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1. INTRODUCTION

The following inequality is well known in the literature as Simpson’s

inequality:
/fx)d [f(a);—f(b) Zf(a+b>”

where the mapping f:[a, b] — R is assumed to be four times contin-
uously differentiable on the interval (a, b) and for the fourth derivative
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to be bounded on (a, b), that is

1/ Ol = = 2 lf(" (x)] <

x€(a,b)

Now, if we assume that I,,:a=xy<x; <--+<X,_; <X,=b is a parti-
tion of the interval [a, b] and f is as above, then we have the classical
Simpson’s quadrature formula:

b
/ F(x)dx = As(fi ) + Rs(f, 1), (1.2)

where Ag(f, I,,) is the Simpson rule

As(fily) = —Z[f(x, +f Geen )i + 3Zf (=m0

i=0

and the remainder term Rg( f, I,,) satisfies the estimate
n—1 s
< ) .
IRS(10)] < g5 1/ ML (14)

where h;:=x;,1 — x;fori=0,...,n—1.
When we have an equidistant partitioning of [, ] given by

I,,:x,«:=a+—;l—a'i, i=0,...,m (1.5)

then we have the formula:

b
/ F(x)dx = Asa(f) + Rsalf), (1.6)

where

Asn(f) ==b;,“§[f(a+?—;“a"’) +f( e '“’)}

i=0
if(a+ —a 2—’;’—) (1.7)

i=0
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and the remainder satisfies the estimation

1 (b-a)’

1P (1.8)

<L —now.
'RS,n(f)l - 2880 n4

For some other integral inequalities see the recent book [1] and the
papers [2—4] and [5-37].

The main purpose of this survey paper is to point out some very
recent developments on Simpson’s inequality for which the remainder is
expressed in terms of lower derivatives than the fourth.

It is well known that if the mapping f'is neither four times differen-
tiable nor is the fourth derivative f° ® pounded on (a, b), then we cannot
apply the classical Simpson quadrature formula, which, actually, is one
of the most used quadrature formulae in practical applications.

The first section of our paper deals with an upper bound for the
remainder in Simpson’s inequality for the class of functions of bounded
variation.

The second section provides some estimates for the remainder when
fis a Lipschitzian mapping while the third section is concerned with
the same problem for absolutely continuous mappings whose derivatives
are in the Lebesgue spaces L[a, b].

The fourth section is devoted to the application of a celebrated result
due to Griiss to estimate the remainder in the Simpson quadrature rule
in terms of the supremum and infimum of the first derivative. The fifth
section deals with a general convex combination of trapezoid and inte-
rior point quadrature formula from which, in particular, we can obtain
the classical Simpson rule.

The last section contains some results related to Simpson, trapezoid
and midpoint formulae for monotonic mappings and some applications
for probability distribution functions.

Last, but not least, we would like to mention that every section con-
tains a special subsection in which the theoretical results are applied for
the special means of two positive numbers: identric mean, logarithmic
mean, p-logarithmic mean etc. and provides improvements and related
results to the classical sequence of inequalities

H<L<GLL<LILA,

where H, G, L, I and A are defined in the sequel.



536 S.S. DRAGOMIR et al.

2. SIMPSON’S INEQUALITY FOR MAPPINGS OF
BOUNDED VARIATION

2.1. Simpson’s Inequality

The following result holds [2].

THEOREM 1 Letf:[a, b] — R be a mapping of bounded variation on[a, b}.
Then we have the inequality:

[ 5 [210y3] ho-o
(2.1)

where Vg( f) denotes the total variation of f on the interval [a,b]. The
constant } is the best possible.

Proof Using the integration by parts formula for Reimann—Stieltjes
integral we have

/ s(x)df (x) = f(a) ;f(b) (a i b)] / f(x)dx,
(2.2)

a

2)

where

6 2
s(x) := a+5b a+b b
6 6[ 7 ]
Indeed,
b
s(x) df (x)

a

[ (S [ (2
_ [ (x _5a ;— b> f(x)] ia+ )/ . [ (x _a 4; 5b> 7 (x)] o

—/abf(x)dx

b;a_[ﬂa);f(b) (a+b)] / £(%) dx

and the identity is proved.
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Now, assume that A,:a=x" <x™ <. <x® <x{" =bis a
sequence of d1v1s1ons with V(A »)—0 as n— oo, where v(A,):=
maXiero_p1) (X7 — x )and & e [x(") x; +1] If p:[a, b] > Ris con-
tinuous on [a, b] and v: [a b] — R is of bounded variation on [a, 4], then

n

-1
V(lAigl_)O;P(Egn)) [v(xgi)l) - v(x,(n))] ‘
i S0 (6) (:2) ()]

b
P dv(x)

IA

< may 00 s S (42) (4]
= max | p(x)| \b/(V)- (2.3)

a
Applying the inequality (2.3) for p(x) = s(x) and v(x) =f(x) we get
b

< max |s(x) V. (24)

a

b
/a (x) df ()

Taking into account the fact that the mapping s is monotonic non-
decreasing on the intervals [a, (a + b)/2) and [(a + b)/2, b] and

and

we deduce that
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Now, using the inequality (2.4) and the identity (2.2) we deduce the

desired result (2.1).
Now, for the best constant. Assume that the following inequality holds

/abf(x)dx—b;a‘[f(a) -2Ff( ) 2f<“+b>” gC(b—a)\i/(f)

with a constant C > 0.
Let us choose the mapping 1 [a, b)] — R given by

. a+b a+b
1 1fxe[a,—2—>U(T,b],

a+b
7

f(x)=
-1 ifx=

Then we have

L0 [0y (220))| 20

and

b
b-a)\/(f) =4 —a).
a
Now, using the above inequality, we get 4C(b— a) > %b — a) which
implies that C >1and then 1 s the best possible constant in (2.1).

It is natural to consider the following corollary which follows from
identity (2.2).

COROLLARY 1 Suppose that f:[a,b] — R is a differentiable mapping
whose derivative is continuous on (a, b) and

b
1l = / ()] dx < oo
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Then we have the inequality:

[ rean-t5t LB ()] <5urne -0
(2.5)

The following corollary for Simpson’s composite formula holds:

COROLLARY 2 Let f:[a,b] — R be a mapping of bounded variation on
[a, b] and I, a partition of [a, b]. Then we have the Simpson’s quadrature
formula (1.2) and the remainder term Rs( f, I) satisfies the estimate:

b

RS0 < 390 V), 26)

where ~y(h) :=max{h;|i=0,...,n—1}.

The case of equidistant partitioning is embodied in the following
corollary:

COROLLARY 3 Let I, be an equidistant partitioning of [a, b] and f be as
in Theorem 1. Then we have the formula (1.6) and the remainder satisfies
the estimate:

b
Rsa(] < 5-(b =) /(). 1)

Remark 1 1If we want to approximate the integral fab f(x)dx by
Simpson’s formula 4s,(f) with an accuracy less than € >0, we need
at least n. € N points for the division 7,, where

b
n = [;—6~(b—a)\/(f)] +1

and [r] denotes the integer part of r e R.

Comments 1f the mapping f: [a, b] — R is neither four times differenti-
able nor the fourth derivative is bounded on (g, b), then we cannot apply
the classical estimation in Simpson’s formula using the fourth derivative.
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But if we assume that f'is of bounded variation, then we can use instead
the formula (2.6).

We give here a class of mappings which are of bounded variation but

which have the fourth derivative unbounded on the given interval.
Letf,:[a, b] = R, f,(x) := (x — a)?” where p € (3, 4). Then obviously

fi(x) =p(x—a)’”!, x€(ab)

and

_p(p=1)(p=2)(p-3)

@) (x , x€(a,b).
£9) s (a,)
It is clear that f, is of bounded variation and
b
V() =(b-af <o,
a
but lim,_q; ;¥ (x) = +00.
2.2. Applications for Special Means
Let us recall the following means:
(1) The arithmetic mean
b
A= A(a,b) := a—;— , a,b>0;

(2) The geometric mean

G = G(a,b) := Vab, a,b>0;
(3) The harmonic mean

2
H—H(a,b) .—m, a,b > 0,
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(4) The logarithmic mean

L= L(a,b) :=ln_ll;%1’ a,b>0, a#b;
(5) The identric mean
1 bb 1/(b—a)
I::I(a,b) =Z<a—a> . a,b>0,a7$b;

(6) The p-logarithmic mean

bp+1_ap+] 1/p
= teh) = [ =)

peR\{-1,0}, a,b>0, a#b.

It is well known that L, is monotonic nondecreasing over p € R with
L_y:=Land Ly:=1 In particular, we have the following inequalities

HLGLLLILA

Using Theorem 1, some new inequalities are derived for the above
means.
1. Letf:[a,b] » R (0 < a < b), f(x)=xP, pe R\{-1,0}. Then

b
5= | 10dx=Ly(a),

1@ 1O _ 4,

1(%52) = @)

and
17 =1pl(d — @) LE), peR\{-1,0,1}.

Using the inequality (2.5) we get

1 2 [Pl ; 51 2
Li’,’(a, b) - §A(a1’,b1’) — EAP(G, b) S TL};__I (b - a) .
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2. Letf:[a,b] = R (0 < a<b),f(x)=1/x. Then

b
[ f@ =L@,

1@ 41O _ o1,

f(‘“z”’) — 47(a,h)

and

17l = gragy

Using the inequality (2.5) we get

2
34H — AL —2HL < & Gz") LHA.

3. Letf:[a,b] = R(0<a<b),f(x)=Inx. Then

=InI(a,b),

w =1InG(a,b),

f(““;b) — In A(a, b)

and
, —a
17 = Zr gy
Using the inequality (2.5) we obtain
I (b —a)*
n [01/3142/3] =73
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3. SIMPSON’S INEQUALITY FOR LIPSCHITZIAN MAPPINGS

3.1. Simpson’s Inequality
The following result holds [3]:

THEOREM 2 Let f:[a,b] — R be an L-Lipschitzian mapping on [a, b}].
Then we have the inquality:

Joras 250 LA o (0] |3
(3.1)

Proof Using the integration by parts formula for Riemann—Stieltjes
integral we have (see also the proof of Theorem 1) that

/abs(x)df(x)zb;a_[f(a) -’er(b) (“+b)} /fX)dx
(3.2

)
where
_S5a+b xcla a+b
6 b ¢ 2 b
s(x) ==
_a+5b xc a+b b
6 ’ 2 )
Now, assume that Ayia=x" <x" <. <x™ <x =b is a

sequence of divisions with u(A,,)—->0 as n— oo, where v(A,):=
MaXic(o, .- 1}(xf+)1 ") and g e S"),xﬁi’,] If p:[a,b]—R

is Riemann integrable on [a, b] and v:[a,b] — R is L-Lipschitzian on
[a, b], then

/ab (x)dv(x)| =

A () ) ()]

(m)

<t o) -

T v(Bn) 045 (m) (m) ]

Xir1 — %
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(xgi)l - xz(n))

n—1
<L I ()
<L fm 3 foe

b
~L / |p(x)| dx. (3.3)

Applying the inequality (3.3) for p(x) =s(x) and v(x)=f(x) we get

b b
/a s(x)df ()| < L / Is(x)] dx. (3.4)

a+ 5b
x_

Let us compute
b
x~5a+b,dx+/ ‘dx
(

b (a+b)/2
[swiex= [
a a 6 a+b)/2
(5a+b)/6 (a+b)/2
=/ (5a+b_x)dx+/ (x_5a+b)dx
a 6 (5a+b)/6 6

(a+5b)/6 b
+/ (a+5b~x>dx+/ ( _a+5b)dx
(a+b)/2 6 (a+5b)/6 6

_2 2
—-36(b a)”.

Now, using the inequality (3.4) and the identity (3.2) we deduce the
desired result (3.1).

COROLLARY 4 Suppose that f:[a,b] — R is a differentiable mapping
whose derivative is continuous on (a, b). Then we have the inequality:

[ o252 (RO op (S20)] | < L to - o
(3.5)

The following corollary for Simpson’s composite formula holds:

COROLLARY 5 Let f:[a,b] — R be an L-Lipschitzian mapping on [a, b]
and I, a partition of [a,b]. Then we have the Simpson’s quadrature
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Jformula (1.2) and the remainder term Rs( f, I,) satisfies the estimation:

Msfhk_%LEZH (3.6)
i=0

The case of equidistant partitioning is embodied in the following
corollary:

COROLLARY 6 Let I, be an equidistant partitioning of [a, b] and f be as
in Theorem 2. Then we have the formula (1.6) and the remainder satisfies
the estimation:

(b —a)*. (3.7)

Rs(f)] < g

36

Remark 2 1If we want to approximate the integral fab f(x)dx by
Simpson’s formula 4g,(f) with an accuracy less that ¢ >0, we need
at least n, € N points for the division 7,,, where

ne = [5 ?(b—ﬂl)]

and [r] denotes the integer part of r € R.

Comments 1If the mapping f:[a, b] — R is neither four time differen-
tiable nor the fourth derivative is bounded on (g, b), then we cannot
apply the classical estimation in Simpson’s formula using the fourth
derivative. But if we assume that f is Lipschitzian, then we can use
instead the formula (3.6).

We give here a class of mappings which are Lipschitzian but having the
fourth derivative unbounded on the given interval.

Let f,:[a, b] = R, fp(x) := (x — a)? where p € (3,4). Then obviously

S (%) = p(x -~ a)P', xe(a,b)

and

70 =2 e )
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Itis clear that f, is Lipschitzian with the constant
L=pb-a)’" <o,

but lim,_,q+ f,w (x) = +o0.

3.2. Applications for Special Means

Using Theorem 2, we now point out some new inequalities for the special
means defined in the previous section.

I.Letf:[a,b)] >R (0 <a<b), f(x)=x?, pe R\{—1,0}. Then

pb?tifp>1,
|p|ap——1 ifpe ("Oo’ 1)\{_1’0}'

1./l = 8p(a, b) == {
Using the inequality (3.5) we get
|L?(a,b) — % A(a?,bP) —} A%(a,b)| < 55 6,(a,b)(b — a).
2. Letf:[a,b] =R (0 <a<b),f(x)=1/x. Then
1
17l = -
Using the inequality (3.5) we get

5 b—a

- - < .
|3HA — LA 2LH|_12 p LAH

3. Letf:[a,b] >R (0 <a<b),f(x)=Inx. Then

Q-

1Moo =

Using the inequality (3.5) we get

<3 (bza )
— 36 a

I 1
NGB 423
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4. SIMPSON’S INEQUALITY IN TERMS OF THE p-NORM

4.1. Simpson’s Inequality
The following result holds [4]:

THEOREM 3 Let f:[a,b] — R be an absolutely continuous mapping on
[a, b] whose derivative belongs to L,[a, b]. Then we have the inequality:

[ (@ +/(b )+2f(a+b)H

1/q
RN EaVi d
——3(q+1)] -7, @)

129t +1
< =
*6[

where (1/p)+1/q=1,p> 1.

Proof Using the integration by parts formula for absolutely contin-
uous mappings, we have

[ oo =t LA o (0] - e

(4.2)
where
Sa+b [ a-+ b)
6 b 9 2 b
s(x) := :
a+5b ce a+b b
6 ’ 2’
Indeed
b
| sorwax
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=[] -2,

-/If(x)dx

SLETHHUESIUNSHEEL) [y S

and the identity is proved.
Applying Hélder’s integral inequality we obtain

/a st ) x| < / Is(x)l"dx)l/qllf L @3

Let us compute

b
[ st ax
a
(a+b)/2 q b
= / dx + / x—
a (a+b)/2
(5a+b)/6 q (a+b)/2 q
=/ (5a+b_x) dx+/ ( _5(1+b) dx
a 6 (5a+b)/6 6

(a+5b)/2 q b q
+/ <a+5b—x) dx+/ (x—a+5b) dx
(a+b)/2 6 (a+5b)/6 6

q
a—+5b dx

1 (Sa +b )q+1 (5a+b)/6 ( Sq+ b) g+1(a+b)/2
= —_ — X + X —
a+ 1 6 a 6 (5a+b)/6
<a+ Sb >q+1 (a+5b)/6 ( a+5b>q+l b
- -Xx + 1| x—
6 (@+b)/2 6 (a+58)/6

__1 [(satb__ "+’+ a+b Sa+b\™
Tg+1|\ 6 2 6

a+5b a+b)"+‘ ( a+5b>q+1]
+( _ +(b-

6 2 6
@+ -a)”
~ (gt 16
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Now, using the inequaltiy (4.3) and the identity (4.2) we deduce the
desired result (4.1).

The following corollary for Simpson’s composite formula holds:

COROLLARY 7 Let fand I, be as above. The we have Simpson’s rule (1.2)
and the remainder Rs( f, I,) satisfies the estimate:

1 2q+1+1 1/q , n—1 -, 1/q
|Rs(f,1n)] Sg[m} If “p(ghi oo (4.4)

Proof Apply Theorem 3 on the interval [x;, x;.1] (i=0,...,n—1) to
obtain

:Mf(x) dx _/g [f(xi) +2f(xt'+1) n 2f(xi +2xi+1)] ‘

12q+1+1 IRy it 1/p
<L ([ 1rore)

Summing the above inequalities over i from 0 to n — 1, using the gen-
eralized triangle inequality and Holder’s discrete inequality, we get

|Rs(f; 1)
§ x,+|f(x) dx [f(xz) +2f(xt+1) + Zf(xi +2xi+1)] ‘

=0
1 [ 24+l 4 1] /g n— "y ( Xit1 1/p
<: Nl [ e
6 (q + l) ,—0 Xi
- 1/q
Lt 1] e [” l(h!“/")"]
~6|(3(g+1) per AN

\ (Z;[( [ rora) 1/,,] ,,)

1
1+ Y ([ pl+a g
=53+ 17,0 Dk ,

i=0

1/p

and the corollary is proved.
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The case of equidistant partitioning is embodied in the following
corollary:

COROLLARY 8 Let f be as above and if 1,, is an equidistant partitioning
of [a, b, then we have the estimate:

1 [2‘1“ +1

1/q
Rp()| < [3iy] =™ U7,

Remark 3 If we want to approximate the integral [ ab f(x)dx by
Simpson’s formula A4s,(f) with an accuracy less that € >0, we need
at least n. € N points for the division I,,, where

L2\ ey
ne := [&: (m) b—a) S, +1

and [r] denotes the integer part of r € R.

Comments 1f the mapping f: [a, b] — R is neither four time differenti-
able nor the fourth derivative is bounded on (a, b), then we cannot apply
the classical estimation in Simpson’s formula using the fourth derivative.
But if we assume that f’ € L,(a, b), then we can use the formula (4.4)
instead.

We give here a class of mappings whose first derivatives belong to
L,(a,b) but having the fourth derivatives unbounded on the given
interval.

Let f;:[a, b] = R, fo(x) := (x — a)’ where s € (3, 4). Then obviously

fl(x) =s(x—a)", xe(ab)
and

ss—1D(s—2)(s—3)
(x—a)*”*

£ =

, xE€(ab).

Itis clear that lim,_,, fs(4) (x) = +o0, but

(b _ a)s—1+(1/p)

1A, =s m<°°-
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4.2. Applications for Special Means

(See Section 2.2 for the definition of the means.)

l.Letf:[a,b] > R (0 <a<b),f(x)=x", s € R\{—1,0}. Then
1 b
—b—-:—a/ f(X) dx = Li(a, b),

7(5%) = w@),

1@ L10) _ 41

and
I£1, = IsILE, (b — @) 2.
Using the inequality (4.1) we get
|L§(a, b) — %A(a‘, b)) — %As(a, b)(

et )
<3 [g'(q—_;l—)] Is|ILy ), (a,5) (b — a),

where (1/p)+1/g=1,p> 1.
2. Letf:[a,b] >R (0<a<b),f(x)=1/x. Then

b
b—l—a / f(x)dx = L~\(a,b),

f@§ﬂ=A*wm

f(a) ';f(b) — H—l(a,b)

and

11|, = L3,(a,b)(b — a)'/7.
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Using the inequality (4.1) we get

g+1 1/q
cilis 1} L2 (b - a),

1
3HA—LA—-2LH|< -AHL|—
| <sanfi] 1

3.Letf:[a,b] >R (0 <a<b),f(x)=Inx. Then
b
ﬁ/ f(x)dx =In1(a,b),

f(“;b) — In A(a, b),

ﬂﬂ%ﬁ@:hA@w

and
17711, = LZp(a,b) (b — @)
Using the inequality (4.1) we obtain

1 [29+1 4+ 1 1/q _
Sg[m] L_l(a,b)(b—a).

I
In GIBA2/3

5. GRUSS INEQUALITY FOR THE SIMPSON FORMULA

5.1. Some Preliminary Results

The following integral inequality which establishes a connection between
the integral of the product of two functions and the product of the inte-
grals of the two functions is well known in the literature as Griiss’
inequality [5, p. 296]:

THEOREM 4 Let f,g:[a,b]— R be two integrable functions such that
p<f(x)<Pandvy<g(x)<Tforallx € (a,b);p,®,vandT are constants.
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Then we have the inequality:

’b1a/abf(x)g(x)dx—b—i—a/abf(x)dx.b1a/abg(x)dx

<i@—-o)T-9), (5.1)

and the inequality is sharp in the sense that the constant 1/4 cannot be
replaced by a smaller one.

In 1938, Ostrowski (cf., for example [1, p. 468]) proved the fol-
lowing inequality which gives an approximation of the integral
1/(b - a) [ f(t) dt as follows:

THEOREM 5 Let f:[a,b]—R be a differentiable mapping on (a,b)
whose derivative f':(a,b)— R is bounded on (a,b), i.e., ||f'|oo:=
SUPe(apy| f() dt| < 0o. Then

b _ 2
10 -5 [ F 8] < [}—ﬁ(—"—(})—f—’?/—z—’—] b~ )|f N

(5.2)

for all x € (a, b).

In the recent paper [6], Dragomir and Wang proved the following
version of Ostrowski’s inequality by using the Griiss inequality (5.1).

THEOREM 6 Let f: I CR — R be a differentiable mapping in the interior
of Iand let a,beint(I) witha < b. If f' € Ly[a, b) and

y<f'(x)<T

for all x € [a, b], then we have the following inequality:

-5 | roar L0, (+-52)
<}b-a)(r 1), (53)

for all x €[a, b].

They also applied this result for special means and in Numerical Inte-
gration obtaining some quadrature formulae generalizing the mid-point
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quadrature rule and the trapezoid rule. Note that the error bounds they
obtained are in terms of the first derivative which are particularly useful
in the case when f” does not exist or is very large at some points in [a, b].

For other related results see the papers [7-37].

In this section of our paper we give a generalization of the above
inequality which contains as a particular case the classical Simpson for-
mula. Application for special means and in Numerical Integration are
also give.

5.2. An Integral Inequality of GriissType

For any real numbers 4, B, let us consider the function [21]

t—a+A ifa<i<x,

p(t) =p(t) =
() =<0 {t—b+B if x<t<b.

It is clear that p, has the following properties.

(a) It has the jump
(Pl =(B—4)—(b—a)
at point = x and

dpx(1)

e 1+ [p], 6(t — x).

(b) Let M, :=sup,e(qp Px(t) and m, :=inf,c, 4 px(f). Then the differ-
ence M, — m, can be evaluated as follows:
(1) For B— A<0,we have

My —my = _[p]x'

(2) For B— A >0, the following three cases are possible
(i) If0<B— A4 <i(b—a), then

—x+b fora<x<a+ (B—A);
My —my={—[p], fora+(B—A)<x<b—(B-A);
x—a forb—(B—A)<x<b.
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(i) IfJa—b)<B—A<(b—a), then

—x+b fora<x<b—(B—A);
M,—-my=¢ B—A forb—(B—A)<x<a+ (B— A);
x—a forg+ (B—A4)<x<b.

(iii) If B— A> b — a, then
M, —my = [p],.

The following inequality of Ostrowski type holds [21]

THEOREM 7 Letf:[a, b] — R be a differentiable mapping on (a, b) whose
derivative satisfies the assumption

vy<f'(t) <T forallte (ab), (5.4)

where ~y, T are given real numbers. Then we have the inequality:

b
(C—A4)f(@)+ (b—a—B+A)f(x) + (B~ C)f(b) - / (1) dt

S%(F_'Y)(Mx_mx)(b_a)’ (5'5)
where
Cp = ﬁ[(x—a)(x— a+24) — (x — b)(x — b+ 2B)],

and A, B, M, and m,. are as above, x € [a, b].

Proof Using the Griiss inequality (5.1), we can state that

b _ b

—a

< %(F—'Y)(Mx —mx)a (5'6)

for all x € (a, b).
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Integrating the first term by parts we obtain:

b b
/ pe(0) /() dt = B (b) — Af (a) - / SO dt+ [P, f(). (57)

Also, as

b
/ px()dt =3[(x — a)(x — a+24) — (x — b)(x — b+ 2B)],
a
then (5.6) gives the inequality:

b
o (e - s - [roasip. ] - o L9

<@ ="My —my),

which is clearly equivalent with the desired result (5.5).

Remark 4 Setting in (5.5), A= B=0 and taking into account, by the
property (b), that M, —m,=b — a, we obtain the inequality (5.3) by
Dragomir and Wang.

The following corollary is interesting:

COROLLARY 9 Let A, B be real numbers so that 0 < B— A <(b— a)/2.
Iffis as above, then we have the inequality:

2@ +b-a- - a1(50) + 254700~ [ 104

<HT—y)(b—a—B+A)b-a) (5.8)

Proof Consider x =(a+ b)/2. Then, from (5.5)
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and
A+ B
Cy = J2’ , x€lat+ (B—A),b—(B—A)
By property (b) we have

M, —my=(b—a)— (B—A).
Applying Theorem 7 for x = (a + b)/2, we get easily (5.8).

Remark 5 If we choose in the above corollary B— 4 = (b — a)/2, then
we get

Lo Lo

which is the arithmetic mean of the mid-point and trapezoid formulae.

(T =7)(b—a),
(5.9)

OOI

Remark 6 1If we choose in (5.8) B= A4, then we get the mid-point
inequality:

6-ar(*5) - /f(t )di] <

discovered by Dragomir and Wang in the paper [6] (see Corollary 2).

<z@-b-af  (510)

Remark 7 If we choose in (5.8) B— 4 = (b — a)/3, then we obtain the
celebrated Simpson’s formula:

[f( )+4f<”+b) +f(b} /f(t dtl

(T =7)(b—a)’,

(5.11)

c'\l'-‘

for which we have an estimation in terms of the first derivative not as in
the classical case in which the fourth derivative is required as follows:

Pt + 4 (52) +sw] - [ roa] <Ll oy
(5.12)
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The method of evaluation of the error for the Simpson rule considered
abovecan be applied for any quadrature formula of Newton—Cotes type.

For example, to get the analogous evaluation of the error for the
Newton—Cotes rule of order 3 it is sufficient to replace the function p,(?)
in (2.3) by the function

t—a—A ifa<t<a+n
() = ,_g§2+£%£ ifath<i<b—h
i—b—B ifh—h<i<b;

where B— A= (b—a)/4, h=(b — a)/3.

5.3. Applications for Special Means

(See Section 2.2 for the definition of the means.)
1. Consider the mapping f(x) = x?(p > 1), x > 0. Then

T—y=(a=b)(p- DL

for a, b € R with 0 < a < b. Consequently, we have the inequality:

247(a,b) + 5 A(a",b) ~ L§(a,b)| < £ (b~ @(p ~ DLLE.
2. Consider the mapping f(x) = 1/x, x > 0. Then
1_\_"y=b22—az _ .(b—a)A(a,b)
a*b? G*(a,b)
for 0 < a < b. Consequently we have the inequality:
%mﬂmm+%H4wﬁy—rﬂﬁmyg;b—mﬂﬂﬁg)

which is equivalent to

2 1 1
— — — < — —_
|3HL+3AL AH‘ <3(b-a)

, A2HL
G*
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3. Consider the mapping f(x) =In x, x > 0. Then we have

F-r="37

for a, b € R with 0 < a < b. Consequently, we have the inequality:

2 1 1 (b—a)?
z - — < =
3lnA+3lnG Inl < g
which is equivalent to
423G/ 1 (b—a)?
<-=- .
()| <5 %

5.4. Estimation of Error Bounds in Simpson’s Rule

The following theorem holds.

559

THEOREM 8 Let f:[a,b] — R be a differentiable mapping (a, b) whose

derivative satisfies the condition
vy <f'(t) KT forallte€ (ab)

where ~y, " are given real numbers. Then we have

b
/ £ dt = Syl f) + RulInsf),

where

n—1
Sallnef) = 3 L)+ 47 Gi i) 1 (i),

i=0
I, is the partition given by

Li:a=xg<x1 <+ <Xy 1<X,=0b

(5.13)

(5.14)
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hi:= %(xi_,_] —x;),i=0,...,n— 1 andtheremainder term R,(I,,f ) satisfies
the estimation:

n—1
Rl S 30 =) Y R (5.15)
i=0

Proof Letussetin(5.11)
a=x;, b=xi1, 2h = xip1 — x; and x; + b = (% + Xi1),

where i=0,...,n—1.
Then we have the estimation:
hi Xit1 2 5
7 L Oa) + 47 (xi + i) + f (xi1)] = f(n)dr <3 (T =k,
x;

foralli=0,...,n—1.
After summing and using the triangle inequality, we obtain

n—1

hi b
Y S0 + 4t ) +f )] - [ S0t

i=0

2 n—1
<3 =) Zh?’
i=0

which proves the required estimation.

COROLLARY 10 Under the above assumptions and if we put || f/|o =
SUPre(ap) | f'(1)] <00, then we have the following estimation of the
remainder term in Simpson’s formula

n—1
R )] < 21100 3 12 (5.16)

i=0

The classical error estimates based on the Taylor expansion for
Simpson’s rule involve the fourth derivative || f | .. In the case that f
does not exist or is very large at some points in [a, b], the classical esti-
mates cannot be applied, and thus (5.15) and (5.16) provide alternative
error estimates for the Simpson’s rule.
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6. A CONVEX COMBINATION

The following generalization of Ostrowski’s inequality holds [19]:

THEOREM 9 Let f:[a,b]— R be absolutely continuous on [a,b], and
whose derivative f':[a,b]— R is bounded on [a,b]. Denote | f'|o:=
ess SUP;eap)l f/(X)| < 00. Then

f(a) +f (®) .

[r0a-[rw-a-a+

< [%(b—a)2[62+(5—1)2] ' (x ) ]Ilf oo (61

forallbe0,1]Janda+6-(b—a)2<x<b-6-(b—a)/2.

6] (b—a)

Proof Let us define the mapping p : [a, b]> — R given by
t— [a+6-b—;£], t € [a,x],

p(x, 1) == _[ ~ 'b;a}’ 1€ (x,b].

Integrating by parts, we have

[reorma
=/ax( [a-{-& T])f(t)dt+/x( [b—&-b—_—a])f’(t)dt
50—V (g f) - / f@de  (62)
On the other hand

b b b
P 1) f() dz‘ < [ 1o 0l Ola< 17 [ ool

(o00:25) o= [- (b-525°)

- ||f'||oo[ -
L

y
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Now, let us observe that

/p |t—q|dl=/p (q——t)dt+/q(t—q)dt 2
—2a-rP+ -] =3 (0-r+ (a-32)

forallr,p,gsuch thatp<qg<r.
Using the previous identity, we have that

* b—a 1 b—a a+x\*
/at—(a—i—&- 5 )dt—-z(x a)+<a+6 - 2)
and

b b—a 1 b—a x+b
[ (b-5:259) ar= Lo+ (5-5 25222
Then we get

1 (x —a)’ + (b - x)* b—a x-—a\ - X b—aV
L=3 2 +5,2_2)+ 7 03

-2 [ e- 1]+ (x-252)

and the theorem is thus proved.

Remark 8 (a)If wechoosein (6.1), 6 =0, we get Ostrowski’s inequality.
(b) If we choose in (6.1), §=1 and x=(a+ b)/2 we get the trapezoid
inequality:

[r0a-L90 6 o) <2o-afif: 63

COROLLARY 11  Under the above assumptions, we have the inequality:

/f(t)dt [() 12706 -

s[%(b—a)“r(x “*”)}nfn
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Jorall x € [(b+ 3a)/4, (a+ 3b)/4], and, in particular, the following mixture
of the trapezoid inequality and mid-point inequality:

[rou- i) 9o of -
(6.4)

Finally, we also have the following generalization of Simpson’s
inequality:

COROLLARY 12 Under the above assumptions, we have
b 1

[ r0s-¢lr@+46) +5@)E -0
< i - )2 " _a+ b\?
=136 ¢ 2

for all x€[(b+ 5a)/4,(a+ 5b)/4], and, in particular, the Simpson’s
inequality:

1Moo

/abf () dt —é [f (@) + 4f(‘”2’b) +f(b)](b —a)

5 :
<2 (- @Pf
(6.5)

6.1. Applications in Numerical Integration

The following approximation of the integral fab f(x)dx holds [19].

THEOREM 10 Let f:[a, b] — R be an absolutely continuous mapping on
[a,b] whose derivative is bounded on [a,b]. If I,:a=xyg<x;<---<
Xp-1<Xp=b is a partition of [a,b] and h;: =x; 1 —x;, i=0,...,n—1,
then we have

b
/ f(x)dx = A5(I,, €, 6,f) + Rs(In, &, 6, 1), (6.6)
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where

A€, = (1= 05 fleh+ a3 LB ) (g

i=0 i=0
6€0,1],x;+6-hif2 <& < X101 —0-hi/2,i=0,...,n— 1;andthe remain-

der term satisfies the estimation:

|Rs(1n, €, 6, 1)
-1 -1

Sllf’lloo[% [+ 6 - 1) S+ 3 (6 - FE ) ] (6.8)

i=0 i=0

Proof Applying Theorem 9 on the interval [x;, x;4], i=0,...,n—1
we get

-6 -siey+ LS00 o] [ 1y o

Xi

<[+ 6= 1) Z+ (6 - 2522 s

for all 6 €[0, 1] and §; € [x;, xi44), i=0,...,n—1.
Summing over i from 0 to n — 1 and using the triangle inequality we
get the estimation (6.8).

Remark 9 (a) If we choose § =0, then we get the quadrature formula:

b
/ £()dx = Ar(n£.1) + Re(In &), (6.9)

where Ar(1,,&,f) is the Riemann sum, i.e.,

AT(Im af Zf(gl)hl’ €1 € [xz’ xl+1] i=0 - 1;

i=0

and the remainder term satisfies the estimate (see also [8]):

Re(lon €)1 < 1111 Z[”2 (a-Z21) ] o)
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(b) If we choose 6 =1, then we get the trapezoid formula:

b
/ F(x)dx = Ar(B.f) + Re(n.f)

where A7 (1., f) is the trapezoidal rule

n—1 .
Ar(I,,f) = Ef_(x’)_"'zf_(ﬁ‘l b

i=0

and the remainder terms satisfies the estimation:

|R (Imf l < ”f’“ooth

i=0

COROLLARY 13 Under the above assumptions we have

b
/ F(x) dx = Br(In £.1) + Qr(In 1),

where

Br(ln&.f) = lZf(&)h 4§ L) ) h,],

i=0 i=0

Xip1 + 3% x;+ 3%
gl e [ 4 b 4 }9

and the remainder term satisfies the estimation:

= 2
107, &N < 11 loo F; D +Z( = +x'+l) ]

i=0 i=0

565

(6.11)

(6.12)

(6.13)

(6.14)
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In particular, we have

b
/ £(%)dx = Br(Ip.f) + Or(Inf). (6.15)

where
BT(In,f) I:Zlf()ﬁ +XI+1)h + Zf(x, +f(x,+1) hl-

i=0 =0

and Q7(1,, [f) satisfies the estimation:

Q7 (L, f)| < “f;”°° Sh,?. (6.16)

i=0

Finally, we have the following generalization of Simpson’s inequality
whose remainder term is estimated by the use of the first derivative only.

COROLLARY 14 Under the above assumptions we have

b
/ f(X) dx = ST(Im g’f) + WT(Im §’f), (617)

where

Sr(In, &.f) = 3 Zf(ft)h +6Z[f xi) +f (xi1)| P,

i=0 i=0

Xip1 +5x; x; + Sxi1
&e[ ' ¢ ]

and the remainder term Wy(l,,, £, f) satisfies the bound:

1

Xi 4+ Xip1\ 2
Wr(l €] < 1 e [621«%2( - ")] (6.18)
i=0

i=0
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and, in particular, the Simpson’s rule:

b
/ f(x)dx = St(L.f) + Wr(ln.f), (6.19)

where

-1
St(ln.f) =§ Zo (xz+x,+1) Z[f x2) + £ (xis )i

i=0

and the remainder term satisfies the estimation:

W1l )] < ol Zh2 (6:20)

i=0

6.2. Applications for Special Means

Now, let us reconsider the inequality (6.1) in the following equivalent
form:

'(1—5) f(x) + (a)+f /f(t)dt‘
< [(b—a) 62+(§‘ )]+(x_((;f:))/2) ]Ilf’lloo

forall 6 €[0, 1] and x € [a, b] such that

b—a b—a
a+6-< 5 )SXSb—6-< > )

1. Consider the mapping f: (0, c0) — (0, 00), f(x) =x?, pe R\{-1,0}.
Then, for 0 < a < b, we have

171 ={|P'b"“ ifp>1,
® " Ulplar if p & (—o0, 11\{~1,0},
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and then, by (6.21), we deduce that

|(1—6)x? +6- A(a®,b?) — LE(a,b)|

2 _1)2 LY
s{(b—a)[‘S =l ] e }6p(a,b),

where

|p|bp‘1 ifp>1,

(% 0) = { |pla~" if p € (—o0, 1\{~1,0}

and 6€[0,1], x€la+6-(b—a)/2,b—6-(b—a)/2].
2. Consider the mapping f:(0,00) — (0,00), f(x),=1/x and 0<
a<b. We have:

1 oo = 25

and then by (6.21), we deduce, for all 6€[0,1], and a+6-(b—a)/2<
x<b—46-(b—a)/2 that

|(1 = 8)8L + Lxé — x6] < ’f_zL [(b —a) {52 +(6— 1)2] . (x— A)z].

4 b—a)

3. Consider the mapping f:(0,00)— R, f(x)=Inx and 0<a<b.
We have

e =12,

and then, by (6.21), we deduce that

=

forall6€[0,1],and x€[a+6-(b—a)/2,b—6-(b— a)/2].

sé%b—@

2+ 6-1* (x—4)7
4 }*w—@}
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7. A GENERALIZATION FOR MONOTONIC MAPPINGS

In [20], Dragomir established the following Ostrowski type inequality
for monotonic mappings.

THEOREM 11 Let f:[a,b] — R be a monotonic nondecreasing mapping
on [a, b). Then for all x € [a, b], we have the inequality:

15 [ 1 ax

b
<! {[2x—(a+b>1f(x>+ / sgn(t—x)f(t)dt}

—a a

S

< (= (00) £ @) + (b= D/ (B) —100)

3+ E 2 (16 - o

IA

All the inequalities are sharp and the constant % is the best possible one.

In this section we shall obtain a generalization of this result which also
contains the trapezoid and Simpson type inequalities.
The following result holds [38]:

THEOREM 12 Let f:[a,b] — R be a monotonic nondecreasing mapping
onla,bl and ty, 15, t3 € (a, b) be such that t; < t, < t3. Then

b
/ F(x)dx — (1 — @) f (@) + (b — 1) £(B) + (15 — 1) £(1)]
<(b-16)fd)+ 2L —t—t3)f(t2) — (1 —a)f(a)
b
+ /a T(x)f(x)dx

< (b=86)(f(b) —f(t)) + (5 — 2)(f(t3) — f(22))
+ (82 =) (f(82) = f (1)) + (1 — a)(f(11) — f(22))
< max{t1 —a,tp — 1,13 —th,b — t3}(f(b) —f(a)), (71)

where

_ sgn(t; — x), for x € [a, 1],
Tx) = {sgn(t3 —x), forx¢€[t,b].
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Proof Using integration by parts formula for Riemann—Stieltjes inte-
gral we have

b
[ 56147 = (0 = a)f@) + (6= 0 6) + (1 — )1 0)

a

- [reaeo,
where
S(x) = {x—tl, X € [a, 1],
X —13, XxE€E [f,b]
Indeed

b 123 b
lxnvm=é(»ﬁmww+/u—m#m

t .
=u—MAww+u~nvmm~qumu)
= (h— a)f(@) + (b~ 1)/ (B)

b
+m—nvv»—/fqu

Assumethat4,:a = x( " < x(") <- (” < x = bisasequence
of divisions with V(A,,) —0 as n—ooo, where v(4,):=
MaX;=0,...n— 1(36() x,(") and 5,(") € [x(") ,(L] If p:[a,b)] - R is a

continuous mapping on [a,b] and v is monotonic nondecreasing
on [a, b], then

[ ro90r| = tim S o6 () ()]
< dim_S(e) () - (<)

=V<,}:§2w2i ()] (i) = (7))

l|ﬂmmm> (1.2)
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Applying the inequality (7.2) for p(x) = s(x) and v(x) =f(x), x € [a, b]
we can state:

b b
/,, s df )| < / 1s()] 4 (x)

= /at' (11 — x) df (%) +/:(x- t) df (x)
+/:(t3 — x)df (x) +/:(x~ 1) df (x)

= (8 — %) f(X)[" + /Jtlf(x) dx + (x — 1) f(0)]
_ / " ) dx+ (1= 3£

t3 b
4 / S dx + (x— ) f@)P + / £(x) dx
=—(t1 —a)f(a)+ (2 — h)f(t2) — (13 — 1) f(t2)
b
T (b— 1) f(B) + / T(x) £ (x) dx.

which is the first inequality in {7.1).
If f: [a, b] — R is monotonic nondecreasing in [a, b], we can also state:

/ " fx) dx < £(0) (0 — a),
/ " 1) dx 2 (1)t — 1),

/ ® £ dx < S(0)(6s - 1),

and

b
[ F(6)dx > £(3)(b - 13).
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So,
b
/a T(x)f(x)dx

t 53 i3 b
= [r@ar= [Crwas+ [“reax= [ e
<f)(t = a) = f(n)(n—0) +f(tB) (6 — 1) — f(i3)(b - 1).

We have
—(h—a)f(a)+ (L —t)f(2) — (15 — ) f(12)
b
=)/ 0)+ [ TS0 dx

a

< —(n-a)f(a)+(n—n)f() — (- 0)f(2) + (b—13)f(b)
+ (= a)f(h) — (2 —n)f(h) + (i3 — 2) f(t3) — (b — 13) [ (13)
= (1 —a)(f(t1) —f(a)) + (2 — 1))(f(22) — f(11))
+ (13 = ) (f(13) = f(12)) + (b — 13)(f(B) — f(13))
<max{t —a,tr — 11,13 — t2, b — :3}(f(b) — f(a)).

The theorem is thus proved.

Remark 10 Fort, =0, t,=x, t3=b, a generalized trapezoid inequality
is obtained and we get Theorem 11 from the above Theorem.

For t; = t, = t3 =x Theorem 12 becomes [38]:

COROLLARY 15 Let f be defined as in Theorem 12. Then

b
[ reai-(6-as@ + 6~ x)f(b)]]

b
< (b—x)f(b) - (x~a)f(a) + / sen(x — 1) () de
< (b= %)(f(b) ~£(x) + (x — D) (f(x) ~ £ (@))

e s (13)

X —

< E(b—a)-{-

All the inequalities in (7.3) are sharp and the constant } is the best possible.
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Proof We only need to prove that the constant 1 is the best possible
one. Choose the mapping fy: [a, b] — R given by

0, if x €la,b),

f"(x)z{l, if x = b.

Then, f; is monotonic nondecreasing on [a, 4], and for x = a we have

b
/fﬂam—ux—@fwr+w—wiw

b
=w~wir4x—wfwyg/sy@—@f@dz
= (b—x)(f(B) — () + (x — (S () —F(@))

x- 22 ) -6

which prove the sharpness of the first two inequalities and the fact that C
cannot be less than 3.

For x = (a+ b)/2 we get the trapezoid inequality [38].

COROLLARY 16 Letf:[a, b] — R be amonotonic nondecreasing mapping
on[a, b). Then

b
[0 1040

<

b a
3b-aU®) —r@) - [ sem(1-250) ryar
<1

-2

(b —a)(f(b) - f(a). (7-4)

The constant factor L is the best in both inequalities.
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COROLLARY 17 (see [38]) Let fbe as in Theorem 9 and p,q € R, with
p>q. Then

/ff(x)dx—;;‘{;(b—a)[f(a)+f(b>+ 2=2y(230)]]

b
<L -l ~f@)+ [ TR

p+4q
< p—j—; (b—a)(/(b) —£(a))
a0 >[ <"§1‘;"> —f(‘”z—iz—”)]
< max{q, Py q

where

pb+qa a+b
——x, ifx ,bi.
gn(p+q x) e[ 2 ]

Proof Set in Theorem 12: t,=(pa+gb)/(p+q),t=(a+b)/2,t:=
(qa+pb)/(p+ 9.

T1 (x) =

Remark 11 Of special interest is the case p =5 and ¢ =1 where we get
from Corollary 17 the following result of Simpson type;

Lo- o[ 5 (119)]

)~ f(@) + / Ty(x) /(%) dx

b
2 70)-r@+r(2E) -1 (2]

(b —a)(f(b) —f(a)),

<

QI —
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(3l N [, atb
g 3 x 3 a’ 2 bl

som a+5b xc a+b b
g 3 x ’ 2 bl .

Remark 12 For p— g we get Corollary 16 from Corollary 17.

where

T2 (x) =

71. An Inequality for the Cumulative Distribution Function

Let X be a random variable taking values in the finite interval [a, b], with
cumulative distributions function F(x) =Pr(X < x).

The following result from [20] can be obtained from Theorem 12
(see [38]).

THEOREM 13  Let X and F be as above. Then we have the inequalities:

Pr(X <x) - b ;f‘ix)
b
< - [[Zx —(a+b)Pr(X <x)+ /a sgn(t — x)F(#) dt

< %a [(b — X)Pr(X > x) + (x — @)Pr(X < x)]
<L I — 2a_+ab) /2

for all x € [a, b].
All the inequalities in (7.5) are sharp and the constant % is the best
possible.

(7.5)

Now we shall prove the following result [38].

THEOREM 14 Let X and F be as above. Then we have the inequalities:
b
|E(x) — x| <b-x+ / sgn (x — t)F(z)dt
a

< (b—x)Pr(X > x) + (x —a)Pr(X < x)
< b—a a_ﬂ‘

+|x (7.6)

-2 2

for all x €[a, b].
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All the inequalities in (7.6) are sharp and the constant 1 is the best

possible.

Proof Apply Corollary 15 for the monotonic nondecreasing mapping
f@:=F(@), t€[a,b]to get

b
/ F(i)di — [(x — ) F(a) + (b — x)F(b)]l

a

< (b— x)F(b) + (x — a)F(a) + / " sgn(x — )F(1) de

a

< (b= x)(F(b) — F(x)) + (x — a)(F(x) — F(a))

< |j6-a+ - 552] rte) - o) (17)

and as

Fla)=0, F(b)=1

by the integration by parts formula for Riemann—Stieltjes integrals
b b
E(x) = / tdF(t) = tF(1)’ — / F(t)de
a a
b
= bF(b) — aF(a) — / F(r) dt
a
b
=b-— / F(1) dz.
a
That is,
b
/ F(t)dt = b — E(x).
a

The inequalities (7.7) give the desired estimation (7.6).
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COROLLARY 18 (see [38]) Let X be arandom variable taking values in the
finite intervalla, b), with cumulative distribution function F(x) =Pr(X < x)
and the expectation E(x). Then we have the inequality

iE(x) —‘”2””‘ g%(b—a) —/absgn(t—‘—l—;—b)F(t)dtS%(b—a).

The constant% is the best in both inequalities.
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