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1. INTRODUCTION

Consider the system of ODEs
X =f(t,x) ('=d/di) (1.1)

where x = (xy, ..., x,)and f=(fi, ..., fn) isa continuous vector function
which is defined in R'*", Let x be a (classical) solution of (1.1) in R. x is
said to be entirely bounded if

sup |x(?)| < +o0. (1.2)
teR

Although many papers deal with the existence problem for entirely
bounded solutions of differential systems (see e.g. [A1,AGG] and the
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references therein), only few results can be used for proving the existence
of two or more bounded solutions (see e.g. [A2,AK,K]).

In [AK] the techniques which consist mainly in invariantness of
prescribed sets and transversality arguments on their boundaries were
applied to derive multiplicity results. In this paper we develop mentioned
method for another class of differential systems. For a comparison with
analogous results related to the periodic boundary value problem we
refer the reader e.g. to the paper [FZ).

2. NOTATIONS AND PRELIMINARIES

2.1. In the whole paper we assume that «, 3,7, 6, ,m, n, 0 are natural
numbers and ¢, w are positive real numbers.

2.2. By {F} we denote a set whose elements satisfy condition F. So,
we can write x € {(1.2)} for an entirely bounded solution x of the
system (1.1).

The general quantifier will be denoted by V and for the existence
quantifier we reserve the symbol 3.

2.3. If M is a subset of some topological space then by cl M, int M,
fr M we mean the closure, interior, boundary of M, respectively.

2.4. As usual, R* = (0, +00). The standard scalar product between
&, v € R" will be denoted by £ - 1. Furthermore, |£| = /€ - ¢, for £ e R".

By Vr we denote the gradient of a continuously differentiable real
function .

2.5. For a 4-tuple (o, 8,7,6) and n=a+ f+~v+ 6, define in the
sequel,

S:R"xRx{l,...,n} > R",

Sy, 1) = (€551 &i15 - -5 6n),
P:R" >R, P(§) = (Catptis-- - Eatptr)s
R:R" =R, R(E) = (Earprytis--sn)-

2.6. Let M C R",C(M,R") beaset of all continuous vector functions
defined in M and with values in R". If M is compact we add the norm

llgll = max lg(9)I
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to obtain the standard Banach space. If M is not compact we endow the
set C(M,R") with a topology of the uniform convergence on compact
subsets of M to make the Fréchet space.

U C C(M,R") is said to be globally bounded if

HEER‘f qubt sup Iq(g)l <e.
feM

2.7. LetU C C(M,R"). For N C M, denote by re(U, N') the set

{g € CN,R"): Fpey Veen 9(€) =p(€)}.

2.8. Let R" D O # 0 be a bounded domain such that
O={eR" 1 <0, fori=1,...,m},

where r = (r1,...,r,) € C(R",R™) is continuously differentiable. Then
we say O is canonical and write O = can(r). Furthermore, for every
EefrO,set

ca(é,r) = {i: ri(€) =0}.

The following lemmas give appropriate estimates for solutions of
scalar equations and differential systems.

2.9. LEMMA Consider the 5-tuple (x, f,w,u,v), where f € C(R x R, R),
u, v are continuously differentiable functions and x is a solution of a scalar
equation

X =f(t,x), t€[-wuw]. (2.9.1)

Suppose that, for every t € [—w, w],

u(t) < v(t), (29.2)
f(u(e)) >d (1), ft,v() <V (), (2.9.3)
u(—w) < x(—w) < v(—w). (2.9.4)

Then u(f) < x(t) < v(), for every t € [—w, w].
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Proof We show that x(#) > u(?), for all t € [—w,w]. The verification of
the second inequality can be obtained quite analogously. Assume,
contradictionally, the existence of a ¢ € (—w,w] such that x(#) < u(?).
Denoting 7 =inf{t € (—w, w]: x() < u()}, we have obviously x(7) = u(7).
Setting p = x — u, the inequality p’(7) =f (7, u(7)) — u'(7) > 0 implies the
existence of ¢ € Rt such that p’(c) > 0, forevery o € (1 — ¢, 7). Taking any
t€ (T —¢e,7), and applying the Lagrange mean value theorem, we get

x(1) — u(t) = p(t) = p(1) = p'(0)(t — 7) <0,
for some o € (¢, 7).

Hence x(#) <u(t), for te(r —e, 1), which disagrees with the defini-
tion of 7.

2.10. Remark Under assumptions of the lemma above, replacing
(2.9.4) by

u(—w) < x(—w) < v(-w), (2.10.1)

we obtain u(f) < x(¢) < v(¢), for every t € (—w, w].
By the same manner, we can derive

2.11. LEMMA  Assume that (x,f,w,u,v) € (\=,{(2.9.)} and, for every
t€[—w,wl,

fu@) <d(1), f(v() >V (1), (2.11.1)
u(w) < x(w) < v(w). (2.11.2)
Then the same assertion as in Lemma 2.9 holds for x.

2.12. Remark Of course, replacing (2.11.2) by
u(w) < x(w) < v(w), (2.12.1)
we obtain u(?) < x(#) < W(¥), for every t € [-w, w).

2.13. LEMMA Let O = can(r) and x be a solution of the differential
system

X =f(t,x), t€[-w,uw], (2.13.1)



ON BOUNDED SOLUTIONS IN A GIVEN SET 153
where f € C(R x R",R"). Assume that (x, f,w, O) satisfies
Viel-ww Veerro Vieaaer Vri(€) - f(t,€) <0, (2.13.2)
x(—w) € O. (2.13.3)
Then, for every t € [-w,w], x(¢) € O.

Proof Assume, contradictionally, the existence of ¢ € (—w, w] such that
x()¢0O. Denoting 7 = inf{z € (—w,w]: x(¢)¢ O}, we have obviously
x(7) € fr O. Hence, r; (x(7)) = 0 for some i € ca(x(r), ). Choosing such i
and setting p(r) =r;(x(¢)), we obtain p(7) =0 and, for every t € [-w, T),
() <0.

But, at the same time, (2.13.2) implies the existence of e € R* such that
the inequality r;(x(s))=p()=p(t) — p(r)=p'(c)(t —7) >0 holds for
t € [T — ¢, 7), which contradicts the definition of 7.

2.14. Remark Instead of (2.13.3) one can assume
x(—w) € clO, (2.14.1)

to obtain x(¢) € O, for every ¢ € (—w, w].

Quite analogously as in the proof of Lemma 2.13 we can derive
2.15. LemMA  If (x,f,w,O) € {(2.13.1)} and

Viel-ww] Veerro Viear Vri(€)-f(t,€) >0, (2.15.1)

x(w) € O, (2.15.2)
then the same assertion as in the previous lemma is true.

2.16. Remark Replacing (2.15.2) by
x(w) € clO, (2.16.1)

we conclude x() € O, for every t € [~w, w).

The following lemma represents a slightly improved version in [K].
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2.17. LEMMA Consider the pair ( f,Q), where f € C(R x R",R") and
Q C C(R,R") is globally bounded. Assume that the problems (I=1,2,...)

! = L,x), te _la ) s

¥ =fx) =411 2.17.1)

x ere(Q,[-1L1])

admit solutions xy. Then there exists an entirely bounded solution x € cl Q
of system (1.1).

Proof For abbreviation, let {gc_(,)},‘;"f stand for the sequence of
appropriate extensions of solutions x(;) in R. Due to the well-known
Arzela—Ascoli theorem and the diagonalization arguments, we are able
to choose a subsequence {5( ,i)};*:l" which converges to a solution x € cl Q
of the system (1.1) (for more details, see e.g. [K, pp. 178—-180]).

To ensure the solvability of problems (2.17.1), we apply the special
form of the Leray—Schauder continuation principle (see e.g. [LS]).

2.18. PROPOSITION Let U C C([-1,1],R") be a nonempty, open and
bounded set, A:clU x [0,1] — C([—1,1], R"). Assume that (A,U) satisfies

A is a continuous operator with relatively compact image

Al x [0, 1)), (2.18.1)
there exists q° € U such that A(q,0) = q*, for every q € cl U,

(2.18.2)

q # A(g,\), for every q € frU and all X € [0,1]. (2.18.3)

Then the equation x = A(x, 1) admits at least one solution inU.

The last statement of this section follows immediately from the result
developed in [CFM].

2.19. PROPOSITION Let S C C([—1,1],R") be a closed set andU # O be a
bounded subset of C([—1,1], R"). Consider the problems

x' =f(t’ q(t)’ A)7

2.19.1
x €S, ( )

where f € C(R x R" x [0, 1], R"), and suppose that
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Sor every (gq,)) € clU x [0,1], (2.19.1) admits exactly one solution
A(g,\) and A(clU x [0,1]) is a bounded subset of C([—1,1], R").

Then A is a continuous map with relatively compact image.

3. MAIN RESULTS

3.1. Consider the 5-tuple (f,u,v,01,0,), where fe€ C(R x R",R"),

n=a+pB+v+6, R'DO =ca(r(1)), RCD O, = ca(r(z)). Let

u € C(R,R**?) and v € C(R, R**?) be continuously differentiable.
Denote, in the sequel,

Q1 = {g € C(R,R"): Vier Vic1,...a4 #i(1) < qi1) < vi(1)},
Q = {g € C(R,R"): VierP(¢(1)) € O1, R(q(1)) € O},
Q=202
M = {§ € R": Fpeaorer q(2) = £}

THEOREM  Suppose that the conditions below hold for every t e R, € € M
andi=1,...,a,j=a+1,...,a+ 0.

Q is globally bounded and there exists a constant function q* € Q,
(3.1.1)

Jit, S ui),0)) > u(r),  fi(t, SEwi(0), ) <vi(n),  (3.12)
Ji(t, S u(),0)) <u(n), St (6 vi(0).4)) > vi(®),  (3.1.3)

(P() € frO) Ak € ca(P(§),rq))) = Vraw(P(8)) - P(f(1,€)) <0,
(3.1.4)

(R(§) € frO2 Ak € ca(R(),r2)) = Vrar(R(E)) - R(f(1,€)) > 0.
(3.1.5)

Then (1.1) admits at least one solution x € Q.
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Proof 1t will be divided into four consecutive steps. Denote

uf = infu;(1) —1, v =supvi(r)+1, fori=1,...,a+p.
1€R t€R
A. Let Q] = {g € C(R,R"): ViR Viz1,. o4p U} < qi(t) < vi} and

Q' =9;( 2

Then there exists a function g € C(R x R*,R") with the following
properties:

Vieao Vier g(t,q()) = f(,q(1)),
vqele* Vier Vi=1,..a &i(t, S(q(t),u}“,i)) =1,
Vied @8 Vier Vi1, gi(t,8(q(1),vi, 1)) = -1,

vqec]Q* VtER Vj=a+l,...,a+ﬂ gj(t’ S(q(t)au;’j)) = -1,
Vicd o ViR Viat,..a+p  &(1S(q(2),v}.))) = 1.

To assure the statement above, define, for k=1,...,a+ 8, y€R,
xeR",
ur(t) for y € (—oo,ui(t)),
mw(ty) =¥ for y € [u(2), vi ()],
w(t) fory e (w(f), +00),
x(t,x) = (m(tx1), - . ., Na+(t, Xatp), P(x), R(x)).
Then components of the founded function g can take the form
'f,'(t, X(ta x)) -1
ui(t) — u
gi(t,x) = { filt,x(2,x)) for x; € [u;(2), vi(?)],

Silt, x(#,x)) + 1
L () =

(xi—u;)+1 for x; € (—oo, ui(t)),

(xi—v}) =1 for x; € (v(t), +00),

provided ie {1,...,a},
f%?ﬁ(%%ﬂ(xj —w) =1 for x; € (—00, (1),
gi(t,x) = < fi(t,x(1, x)) for x; € [u;(1), vi(1)],

Jilt x(t,x)) - 1

[ () =y

*

(x; =)+ 1 for x; € (v(t), +00),
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providedje {a+1,...,a+ 8},
P(g(t,x)) = P(f(t,x(1,x))), R(g(t,x)) = R(f(t, x(1, x))).

B. Let | be a fixed natural number and U = re(Q*,[—1,1]). Then the
system

X' =g(t,x), tel-LI] (3.1.6)
admits a solution x;y € U.

To prove this part consider a class of problems

X = MX(t,q(1), gecl, tel-LI],
Vicloe Xi(—=1) = ;s Vizat1,.as %) =4, (3.1.7)
P(x(=1)) = P(q"), R(x(I)) = R(q").

Define the operator A: clif x [0, 1] — C([-/, 1], R"), which assigns, to
any pair (g, A) € cl U x [0, 1], the unique solution x, = A(g, \) of the
related problem in (3.1.7). Clearly, any fixed point of the operator A(:, 1)
represents a solution of (3.1.6). Denoting by S a set of all functions in
C([-1,1], R") which satisfy the boundary conditions in (3.1.7) we see that
(Mg, U,S) satisfies assumptions of Proposition 2.19. Hence, A is a
continuous map with a relatively compact image. Evidently, (2.18.2)
holds for (A,U) too. Since U is open we confirm the validity of the part
of (2.18.3) related to A =0. So, it remains to prove

Veetru Yae,) 97 Mg, A)-

Assume, contradictionally, the existence of (g, ) € frif x (0,1] such
that g=A(g,)). Let 7€[-LI] be a number for which ¢(r) €
re(frid, {7}).
Define

Viet,ars (e € CR X RR), he(6, ) = Mga(t, S(g(0), %K)

hp € C(R x R",R"),

hp(t,x) = P(Ag(t, q,(1), ... ’1a+ﬂ(t)’x’1a+ﬂ+7+1(t)’ s q,(1)),

hg € C(R x RO, R, hg(t,x) = R(Ag(t,4,(1), - ,ga+ﬂ+7(t),x)).

(3.1.8)
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Then, fori=1,...,aandj=a+1,...,a+ 0,
4
(g, hiLoup,v)) €[ {(2.94)},
k=1

2 2
(@, by, 1,0}, ) e(ﬂ{(2.9.k)}) N (ﬂ{(z.u.@}),
k=1 k=1

3
(P(g), hp, 1, O1) €[ {(2.13.k)},
k=1

2
(R(q). hr, 1, 02) € [{(2.15.6)} ({(2.13.1)}.
k=1

Hence, applying Lemmas 2.9, 2.11, 2.13 and 2.15, respectively,
we obtain ¢(7) € re(U, {r}) which contradicts the characteristic prop-
erty of 7. B

Since all assumptions of Proposition 2.18 are fulfilled, the existence
of a solution x;) € U is ensured.

C. Recall that g(z, ¢(2)) =/ (2, q(2)), for every g € c1 Q and all  €R. So,
repeating definition (3.1.8) with A=1 and ¢=2x,, we can apply
conditions (3.1.2), (3.1.3) to obtain x;y € re(Q, [~1,1]). Since / € N was
chosen arbitrarily (f, Q) satisfies assumptions of Lemma 2.17 and we
conclude that

(1.1) admits a solution x € cl Q.
To finish the proof it is sufficient to confirm
D. If there exists a solution x € cl Q of (1.1) then x € Q.
Assume, for a contradiction, the existence of 7 € R such that
x(7) e re(cl Q, {T})\re(Q, {7}).
Let w= 7| + 1. Define, in the sequel,
Vi=t,.a+p (M € CR x R,R), Mi(t, x) = fie(2, S(x(1), x, k))),
hp € C(R x R",R"),
hp(t,x) = P(f(, %1 (1), - - Xoy (1) X, X oy gy g1 (D) - -5 X4 (1)),
hr € C(R X R%,R?), he(t,x) = R(f(£,x1(2), - -, Xarpi(1), X)).
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Then we conclude, fori=1,...,acandj=a+1,...,a+8,

3

(X i ws i, vi) € [ {(29.0)} ({(2.10.1)},

=1

>~

2
(x;, hjyw, w;, vy) € ﬂ 9.k} N{(211.0} N {2.12.1)},

(P(x), hp,w, 0y) € ﬂ{(2.13.k)} {(2.14.1)},
k=1
(R(x), hr,w, 03) € {(2.13.)}({(2.15.1)} () {(2.16.1)}.

Hence, applying Remarks 2.10, 2.12, 2.14 and 2.16, we obtain
x(7) € re(Q, {7}) which contradicts the assumption above.

3.2. Evidently, results similar to the theorem above can be derived if
one or more constant in {a, 5,7, 6} vanish. For example, let a=1,
B=~v=6=0and (1.1) takes a form

X =a(t)x + g(t,x), (3.2.1)

where a € C(R,R), g € C(R x R,R). Assume the existence of C€R™,
R 3 K < L € R such that Ke€#"®) < [e=Csen@) and

/Ot a(s)ds

hold for every ¢ €R. Fix g* =}(Ke“*#"® 4 Le~*#"(1)). Then, letting
u(t) = Kefo A y(f) = f at)is , we obtain

<C, g(t, Keh ”(s)d“) >0, g(t, Leks "(s)d“) <0

a(t)u(t) +g(t,u(t)) > (1), a(t)v(r) +g(t,v(1)) < V(2),
u(t) < q" < (1),

for all £ € R, hence, (3.2.1) has an entirely bounded solution.
The described technique can be applied to the system

xX; = ai()x; + gi(t,x), i=1,...,a+p,

, ' (3.2.2)
x;=gi(t,x), j=a+p+1,...,a+B+e+w,
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where x =(x,. .., X,), n=0a+ #+¢c+w and all functions on the right-
hand side of the system are continuous. Omitting an easy proof, let us
illustrate one of the possible results.

COROLLARY System (3.2.2) admits at least 3*** entirely bounded
solutions providing there exist positive real constants C, D < E such that

Viel,..a Vi=at1,..a+8 Vk=a+f+1,..a+p+e
V1=a+ﬂ+a+l,...,n Vte]R vCe—C<y<CeC

\/t a;(s)ds| < C, ’/t a;(s)ds
0 0
gi(t, S —»,i)) >0,  g(tS(&y,0)) <0,

g, 8(§ —».)) <0,  g(t,8(&»./)) >0,
gk(t,8(§, —D,k)) >0, g(t,S(, D,k)) <0,
gk(t’ S(£9 —E, k)) <0, gk(l’ S(€> E, k)) >0,
&(1,8(¢ —D,1)) <0, g(t,S(¢D,1)) >0,
gl(t9 S(éa '—E’l)) >0, gl(t’ S(é’ Esl)) <0

hold for every

Ee{CeR™ |G| < CeC, ()l < E,
fori=1,...,a+0, j=a+B+1,...,n}.

<C,

3.3. Set =0, =0 and consider (1.1) in a form

y’ = e(tay’ Z) +f(t,y,Z),

3.3.1
7 =g(t,y,z) + h(t,y,2), ( )

where e,f are elements in C(R x RS, RY) and g,k belong to
C(R x R"*®, R?). Assuming a continuity of matrices de/dy, Og/dz let us
denote by (¢, y, z) the greatest eigenvalue of a symmetrical matrix

% (%e(t,y,z) + ((,%e(l,y, z)) )

and by ¢(t, y, z) the smallest eigenvalue of

.
% (—(%g(l,y. o)+ (%g(t,y, z)) )



ON BOUNDED SOLUTIONS IN A GIVEN SET 161

Recall (see e.g. [D, pp. 284]) that, for any fixed (2, y, z) € R"**° and for
every € R, neR?,

¢ (e(t,y+¢&2) —e(t,,2) < i‘gbpu”’(”y* 7€, 2)I€]%,

n-(g(ty,z+m) —g(t.y.2) 2 inf @(ty.z+ ™)nl>.

COROLLARY  Suppose that

sup{(1,€,m): 1 €R, £ €RY, n € R°} < 4" <0,
inf{p(t,&,n): teR, £ €RY, ne R} > ¢* >0,
sup{le(t,0,n)|: t € R, n € R®} = E < +o0,
sup{|g(t,£,0): t € R, £ e R} = G < +o0,

lim sup —->—~ /(2.6 )l = F < |¢*|, uniformly w.r.t. t € R, n € RS,
|é]—+00 lg‘

. h t9 ’ .

lim sup‘—(g—n)l = H < ¢*,uniformly wr.t. t € R, £ € R".
lotoo 17

Then (3.3.1) admits at least one entirely bounded solution.

Proof Fix e € R" such that

Vier Vyer Veewr vz Vier® Vnew! poi=vE
If(.&2)] <3(F+ ¥ )IEl, |t y,n)| <5 (H+ @)l
¥'lef + Elgl + 3 (F+ [P <0,

" Inl* = Glnl = (H + ¢*)Inf* > 0

and define, in the sequel,

ray €CRV,R), ry(&) =1l —e,
re) €CRLR), roy(m) =3l e,
01 ={CeR:ry)(¢) <0}, Or={CE€R’ rp({) <0},
Q = {q € C(R,R"™®): P(q(t)) € O1,R(q(t)) € Os,
for every t € R}.
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Clearly, Q is globally bounded and the constant function 0 belongs to Q.
Since

Vray(§) - (e(t,6,2) +£(1,€,2))
=¢-(et,&,z) —e(1,0,2)) + - e(1,0,2) + £ f(8, &, 2),

we get, applying the Cauchy inequality and assumptions above,

Vray(€) - (e(t,6,2) + (1, 2)) < W'l + Ele| + L (F+ )] <0,
forall(eR7, |¢] = V2¢, z € R®. Analogously, we obtain

Vrey(m) - (&t y,m) + h(t,y,m) = "> = Gln| = L (H + ¢*)Inf* > 0,

forally € R”,n € R?, || = v/2¢, hence our system satisfies (3.1.4), (3.1.5),
which completes the proof.

3.4. The sharp inequalities in assumptions of the previous theorem
can be weakened.

THEOREM Using the notation in 3.1 suppose that Q satisfies (3.1.1).
Assume the existence of vector fields sy € C(R",R7), 503 € C(R%, R%)
such that

Veerro, Vieaaryy) Vrmr(€) - sa)(€) <0, (34.1)
Veetro, Vieealery) V() - s@)(€) > 0. (3.4.2)

Let (f,u,v,01,0,) satisfies, for every teR, £ € M and i=1,...,0,
j=a+1,...,a+ B, the conditions below:
A SEw0D) 2 d(D), Sl SEw@,0) YD, (343)
ﬁ(t’ S(é, u]'(t)’j)) < u;‘(t)’ -f}(t’ S(ﬁ, Vj(t),j)) 2 V}(l), (344)

(P(€) € fr Oy Ak € ca(P(€), (1))

= Vrax(P(§)) - P(f(1,€)) <0, (3.4.5)
(R(&) € frO, Nk € ca(R(€), 1))
= Vrow(R(E)) - R(f(1,€)) = 0. (3.4.6)

Then (1.1) admits at least one solution x € cl Q.
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Proof Define a function e € C(R"”,R") by formulas

Vict,o Veerr €i(€) =q7 — &
vj=oz+1,...,a+ﬂ VEGR" ej(é) qj s
Veern  Ple(§)) = S(l)(P(ﬁ)), R(e(€)) = 52)(R())-

It is easy to see that, for every fixed meN, a 5-tuple (f+ (e/m),u, v,
01, 0,) satisfies assumptions of Theorem 3.1. Consider the related
sequence {X }-° of solutions. Evidently, for every fixed /€N and
every m, equality

$n 1) = Zny(O)+ [ 105 5n1)(9) + oeun () ds, 1€ L]

(3.4.7)

holds for the restriction X ., 1) of X(») in a compact interval [/, /].

Since {x,,) € re(Q, [~/ ]): m € N} is a uniformly bounded and
equicontinuous set there exists a subsequence {x(mk,)}k_] such that
limy_ o0 x(mk ) = X, for some x € re(cl Q, [ l ). Maklng limit
process in (3.4.7) we obtain x(¢) = x;(0) + Jo f(s,x4y(5)) ds,
te[—11] and, consequently, x¢) is a solution of the problem in
(2.17.1). Now, the required assertion follows immediately from
Lemma 2.17 applied on the pair (f, cl Q).

3.5. Remark Evidently, if Oy, O, satisfy (3.1.4), (3.1.5), respectively
then

Veetro, Vikeca(ery) Vrm(€) #0,
(3.5.1)
Veetr0, Vikeca(ery) Vre() #0.

Hence, O; and O, have the Lipschitz boundaries. On the contrary, let
(3.5.1) hold for O; and O,. Moreover, suppose that these sets have
the Lipschitz boundaries. Then (3.4.1) and (3.4.2) hold for some vector
fields Sy, S2)-
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Therefore we can see that conditions (3.4.1) and (3.4.2) do not mean
any restriction on (01,0, in comparison with the assumptions of
Theorem 3.1.

3.6. We finish with an application of our approach to the existence
problem for an entirely bounded solution whose some components are
nonnegative, while the others are nonpositive. Consider the system

¥ = g(t’x9y),
(3.6.1)
y, = h(t’ x,y),

wheren=++6,g € C(R x R",R?),h € C(R x R",R®). Let 4, B, C, D be
positive real numbers, 4 < B, C < D. Define, fori=1,...,v,j=1,...,4,
E€ER, CER’

rmil€) = =&, i) =G

Payye1(6) = A = HeP  raysn(€) = C = 4¢P
rays2(€) = HeP — B, r@ysea(C) = 1¢F - D,

ray = (ryts - > Fy42)s 7@ = (@15 - -+ F(@)642)s
O1 =can(ry)), O =can(rp)),

Recall, (3.5.1) holds for O;, O,. Hence, under the remark above, we
confirm the existence of some vector fields s(), S(2) such that Oy and O,
satisfy (3.4.1) and (3.4.2), respectively.

Now a natural modification of Theorem 3.4, related to the choice
a=0, =0, leads us, immediately, to the verification of the following:

COROLLARY Suppose that, for i=1,...,v, j=1,...,6 and all teR,
conditions

&i(1,8((€,€),0,1)) >0, hy(t,5((§,¢€),0,v+J)) 20,

|§|= '2A$§g(t7£’<)203 |§|= V2B=>§g(t’§9<)50:

¢l = V2C = ¢-h(t,6,0) <0, [¢(|=V2D = ¢-h(1,£,) >0,

hold for every £ € clO; and every { € clO,. Then there exists at least
one entirely bounded solution (x,y) of the system (3.6.1). Moreover,
X(t) € clOy, y(t) € cl Oy, for every teR.
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