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We study the initial boundary value problem of the nonlinear Klein-Gordon equation. First we
introduce a family of potential wells. By using them, we obtain a new existence theorem of global
solutions and show the blow-up in finite time of solutions. Especially the relation between the
above two phenomena is derived as a sharp condition.
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1. Introduction

Klein-Gordon equation is one of the famous evolution equations arising in relativistic
quantum mechanics. There are a lot of literature giving the outline of its study trace. For
the following type nonlinear Klein-Gordon (NLKG) equation:

ou-Ap+p=1p|" "y, (1.1)

a lot of papers show the global and local well-posedness and blow-up properties for the
Cauchy problem of the above NLKG equation, which can be found in [1-5]. Especially
Zhang derived a sharp condition for the global existence of the Cauchy problem of the above
NLKG equation in [6]. By introducing a so-called ground state solution, which is the positive
solution of the nonlinear Euclidean scalar field equation Au —u + u” = 0, he applied a host
of very useful properties of the ground state solution to show the sharp condition for this
Cauchy problem. In the present paper, we try to make use of the classical potential wells
argument [7], which is different from that in [6], to clarify the sharp condition for initial
boundary value problem (IBVP) of the same NLKG equation.
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2. Potential Wells and Their Properties

In this paper, we study the initial boundary value problem of nonlinear Klein-Gordon
equation

Pu— A Q+p= |(p|p_1(p, xeQ, t>0,
p(x,0) = po(x), @:(x,0) =¢1(x), x€L, (2.1)
p(x,t)=0, x€0Q, t>0,

wherel <p<owforn<2;1<p<(n+2)/(n-2)forn > 3.
For problem (2.1), we define the energy function and some functionals as follows:

1

1 2 1y 0 1 2 p+l
B = 3ol 3o+ 31901 - ol
T | 21 p+l
7@) = 3llol+ 31700 - ol )
2 2 p+l
1) = llell” + [Ivell” = lloll;
2 2 +1
Is(p) = 6l Voll”+ lloll” - Il
In aid of the above functionals, we define the potential well as follows:
w ={p e H}@Q) | 1(p) >0,](p) <d}u (0}, (23)
where
de i
inf J(¢),
(2.4)
W= {p € HY(@) | 1(p), [|T9]| #0}.
Then we further give the following definitions
d(6) = inf J(y),
(2.5)

5= {p € HY(@) | Io(p) = 0, ]| V]| 20}
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Now, it is ready for us to define a family of potential wells and the outside sets of the
corresponding potential wells sets as follows:

W; = {q) € HA(Q) | Is(yp) >0, (p) < d(6)} U0}, 0<6<1,
v ={peH\(Q | 1(p) <0,J(p) <d}, (2.6)

Vs = {p e H(@Q) | Is(p) <0,] () <d(6)}.

The following lemmas are given to show the relations between the functional Is(¢)
and [[Ve]l.

Lemma 2.1. If 0 < ||[Vo| < r(8) then Is(p) > 0, where r(8) = (6/Ct™) "™ and C, =
sup ([[@ll,,,1/1VelD).
Proof. If 0 < ||Vo|| < r(6), then
Is(9) = 8[1Voll* - (Il - llel*).
p+1 2 p+1 p+1 2 (27)
ol = llell” < G NIVell™ < 6l Vell™
Hence Is(¢p) > 0. O
Lemma 2.2. If Is(¢p) < O then ||Ve|| > r(6).
Proof. Note that I5(¢p) < 0 gives
2 1 2 1 1 -1 2
61Vell” < llellyo = llell” < llollya < Vel [ Vel (2.8)
which implies
199l > o = 7 ) 29)
cl
that can be deduced from (2.8). O

Lemma 2.3. As the function of 6, d(6) is increasing on 0 < 6 <1, decreasingon 1 <6< (p+1)/2,
and takes the maximum d = d(1) at 6 = 1.

Proof. Now we prove that d(6') < d(6%) forany 0 < 6' < 6> <lorl1<&* <6 < (p+1)/2.
Clearly, it is enough to prove that for any 0 < 6! < 6> < lorl < 6> < 6! < (p+1)/2
and for any ¢ € g, there exist a v € N5 and a constant £(6!,62) > Mg such that J(v) <
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J(p)—£(6",6%). In fact, for the previous ¢ we also define A(5) by 6(||Ap[*+|[AVe|?) = ||)“P||ZE,
then I5(A(6)¢) = 0, A(6%) = 1. Let g(A) = J(Ay), then
i W) = 1(”)& ”2 + ”)LV ”2 _ ”)L ”P+1>
d)Lg - N ® ) ) Pl
1
- (=8 av0) + 15019 210

= (1-6)||AVel*.

Take v = A(61)¢, then v € M.
For 0 < 6! < 8% < 1, we have

1)~ 10 =500 5(1(8)) > (1- ) ER(E) (- 1(5)) = e(51).
For 1< 6% < 6! < (p+1)/2, we have

1)~ 10 =500 -5(1(8) > () AER(E) () 1) =e(61). e
These give the conclusion. O

3. Sharp Condition for Global Existence and Blow-Up

Definition 3.1 (weak solution). The function ¢(x,t) € L*(0,T; Hé(Q)) with @(t,x) €
L*(0,T;L*(Q)) is called a weak solution of problem (2.1) for t € [0,T) if the following
conditions are satisfied:

(1) (¢:,0) + [0 (Yo, Vo)dr + [{ (9, 0)dT = [} (@lolP ™!, 0)dT + (91 (x), ),
(2) ¢(x,0) = po(x) in HL(RQ), 9i(x,0) = g1(x) in LX(),
forall v € H}(Q).

Theorem 3.2 (global existence). Let p satisfy
H)l<p<owforn<2,1<p<(n+2)/(n-2)forn>3.
Let ¢o(x) € HS(Q), ¢1(x) € L*(Q). Suppose that 0 < E(0) < d, I(po) > 0, or
IVol| = 0. Then problem (2.1) admits a global weak solution ¢(x,t) € L%(0, oo;H&(Q)),
@i(x,t) € L*(0, 00; L*(Q)) with ¢(t) € W.

Proof. Let {wj(x)} be a system of base functions in H&(Q). Construct the approximate
solutions ¢, (x,t) of problem (2.1) as done in [7]

Pm(x,1) = D gim(Dwj(x), m=1,2,..., (3.1)
j=1
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satisfying

(Qmet, ws) + (Voum, Vws) + (9, ws) —<<pm|<pm| ,ws> s=1,2,...

Pm(x,0) = > ajmwj(x) — po(x) in Hy(Q),
j=1

Pmi(x,0) = ijmwj (x) — @i(x) in L*(Q).
in1

Multiplying (3.2) by g, (t) and summing for s we can obtain

1d » 1d 2 1 +1
ol 21l 2 & ol - L Ll =0

Integrating with respect to t we obtain

p+1

1 2 1 2 1 2
En® = 5l oml* + 3190l + 3 llonl - = llonll

p+1

1 2 1 2 1 21 p+l
= Hlom @I+ 3190 I + oI - =l

= En(0).

For the cases E(0) < d and I(go) > 0 or ||V¢y|| = 0, we have

1
E||<pmt||2 +J(¢m) =En(0) <d, 0<t<oo,

p+1

1 1
1w = 2199ulP + 3wl - = llgmll2

p+1
1

(z‘m)<” ol + lull) + 57 C0m)
(19l + llgwll®)

>
2(p + 1)
Hence we arrive at

1 2 p-1 2 2
ol + 55 (199l + lpm ) <

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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then

lgmell” < 24,

2(p+1)
—— 3.7)

2
IVeonll” <

Hence, there exist a ¢ and a subsequence ¢, such that ¢, — ¢ in L®(0,00; H(Q))
weak star and a.e. in Q = Q x [0,00), |p,[P 9, — |p[P~Lp in L®(0, o0; L1(Q)) weak star,
¢ot — ¢ in L?(0, 00; L2(Q)) weaKkly.

In (3.2) for fixed s, letting m = v — oo, we get

(pr,ws) + (Vo, Vws) + (p,ws) = <|tp|p_1(p, ws>, Vs. (3.8)

Integrating t from 0 to t, we obtain that ¢(t,x) € L*(0,o0; Hg (Q)), pi(x,t) €
L*(0, o0; L?(Q)) is a global weak solution of problem (2.1).

Next we prove the fact that ¢(t) € W for 0 < t < oo. First of all, we will show that
po(x) € W. Let ¢(t) be any solution of problem (2.1) with

E(0) = %||<P1||2 +J (o) <d, (3.9)

which gives that J(¢g) < d. If I(¢) > 0 then from the definition of W we obtain ¢o(x) € W.If
[IVeoll = 0 then o (x) € W also. It is easy to see ¢,,0(x) € W for sufficiently large m.

It is enough for us to prove ¢,,(t) € W for sufficiently large m and t > 0. If it is false,
then there must exist a ty > 0 for sufficiently large m such that ¢,,(ty) € OW, that s,

I(¢m(to)) =0, [V (to)||#0, or J(pm(to)) =d. (3.10)

From the energy inequality E(0) < d, we get E,,(0) < d for sufficiently large m, that is,
1 2
SNomll” + T (pm) = En(0) < d. (3.11)

Then we can see that J(¢n(tp)) = d is impossible. On the other hand, if I(¢.(t)) = 0,
IV (to)]| #0 we obtain ¢,,(tg) € N. By the definition of N, we get J (¢, (to)) > d, which
contradicts (3.11). Hence ¢,,(t) € W is true. O

Theorem 3.3 (blow-up). Assume that @o(x) € H&(Q), ¢1(x) € L2(Q), E(0) < d, and 1(¢po) <0,
then the solution of problem (2.1) must blow up in finite time, that is, there exists a T > 0 such that
lim 7 lp()]| = +oo.
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Proof. Let ¢(t) be any solution of problem (2.1) with E(0) < d and I(¢o) < 0. Set F(t) = ||(p||2,
then (F(1))" = 2(¢1, @),

(F(H)" =2]jpe]|* + 200, 9) = 2| ||* - 21 (), (3.12)

(F®)" > (p+3) ||(,ot||2 +(p-1) (M +1)F(t) -2(p +1)E(0), (3.13)

where A, > 0 is the first eigenvalue of problem Ay + Xy =0, @(x,)|sq = 0.
Now we will consider the following two cases to finish the proof:

(i) if E(0) < 0, then (F(t))" = (p + 3)llgell*;
(ii) if 0 < E(0) < d, we should discuss this case in aid of set V;.

Let 61 < 6, be two roots of equation d(6) = E(0). For any 6 € (61,6,) we will prove

p(t) € Vs.
First let us prove ¢y € V. From the energy equality

%Ilfmllz +J (o) = E(0) < d(5), (3.14)

we get

J(po) <d(8) for 6, <6< 6, (3.15)

and I(¢pg) < 0 gives Is(¢o) < 0 for 61 < 6 < 6,. Thereby we obtain ¢, € Vs.

Next let us show that ¢(t) € Vs for 61 < 6 < 6 and t > 0. If it is false, we can find a
to € (0,+o0) as the first time such that ¢(tp) € 0Vs, thatis, J(p(ty)) = d(6) or Is(p(ty)) =0
for some 61 < 6 < 6,. However from the conservation law we can see that J(¢(t)) = d(5)
is impossible. If I5(¢(tg)) = 0 then Is(¢p(t)) < 0 for 0 < t < ty. At the same time, Lemma 2.2
yields that [[V(t)|| > 7(6) > 0 and ||Ve(to)|| > r(6). Hence, by the definition of d(6) we get
J(p(t)) > d(6), which contradicts J(¢) < d(6). So we obtain ¢(t) € V5 for 6; < 6 < 6, and
t > 0. Hence, Is(¢) < 0and ||[Vy| > r(6). Let 6 — 6, then Is,(¢) < 0 and ||Vl > r(62). By
(3.12) we obtain

(F®)" =2[lpell* - 21(p) > -21(9)
=26, - 1)||Vo||* - 2Is, () (3.16)
>2(6, - 1)r*(6,)=a’ t=>0.
For a = min{(p + 3)|¢:|*, a°} we have

(F(t)) > at + (F(0)), Vt

\%
o

(3.17)

Hence there exists a £y > 0 such that

(E(t) = (F(to))' >0, t=>t, (3.18)
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which gives
E(t) > (F(to))'(t - to) + F(to), t > to. (3.19)

By (3.13) for sufficiently large ¢, we obtain

(F(t))" F(t) - ;%3F(t)’ > (p+3) (ol loll® - (9r,9)*) > 0. (3.20)
By a direct computation we can see that
(F()™)" = —aF‘”“2<FF” +(~a— 1)(F’)2>. (3.21)
Leta = (p —1)/4, then we get
FF" +(-a—-1)(F')* >0, (3.22)
that is,

(F(H)™)" <. (3.23)

Applying properties of concave function we can get that there exists a bounded T > 0 such
that

lim F(#) = +oo. (3.24)
O

From the above two theorems we can easily get a sharp condition for global existence
and blow-up of solutions to problem (2.1) like the following.

Let p satisfy (H). Assume that ¢g(x) € H(l)(Q), ¢1(x) € L*(Q), 0 < E(0) < d. Then
I(¢po) > 0 supports problem (2.1) to admit a global weak solution, and I(¢py) < 0 leads blow-
up of solutions for problem (2.1).
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