o] as

1/8

0 =20+ [ @)™ [T w000 ] @ iz
(3.6)

where y(00) = lim,_,, ¥(f) and z(o0) =lim,_,, z(#). On the basis of (3.6)
one can characterize the existence of a moderately decreasing solutions
of (A).

THEOREM 3.1 Suppose that (1.1) holds. The system (A) has a positive
decreasing proper solution ( y, z) satisfying (3.1) if and only if

/aoo :(P(t))—1 /too w(s) ds] v df < o0 (3.7)

and
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Proof (The “only if” part) Suppose that (A) has a moderately
decreasing solution (y, z). Then (3.6) holds, which implies that the two
repeated integrals therein must converge for all 1 > a. This fact combined
with (3.1) easily shows that both (3.7) and (3.8) are satisfied.

(The “if ” part) Suppose that (3.7) and (3.8) hold. Let c >0 and d>0
be given arbitrarily, and choose ¢, > a large enough so that

/ ) ~(p(t))‘l / ) o(s) ds] a dt < cd¥® (3.9)
and
/ ) -(q(t))‘1 / ) ¥(s) dS] " dt < c#Pd. (3.10)

Define ) to be the set of vector functions (y, z) € C[ty, 00) X Clto, 00)
satisfying

c<y(t)<2c and d<z(t)<2d for t > 1.
Let the mapping F : Y — Cltp, 00) x C[ty, 00) be defined by
F(y,2)(1) = (Gz(1), Hy()), (»,2) £V, (3.11)

where G and H are the integral operators given by

Gi() =+ [ [(p(s))"‘ [ e o] QPTRERTS

0 o0 1/8
’Hy(t)=d+/t [(q(s))_l/s ¢(r)(y(r))'“dr] ds, t>1. (3.13)

That () C Y is an immediate consequence of (3.9) and (3.10). It is
verified in a routine manner that F is a continuous mapping and that
F(Y) is a relatively compact subset of the Fréchet space C[t, 00) X
Cltp,00) with the usual product metric topology. The Schauder—
Tychonoff fixed point theorem then ensures the existence of a fixed
element (y,z) € Y of F, which, by the definition of F, satisfies the
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integral equations

s =c+ [ [(p@))" [ e dr] s
(3.14)

20 =d+ [ [(q(s»-‘ RGO dr] P o n

Differentiating (3.14) twice, we conclude that the vector function (y, z)
is a moderately decreasing solution of (A) on the subinterval [#,, 00) of
[a, 00) such that y(co) = c and z(oc) = d. To complete the proof it suffices
to continue this (y, z) to the left of £y as the solution of the differential
system (A) and to observe that the continuation provides a positive
decreasing solution of (A) over [a, 00). It should be noted that in the
process of continuation up to the point a no blow-up of ( y, z) takes place
because of the presence of negative exponents in (A).

Our next task is to study the question of existence of strongly
decreasing solutions of (A). To this end we need integral conditions,
stronger than (3.7) and (3.8), which are formulated in terms of the
functions

2= [0 [T o0a] " (3.15)

(1) = [ ” [(q(s))‘1 / ” zp(r)dr} st. (3.16)

THEOREM 3.2 Suppose that (1.1) holds and o3 > \u. In addition to (3.7)
and (3.8) suppose that

/a ) [(p(t))‘1 /, mw(s)(\p(s))—*ds] Mt < oo (3.17)
and

/aoo [(tl(t))_1 [w Y(s)(®(s)) ™" ds] 1/ﬁdt < 0. (3.18)
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Then the system (A) possesses a positive decreasing proper solution (y, z)
satisfying (3.2).

Proof Our proofis an adaptation of the method used by Usami [7] for
the special case where a = =1 and p(f)=¢q(f)= 1.

According to the proof of Theorem 2.1, there exists for every n€ N
a moderately decreasing solution (y,,z,) on [a,00) such that
lim,_, o, y,(¢) =lim,_,, z,(t) = 1/n. Note that ( y,, z,,) satisfies

n

i) =2+ [ [(z)(s))”‘ | ety dr]”a ds,

(3.19)
1/8

) =5+ [ @)™ [T 0000 dr] ds, 1>a

n

Using the decreasing nature of y,(f) and z,(f), we have the following
system of inequalities from (3.19):

yu(t) 2 (za(8)V0®(1), za(t) 2 (3a(0))MPR (1),  t2a (3.20)

Combining (3.20) with the equations for the derivatives y, () and z,(¢):

00 1/a

) = [(pu))“ / w(s)(zn(s»-*ds} ,
: (3.21)
00 1/8

2= [(q(t))-‘ / () ()™ ds] ,

we see that

0 1/a
~yr',(t)S(yn(t))A”/“ﬂ[(P(t))"]/t SO(S)(‘I’(S))—AdS] ,

00 1/8
-z,’,mS(z.,o))*“/“f’[(q(t))-‘ / «p(s)(@(s))'“ds] i>a
(3.22)
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from which, after integration over [¢, 00), it follows that

aﬂ(y,,(t))(aﬂ_)‘“)/aﬂ
af — A\
(af—Aw)/ap ) o0 1/a
< [Moor [T enwore] e
o ﬂ(zn(t))(aﬁ—/\u)/aﬂ
af — A\

o ) (@B—w)/eB ) 00 1/8
<L [Taon [Tvoeore) e

(3.23)

for t>a. The inequalities (3.23) imply that the sequence
{(yn(2),24(2))},2, is uniformly bounded on [4, o), and the inequalities
(3.22) show that the sequence is locally equicontinuous on [a,c0).
Consequently, there is a subsequence of {(y4(?), zx(2))} ., which con-
verges to a continuous vector function ( .(?), z.(¢)) as n — oo, the con-
vergence being uniform on compact subintervals of [a, 00). The limit
function (y.(2), z,(?)) is positive because of (3.20). The Lebesgue con-
vergence theorem guarantees that (y.(?),z.(f)) satisfies the integral
equations

0= [ [(p(s))" [ et dr] s

1/8

. N (3.24)
2= [ @)™ [Teoo.era] e iz

whence we conclude that ( y,(?), z,(f)) is a strongly decreasing solution of
(A) existing on [a, o). This completes the proof.

Remark 3.3 Let(y,z)beastrongly decreasing solution of (A) on[a, o).
Then it satisfies the integral equations (3.6) with y(co) = z(00) =0, from
which, using the decreasing property of y(¢) and z(f), we deduce that

y(1) = @) VB(1), z(0) > (y(2)P(H), t>a, (325
in particular

() > (@) Vo®(D), z(t) > (y(@)PU(r), t>a  (3.26)
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Using (3.26) in (3.6), we obtain

1/o

90 @ [ oo [T en@erel e

00 00 1/8
(0 < Gy [ [<q<s>>-‘ / ¢(r)(@(r»-ﬂdr] i, t>a
(3.27)

The inequalities (3.26) and (3.27) provide estimates for the rate of decay
of all positive strongly decreasing solutions of (A).

Example 3.4 Consider the system

(y'1°71y") = ae= @iz

(|leﬂ—lz/)l — ﬁe—(ﬂ—{-u)ly—u, t>0, (328)
which is a special case of (A) with p(f) =q(?) = 1, ¢(f) = 0e~@*» and
P(t) = Be~P*M"_ Since o(f) and () satisfy the conditions (3.7), (3.8),
(3.17) and (3.18), Theorem 3.1 implies that (3.28) has a moderately
decreasing positive solution (¥m,zm) such that lim, ., yn,(f)=c and
lim,_, ., z,»(¢) = d for any given constants ¢ >0 and d > 0.

Suppose in addition that a3 > Au. We then have

@(I) = cle_((a+)\)/a)1, \I’(t) _ cze'((ﬁﬂ‘)/ﬂ)',

/, ) [(p(s))-‘ / ” o(r) (T ()™ dr] 1/a ds = cye~(@B-N/aB)

/t B [(‘I(S))‘1 /s * B(r)(D(r)) ™ dr} 1/8 ds = cye-(@8-M)/ad

where the constants ¢y, ..., cs depend only on a, 8, A and u, and so,
applying Theorem 3.2, we conclude that there exists a strongly
decreasing positive proper solution (y;, z), which, by Remark 3.3,
satisfies

ce~ @Vt < () < Ce((eB-M/aB)

3.29
de—(B+m)/B)t <z(n) < De—((aﬂ—/\u)/aﬂ)t, t>0 ( )
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where ¢, C, d and D are constants depending on y, z, a, 8, A and u. One
such solution is ( yo, zg) = (6%, € 7).

We notice that the assumption o8> Ay in Theorem 3.2 is not
absolutely necessary, because (¢~*,¢”*) is a solution of (3.28) for any
positive values of a, 3, A and p.

4. DECAYING POSITIVE PROPER SOLUTIONS

Our attention is now directed to positive decreasing proper solutions
of the system (A) in which p(¢) and ¢(¢) are subject to the condition
(1.2). Here extensive use is made of the decaying functions 7(¢) and p(¥)
defined by

n(t) = /t°°(p<s>)~‘/“ds, o(1) = /t°°<q<s>>'”f’ds, 1>a (41)

Our purpose here is to examine the existence of a positive decreasing
proper solution (y, z) of (A) such that either

lim 20 = const. > 0, lim (1) = const. > 0 (4.2)
i=oo (1) t—o0 p(1)
or
¥ _ 20 _
=% mog =0 (43)

A solution of (A) satisfying (4.2) or (4.3) is called a moderately decaying
solution or strongly decaying solution, respectively.

Let (y,z) be a moderately decaying solution of (A) on [a,0).
Integrating (3.3) from ¢ to oo, we have

0 = o0 (r+ [ e es)] "
(4.4)

—2'(0)= @)™ (¢ + [ v o] P e
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where 7 and ( are positive constants given by

= ~lim (p(0)"*'(0) = fim 22,

_ /8,1 i @
¢ =~ lim (g()"’2'(1) = lim 5.

Integration of (4.4) from ¢ to co then yields

o= [ [<p<s>)“ (n" + [T et dr)] "

0= [ @) (¢+ [T v “dr)]l/ﬂds, (>a
4.5)

Naturally, letting n={ =0 in (4.5), we obtain the integral equations
for a strongly decaying solution of (A).

The existence of a moderately decreasing solution for (A) can be
characterized as the following theorem indicates.

THEOREM 4.1 Suppose that (1.2) holds. The system (A) has a positive
decreasing proper solution (y, z) satisfying (4.2) if and only if

/ " o)D) dt < 00 and /Ood)(t)(w(t))"‘dt<oo. 4.6)

a

Proof (The “only if” part) In deriving (4.4) we found the convergence
of the integrals

/ " p()(z(s))ds. and / " p(s) (y(s)) ™ ds

t

for all 1 > a. This fact combined with (4.2) implies the truth of (4.6).
(The “if ” part) Suppose that (4.6) holds. Let 7 and { be arbitrary but
fixed positive constants and take 7, > a so that

[ " o) (e()) N dr < (2 — )¢ and

/t () dr < (28 — Dmic, (4.7)
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Denote by Y the set of all vector functions (y, z) € C[tg, 00) x C|[tg, 00)
such that

nr(t) < p(6) < 2m(r), Cp(r) <z()) <20p(1), 121,  (4.8)
and let F denote the mapping

F(,2)(1) = (Gz(2), Hy(1)), (¥,2) €D, (4.9)
where G and H are defined by

6:(0)= [ o) (e + [ eta )| Tas @)

() = [ m[(az(s»" (cﬂ + [Tuooe dr)] e iz
@.11)

It can be shown that (i) 7 map Y into itself, (ii) F is a continuous
mapping, and (iii) F () is a relatively compact subset of C [z, 00) x
C|t, 00). Therefore, by the Schauder—Tychonoff theorem, there exists
afixed element (y,z) € Y of F, which satisfies the system (4.5) of integral
equations for ¢>ty. Hence (y,z) is a moderately decreasing solution
of (A) defined on [tp,00) and satisfying lim, . y(¢)/m(f)=7n and
lim,_, . z(¢)/ p(t) = (. To conclude the proof it suffices to continue ( y, z)
over the entire interval [a, 00) as the positive decreasing solution of
the differential equation (A).

Conditions stronger than (4.6) is needed to ensure the existence of a
strongly decreasing positive solution for (A).

THEOREM 4.2  Suppose that (1.2) holds and o3 > \p. In addition to (4.6)
suppose that

/ " o) (W (1) dt < oo, 4.12)

a

/ " 0(0)(@(1))* dt < oo, (4.13)
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where

o) = [ [<p<s>>"‘ | o] " (4.14)

() = /, ” [(q(s))-‘ / oow(r)dr] " s (4.15)

Then, the system (A) possesses a positive decreasing proper solution ( y, z)
satisfying (4.3).

Proof Let {(yn,zn)}oe; be the sequence of moderately decaying

n=1
solutions of (A) on [a, o0) such that

im () _ 1 and lim () _
to0 w(t)  n =00 (1)

S =

The sequence exists by Theorem 3.1 and satisfies for 1 > a

0= [ (e [ ot ar)| e

= [ (s [Tvoroinar)| e

and

(4.16)

10 = [ (e + [ et es)|
(4.17)

=10 = [t (+ [ v0men )]

From (4.16) we have

(1) > @ () VB0, za() 2 (pu())P(1),  1>a (4.18)
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Combining (4.17) with (4.18) shows that

(0 < [(p(t»“ (1 + 0™ [ @) ds)] "

t

() < [(qo»-' (1 + @) [" @) ™ d)] "
(4.19)

We have in particular

540 < [p() ™ (14 4Gn#)] ",

(4.20)
~21(0 < [a@)™ (14 Be)¥)] ", 124

where
A= / " o(5)(®(s)) P ds and B= / ~ 0(s)(W(s)) ™ ds.
Rewriting (4.20) as

540 (14 AP s (a0,

1y (4.21)
—2y(0)(1+ BE()™*) "< (), 124,
and integrating these inequalities from ¢ to oo, we find that
Yn(t) -1/
/ (l +Au’\“/ﬁ) adu < n(a),
0 (4.22)

2n(1) -1/
/ (1 + Bv’\“/"‘) dv < p(a), t>a.
0

Since

/000(1 +Au’\“/ﬂ)_l/adu = '/Ooo(l +Bv’\"/"‘)—l/ﬁdv =00
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because of the assumption a8 > Ay, it follows from (4.22) that the
sequence {( yn(?), z4(2)) },; is uniformly bounded on [, 00). Using this
fact, we see from (4.20) that the sequence is locally equicontinuous on
[a, 00). Consequently, there exists a subsequence of {(ya(?), zx(2)) } ey
which converges to a continuous vector function ( y,(?), z.(¢)) uniformly
on compact subintervals of [a, 00). The limit function (y.(), z.(?)) is a
desired strongly decaying solution of (A), since from (4.16) it follows that

70 = [ oo ([T enEor dr)] "
(4.23)
2= [ |y ([T oo o) Pd iza

This completes the proof.

Remark 4.3 Proceeding asin Remark 3.3 one can give estimates for the
rate of decay of strongly decaying solutions ( y, z) of (A). The estimates
are formally the same as those given in (3.26) and (3.27).

Example 4.4 To illustrate the above results we consider the system
((cosh £)[y"|°7'y") = a2~ (421 4 e 22172,

By, nB=1_N _ pal—B . —(ut+2)t —21\6-1. —p (4.24)
((coshr)”|z'|"2")" = p2" e (I+e )y,

for ¢ > 0. It is easy to see that p(f) = (cosh ¢)* and g(z) = (cosh 1)° satisfy
(1.2) and the corresponding functions 7(¢) and p(¢) (cf. (4.1)) are given
by m(f) = p(t) =7 — 2tan'¢’, 1> 0. In calculating the integrals in (4.6),
(4.12) and (4.13), we can use 2¢~’ in place of m(f) and p(f), since
lim,_,, e‘n(f) = lim,_, o, €'p(#) = 2, and regard the functions

<p(t) — a21—ae—(A+2)t(1 + e—2z)a—l and
’(/)(t) — Ig2l—ﬂe—(u+2)t(l + e—Zt)ﬂ—l

—(A+2)t —(pu+2)t

to be positive constant multiples of e and e , respectively.
Taking these factsinto account, we find that (4.6) certainly holds and that
(4.12) and (4.13) are satisfied if

B>iAp+2) and o>1p(A+2), (4.25)

respectively.
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Theorem 4.1 then implies that, for any given constants > 0and ¢ >0,
the system (4.24) has a moderately decaying solution ( y,,, z,,) such that

tlim eym(t) =n and :lim e'zm(t) =¢ > 0.
—00 —00

A concrete example of such solutions is (¢, e”*). From Theorem 4.2
it follows that if (4.25) holds, then there exists a strongly decreasing
solution ( yy, z,) of (4.24) such that

H t — N t —
lim ey;(z) = lim e'z(z) = 0.

5. APPLICATION

The above results for (A) can be used to derive nontrivial information
about spherically symmetric solutions to singular systems of partial
differential equations of the form (C) in an exterior domain E,, a > 0.
The applicability is endorsed by the fact that a spherically symmetric
function (&, v) = (y(|x}), z(|x|)) is a solution of (C) in E, if and only if the
function (y(¢), z(2)) is a solution of the ordinary differential system

'
(tN—l ly/|m—2yl) - tN—-lf(t)z—/\,

, (5.1
— -2 1 N—1 _

(tN Y2'I" %z ) =t"g(t)y ™, t>a,

which is a special case of (A) witha=m—1,8=n—1,p(t) = q(t) =tV 7",

o(t)=t""'f(f) and () = tV ' g(£). Itis assumed thatm > 1,n> 1, A > 0,
>0 and f(¢) and g(¢) are positive and continuous on [a, 00).

First, we have the following statement from Theorem 2.1 applied
to (5.1).

I. Suppose that

n m—1
—_— —_— 2
A< p and u< - (5.2)

Then, for any fixed b > a there exists a spherically symmetric solution
(u,v) of (C) which is positive on E(a,b)={x€R": a<|x|<b} and
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satisfies

li = 1 =0. .
RL N N =

We now confine our attention of the following special case of (C)

div(|Du|™2Du) = |x| v

(D)
div(|Dv|"2Dv) = |x|"u*,

k and I being positive constants, and examine the existence of positive
spherically solutions of (D) defined on E, in the case where

N>m and N>n. (5.4)
1

In this case p(f)=q(t)=1t""" satisfy the condition (1.2), and the
functions 7(f) and p(¢) in (5.1) become

-1
m(0) = o D, p(e) =

L NS
—_m -

(5.5)

The condition (4.6) for ¢(f) = t V1% and y(¢) = V"'~ reads as follows:

/ (D) (p(1) P dt < 00 & k> N+i(£l—), (5.6)
/ P(0)( n(t))"‘dt<oo®l>N+“—(N—lﬂ). (5.7)

Theorem 4.1 regarding the moderately decreasing solutions of (A)
yields the following result for (D).

II. If (5.4), (5.6) and (5.7) hold, then there exists a positive spherically
symmetric solution (u, v) of (D) on E, satisfying

‘1}1m |x| =/ =Dy (x) = const. > 0,
X|—00
(5.8)
|lllm x| ="/®=Dy(x) = const. > 0.
X [—



602 T. KUSANO AND T. TANIGAWA

We present via Theorem 4.2 a sufficient condition for (D) to have a
positive spherically symmetric solution (u, v) such that

Lim |x| V=D () = 0, lim |x|V0Dy(x) =0. (5.9)
—00

|x]—o00 ||

III. Suppose that (5.4) holds. If m — 1)(n — 1) > Ay and k and [ satisfy

. sy HEmm) (5.10)
m—1

k> N+ 2=n

n-—1
then, (D) has a positive spherically symmetric solution (u,v) on E,
satisfying (5.9).

To prove this proposition we first notice that the inequalities in (5.10)
are consistent because of the assumption (m — 1)(n — 1) > Ap. Next we
compute the functions ®(f) and ¥(¢) in (5.13), finding that they are
positive constant multiples of t~* /(=D and ;~=m/0=D respectively.
We finally check that (5.10) ensures the conditions (5.12) and (5.13) and
apply Theorem 4.2 to (5.1) with (/) =7 and g() =1r".

The results of Section 3 could also be applied to formulate two
propositions, analogues of the above IT and I1I, for the elliptic system (D)
in the case where

N<m and N<n.
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