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A new Green’s function and a new Poisson’s type integral formula for a boundary value problem
(BVP) in thermoelasticity for a half-space with mixed boundary conditions are derived. The
thermoelastic displacements are generated by a heat source, applied in the inner points of the
half-space and by temperature, and prescribed on its boundary. All results are obtained in closed
forms that are formulated in a special theorem. A closed form solution for a particular BVP of
thermoelasticity for a half-space also is included. The main difficulties to obtain these results are in
deriving of functions of influence of a unit concentrated force onto elastic volume dilatation Θ(k)

and, also, in calculating of a volume integral of the product of function Θ(k) and Green’s function
in heat conduction. Using the proposed approach, it is possible to extend the obtained results not
only for any canonical Cartesian domain, but also for any orthogonal one.
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1. Introduction

The main objective of this paper is to prove a theorem (Section 2.2) about deriving a
Poisson’s type integral formula for a thermoelastic half-space with the homogeneous locally
mixed mechanical boundary conditions and with the nonhomogeneous Dirichlet’s boundary
condition for temperature. To prove this theoremwe need some equations for Green’s integral
formula in stationary thermoelasticity (Section 1.1) and thermoelastic influence functions
(Sections 1.2 and 1.3) for a solid body, suggested and published by the first-named author
earlier. Needed special cases of these equations for a half-space are given in Section 2.1.
An example of application of the obtained new Poisson’s type integral formula is given in
Section 3.
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1.1. General Green’s Integral Formula in Stationary Thermoelasticity

The Green’s function plays the leading role in finding the solutions in integrals for
boundary value problems (BVPs) in different fields of mathematical physics. The theory
of thermoelasticity, which is a synthesis of the theory of heat conduction and elasticity
theory, is one of such fields. By now, a number of theories of thermoelasticity have been
developed and described in classical scientific literature [1–6]. The most developed theory,
which is widely used in practical calculations, is the theory of thermal stresses, that is, the
theory of uncoupled thermoelasticity, where the temperature field does not depend on the
field of elastic displacements. According to this theory the formulation of a BVP consists in
nonhomogeneous Lame’s equations

μ∇2uk(ξ) +
(
λ + μ

)
θ,k(ξ) − γT,k(ξ) = 0 (1.1)

with respective mechanical boundary conditions, where λ, μ are Lame’s constants of
elasticity; γ = αt(2μ + 3λ) is the thermoelastic constant; αt is the coefficient of the linear
thermal expansion. The temperature field T in (1.1) has to be determined from the BVP in
heat conduction that consists in the Poisson’s equation

∇2T(ξ) = −a−1F(ξ) ξ ∈ V, (1.2)

with the respective boundary conditions for heat actions: temperature T(y), heat flux
a(∂T(y)/∂ny), or certain law of heat exchange between exterior medium and surface of the
body αT(y) + a�∂T(y)/∂ny�, where F is the heat source; a is thermal conductivity; α is the
coefficient of convective heat conductivity. To solve the BVP of stationary thermoelasticity in
(1.1) and (1.2) using traditional methods, at the first stage we need to solve the BVP of heat
conduction in (1.2)with the given boundary conditions and to find the temperature field. At
the second stage we need to solve BVP of thermoelasticity in (1.1) with the already known
temperature field and with the given mechanical boundary conditions. On the base of the
influence functions introduced in the works [7–15] the following new general Green’s type
integral formula for determining the fields of displacements, described by BVP in (1.1)-(1.2),
was suggested:

uk(ξ) = a−1
∫

V

F(x)Uk(x, ξ)dV (x) −
∫

ΓD
T
(
y
)
⌊
∂Uk

(
y, ξ

)

∂ny

⌋

dΓD
(
y
)

+
∫

ΓN

[
∂T

(
y
)

∂ny

]

Uk

(
y, ξ

)
dΓN

(
y
)
+
∫

ΓM

[

T
(
y
)
+

(
aα−1)∂T

(
y
)

∂ny

]

Uk

(
y, ξ

)
dΓM

(
y
)
,

(1.3)

where ΓD, ΓN , and ΓM denote the surfaces on which the boundary conditions of Dirichlet’s,
Neumann’s, or mixed type are prescribed. One of the advantages of this formula is that the
desired thermoelastic displacements uk are determined in the integral form directly via the
prescribed inner heat source and other thermal data, given on the boundary.
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1.2. Main Thermoelastic Influence Functions

Thus, the introduced functions of influence of a unit heat source on thermoelastic
displacementsUk(x, ξ) in (1.3) are determined by the following general integral formula [11]:

Uk(x, ξ) = γ

∫

V

G(x, z)Θ(k)(z, ξ)dV (z), x, z, ξ ∈ V. (1.4)

This formula represents the Mayzel’s formula, when the temperature field (the Green’s
function G in heat conduction problem) is generated by an inner unit point heat source. The
volume dilatationΘ(k) in (1.4) has to be determined from the following Lame set of equations:

μ∇2U
(k)
i (x, ξ) +

(
λ + μ

)
Θ(k)

,i (x, ξ) = −δikδ(x − ξ), i, k = 1, 2, 3, (1.5)

with the respective homogeneous mechanical boundary conditions. In (1.5) δ(x − ξ) is the
Dirac’s function and δik is the Kronecker’s symbol. The Green’s function G in (1.4) has to be
determined from the following equation in heat conduction:

∇2
xG(x, ξ) = −δ(x − ξ), x, ξ ∈ V, (1.6)

with the respective homogeneous boundary conditions for heat actions. A generalization
of influence function and Green’s integral formula on the BVP in the classical theory of
stationary thermoelasticity [1–4] was given for the first time in the papers [7–10]. The
considered influence functions Uk(x, ξ) have the physical sense as displacements at an inner
point of observation x ≡ (x1, x2, x3), generated by a unit heat source, applied at an inner point
ξ ≡ (ξ1, ξ2, ξ3), and described by the Dirac’s function. According to (1.4) they are determined
by a convolution over the body V of two influence functions. The first influence function is
the Green’s function G for the BVP in heat conduction. The other functions Θ(k) are functions
of influence of inner concentrated body forces on elastic volume dilatation.

Finally, the influence functionsUk(x, ξ) are functions of double influence [7–15], which
take in consideration both physical phenomena (heat conduction and elasticity) in a solid
body.

(1) Over the coordinates of the point of observation x ≡ (x1, x2, x3) for thermoelastic
displacements, they satisfy the equations of the BVP for determining Green’s functions
in the theory of heat conduction (1.6). The only difference is that the unit heat source is
replaced by the function of influence of the unit concentrated forces on the volume dilatation

∇2
xUk(x, ξ) = −γ Θ(k)(x, ξ) (1.7)

with the respective homogeneous boundary conditions for heat actions.
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(2) Over the coordinates of the point of application ξ ≡ (ξ1, ξ2, ξ3) of the unit point heat source,
they satisfy the BVP for determining components of the Green’s matrix (1.5). The only
difference is that the unit concentrated body forces are replaced with the derivatives of
Green’s functions of the heat conduction problem

μ∇2
ξUk(x, ξ) +

(
λ + μ

)
Θ,ξk(x, ξ) − γG,ξk(x, ξ) = 0 (1.8)

with the respective homogeneous mechanical boundary conditions.

1.3. Other Thermoelastic Influence Functions

Take note that all influence functions in (1.3) are determined on the boundary independently
or using the respective limits from the main influence functions Uk(x, ξ):

(a) the formula for influence functions of a unit point heat flux a(∂T(y)/∂ny) = δ(x−y)
on the surface ΓN on thermoelastic displacements is

Uk

(
y, ξ

)
= lim

x→y
γ

∫

V

G(x, z)Θ(q)(z, ξ)dV (z) = lim
x→y

Uk(x, ξ), x, ξ, z ∈ V, y ∈ ΓN, (1.9)

(b) the formula for influence functions of a unit point temperature T(y) = −δ(x −y) on
the surface ΓD on thermoelastic displacements is,

∂Uk

(
y, ξ

)

∂ny
= lim

x→y
γ

∫

V

∂G(x, z)
∂nx

Θ(q)(z, ξ)dV (z), x, ξ, z ∈ V = lim
x→y

∂Uk(x, ξ)
∂nx

, y ∈ ΓD, (1.10)

(c) the formula for influence functions of unit point heat exchange of the body with
exterior medium αT(y) + a�∂T(y)/∂ny� = δ(x − y) through the surface ΓM on
thermoelastic displacements is,

Uk

(
y, ξ

)
= lim

x→y
γ

∫

V

G(x, z)Θ(k)(z, ξ)dV (z), x, ξ, z ∈ V = lim
x→y

Uk(x, ξ), y ∈ ΓM. (1.11)

The formula in (1.3) can be treated also as a generalization of Mayzel’s formula [4–6] for
those cases when the temperature field satisfies the BVP of heat conduction. Temperature
field in this case is caused by the inner heat source and by the prescribed on the boundary
temperature, heat flux, or certain law of heat exchange between exterior medium and surface
of the body.

The advantage of the proposed integral formula in (1.3) is that it allows us to
unite the two-staged process of solving the BVP in the theory of thermoelasticity (the
first stage comprises finding temperature fields, and the second stage comprises finding
thermoelastic displacements) in one stage. Also, the advantage of the integral formula in
(1.3) in comparison with the well-known Mayzel’s integral formula is that the thermoelastic
displacements are determined directly via given heat actions. Besides, for any concrete
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type of BVP we can obtain all possible solutions for different laws describing the above-
mentioned heat actions. The main difficulties for practical realization of the integral formula
in (1.3) and (1.4) are to derive the functions of influence of a unit concentrated force
on elastic volume dilatation Θ(k) and of the Green’s functions in heat conduction G. In
addition we need to compute some volume integrals of the product of the above-mentioned
functions. These difficulties, especially deriving functions Θ(k), were overcome successfully
for Cartesian canonical domains [11]. For cylindrical and spherical domains only general
integral representations for Θ(k) and Green’s matrices were proposed [16, 17].

2. Elastic Response of a Half-Space to a Unit Point Heat Source

In this section we give a theorem for determining the thermoelastic displacements for a half-
space in the form of volume and surface integrals, which is a particular case of the general
integral formula in (1.3). To do this, first, on the basis of the theory described above we
construct the functions of influence of the inner unit point heat source on the thermoelastic
displacements Uk(x, ξ). At the second step we have to calculate (on the basis of the main
influence functions Uk(x, ξ)) the other influence functions ∂Uk(y, ξ)/∂ny and to write the
Poisson’s type integral formulas for respective BVP of thermoelasticity for half-space. At the
last step it is necessary to prove that the obtained influence functions and Poisson’s type
integral formulas satisfy the respective BVP.

2.1. Main Influence Functions and Green’s Integral Formula for
a Thermoelastic Half-space

To obtain the functions of influence of an inner unit point heat source F(ξ) = δ(x − ξ) on
thermoelastic displacements for a half-spacewewill use the general formula in (1.4) rewritten
as follows:

Uk(x, ξ) = γ

∫∞

0

∫∫∞

−∞
G(x, z) Θ(k)(z, ξ)dz1dz2dz3, |Uk(x, ξ)| < ∞. (2.1)

Before starting to formulate the theoremwe have to give the following Poisson’s type integral
formula for half-space V (0 ≤ x1 < ∞; −∞ < x2, x3 < ∞):

uk(ξ) = a−1
∫∞

0

∫∫∞

−∞
F(x)Uk(x, ξ)dx1dx2dx3 −

∫∫∞

−∞
T
(
y
)∂Uk

(
y, ξ

)

∂ny1
dy2dy3, |uk(ξ)| < ∞,

(2.2)

where the thermoelastic displacements uk(ξ) are generated by the inner heat source F(x) and
given temperature T(y) on the boundary plane Γ(y1 = 0; −∞ < y2, y3 < ∞). The formula in
(2.2) is obtained from the suggested general integral formula from (1.3), wherein it should be
taken into account that on the all boundary plane Γonly Dirichlet’s condition (temperature)
is given. Note that when we check if the boundary conditions for thermoelastic stresses
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σij(x, ξ) with respect to coordinates of the point ξ ≡ (ξ1, ξ2, ξ3) are satisfied, we have to use
the Duhamel-Neumann law

σij = μ
(
Ui,j +Uj,i

)
+ δij

(
λUj,j − γG

)
, i, j = 1, 2, 3. (2.3)

2.2. A Theorem about Deriving a Poisson’s Integral Formula for
Thermoelastic Half-Space

Theorem 2.1. Let the field of displacements uk(ξ) at inner points ξ ≡ (ξ1, ξ2, ξ3) of the elastic half-
space V (0 ≤ x1 < ∞; −∞ < x2, x3 < ∞) be determined by nonhomogeneous Lame equations

μ∇2uk(ξ) +
(
λ + μ

)
θ,k(ξ) − γT,k(ξ) = 0, (2.4)

and at the points y ≡ (0, y2, y3) of its boundary plane Γ(y1 = 0; −∞ < y2, y3 < ∞) the following
homogeneous mixed mechanical conditions are given:

σ11
(
ξ1 = 0, ξ2 = y2,, ξ3 = y3

)
= 0, u2

(
ξ1 = 0, ξ2 = y2,, ξ3 = y3

)
= 0,

u3
(
ξ1 = 0, ξ2 = y2,, ξ3 = y3

)
= 0,

(2.5)

where σ11 are normal stresses which are determined by the Duhamel-Neumann law (2.3).
Let also the temperature field T(ξ) in (2.4), generated by the inner heat source F(ξ) and

temperature T(y) ∈ Γ (Dirichlet’s boundary condition), satisfy the following BVP in heat conduction:

∇2T(ξ) = −a−1F(ξ), ξ ∈ V, T
(
ξ1 = 0, ξ2 = y2,, ξ3 = y3

)
= T

(
y
)
, y ≡ (

0, y2, y3
) ∈ Γ.

(2.6)

If the inner heat source and boundary temperature satisfies the conditions

∫∞

0

∫∫∞

−∞
|F(x)|dx1dx2dx3 < ∞,

∫∫∞

−∞

∣∣T
(
y
)∣∣dy2dy3 < ∞, (2.7)

then the solution of this BVP in (2.4)–(2.7) of thermoelasticity for searched displacements uk(ξ) for
half-space exists, and it can be presented by the following Poisson’s type integral formula, written in
the matrix form,

u(ξ) =
1
a

∫∞

0

∫∫∞

−∞
F(x)U(x, ξ)dx1dx2dx3 −

∫∫∞

−∞
T
(
y
)
Q(y, ξ)dy2dy3, y ≡ (

0, y2, y3
)
, (2.8)

where |u(ξ)| < ∞ everywhere and vanish at infinity limξ1 →∞uk(ξ) → 0, lim|ξ2|→∞uk(ξ) → 0,
lim|ξ3|→∞uk(ξ) → 0.
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The matrices U(x, ξ) and Q(y, ξ) = ∂U(y, ξ)/∂ny1 of influence of an inner unit point heat
source F(ξ) = δ(x − ξ) and of a unit point temperature T(y) = δ(y − ξ) on the Γ onto thermoelastic
displacements, also the matrix u(ξ) of searched displacements in (2.8), are determined as follows:

U(x, ξ) =

⎛

⎜
⎜
⎜
⎝

U1(x, ξ)

U2(x, ξ)

U3(x, ξ)

⎞

⎟
⎟
⎟
⎠

=
γ

8π
(
λ + 2μ

)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−
(
x1 + ξ1
R1

+
x1 − ξ1

R

)

(x2 − ξ2)
(

1
R1

− 1
R

)

(x3 − ξ3)
(

1
R1

− 1
R

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

Q(y, ξ) =

⎛

⎜
⎜
⎜
⎝

Q1
(
y, ξ

)

Q2
(
y, ξ

)

Q3
(
y, ξ

)

⎞

⎟
⎟
⎟
⎠

=
γ

(
λ + 2μ

)
R

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎝

1 − ξ21
R2

(
y2 − ξ2

) ξ1
R2

(
y3 − ξ3

) ξ1
R2

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎠

, u(ξ) =

⎛

⎜
⎜
⎜
⎝

u1(ξ)

u2(ξ)

u3(ξ)

⎞

⎟
⎟
⎟
⎠

,

(2.9)

where R = R(x, ξ) = |x− ξ|; R1(x, ξ) = |x− ξ∗1|; ξ ≡ (ξ1, ξ2, ξ3); ξ∗1 ≡ (−ξ1, ξ2, ξ3); x ≡ (x1, x2, x3) in
the matrix U(x, ξ), and R = R(y, ξ) = |y − ξ|; R1(y, ξ) = |y − ξ∗1|; ξ ≡ (ξ1, ξ2, ξ3); ξ∗1 ≡ (−ξ1, ξ2, ξ3);
y ≡ (0, y2, y3) in the matrixQ(y, ξ).

Proof. First, well-known Green’s function G for Poisson’s equation for a half-space is
rewritten, and then, in the Subsection 2.2.1, we derive the volume dilatation Θ(k)(x, ξ).
In Subsection 2.2.2 it is shown how to derive thermoelastic influence functions Uk(x, ξ).
Checking the correctitude of the derived already thermoelastic influence functions Uk(x, ξ)
is given in Subsection 2.2.3. Finally, in Subsection 2.2.4, on the base of the functions Uk(x, ξ),
the Poisson’s type integral formula for stated BVP of thermoelasticity is derived and checked.

To obtain the matrix U(x, ξ) in (2.9) for the BVP in (2.4)–(2.6) we will use the integral
formula in (2.1). The functionsG(x, ξ) andΘ(k)(x, ξ) in this equation are the Green’s functions
of Dirichlet problem in heat conduction and, respectively, the influence functions of a unit
concentrated body force δikδ(x − ξ) onto volume dilatation in theory of elasticity for the half-
space V . So, to get the Green’s function G(x, ξ) we have to solve the BVP, which consists of
the equation in the heat conduction with the homogeneous boundary conditions similar to
those in (2.6):

∇2
xG(x, ξ) = −δ(x − ξ), x, ξ ∈ V, G = 0, y1 = 0, −∞ < y2, y3 < ∞. (2.10)

In the presented paper we recall this Green’s function from the handbook [11] (see problem
and answer 15.P.1):

G(x, ξ) =
1
4π

(
R−1 − R−1

1

)
, R =

√
(x1 − ξ1)

2 + (x2 − ξ2)
2 + (x3 − ξ3)

2,

R1 =
√
(x1 + ξ1)

2 + (x2 − ξ2)
2 + (x3 − ξ3)

2.

(2.11)

This Green’s function is well known and is presented also in the books [18, 19].
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2.2.1. Deriving the Volume Dilatation Θ(k)(x, ξ)

To get the influence functions Θ(k)(x, ξ), usually, we have to solve the following BVP, which
consists of Lame’s equations in theory of elasticity and homogeneous boundary conditions
as in (2.5)

μ∇2U
(k)
i (x, ξ) +

(
λ + μ

)
Θ(k)

,i (x, ξ) = −δikδ(x − ξ), x, ξ ∈ V,

σ
(k)
11

(
y, ξ

)
= U

(k)
2

(
y, ξ

)
= U

(k)
3

(
y, ξ

)
= 0, y1 = 0, −∞ < y2, y3 < ∞

(2.12)

and then, on the base of displacements U(k)
i (x, ξ), to compute volume dilatation

Θ(k)(x, ξ) = U
(k)
j,j (x, ξ). (2.13)

But as it will be shown below, in the case of the boundary condition in (2.12), we can derive
the volume dilatation Θ(k)(x, ξ) using the equation

∇2Θ(k)(x, ξ) = − 1
λ + 2μ

∂

∂xk
δ(x − ξ) (2.14)

only, and its integral representation via respective Green’s function GΘ(x, ξ):

Θ(k)(x, ξ) = − 1
λ + 2μ

∂

∂ξk
GΘ(x, ξ) +

∫

Γ

[
∂Θ(k)(y, ξ

)

∂nΓ
−Θ(k)(y, ξ

) ∂

∂nΓ

]

GΘ
(
y, x

)
dΓ

(
y
)
. (2.15)

To show this, first prove that the boundary conditions in (2.12) lead to the zero volume
dilatation on the boundary plane Γ(y1 = 0; −∞ < y2, y3 < ∞):

Θ(k)(y, ξ
)
= 0. (2.16)

To do this we write the Hooke’s law for the normal stresses σ(k)
11 in the form

σ
(k)
11 = 2μU(k)

1,1 + λΘ(k) =
(
λ + 2μ

)
Θ(k) − 2μ

(
U

(k)
2,2 +U

(k)
3,3

)
, i, j = 1, 2, 3. (2.17)

Next we know that the boundary conditions

U
(k)
2 = U

(k)
3 = 0 (2.18)

lead to the following zero tangential derivatives on the boundary plane Γ(y1 = 0; −∞ <
y2, y3 < ∞):

U
(k)
2,2 = U

(k)
3,3 = 0. (2.19)
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Finally, substituting equalities (2.19) and boundary conditions σ
(k)
11 = 0 in the Hooke’s law

(2.17)we come to the zero volume dilatation on the boundary Γ in (2.16).
So, as for the BVP for Θ(k), we have (2.14) and (2.16), then the respective BVP for

Green’s function GΘ for considered half-space can be written in the form

∇2
xGΘ(x, ξ) = −δ(x − ξ), x, ξ ∈ V, GΘ = 0, y1 = 0, −∞ < y2, y3 < ∞, (2.20)

which coincides with the BVP in (2.10). This fact leads to the conclusion that GΘ ≡ G, and, as
a result, the Green’s function GΘ is determined by expressions in (2.11).

Finally, if we introduce the expressions GΘ ≡ G in (2.10), (2.11) and the equality
Θ(k)(y, ξ) = 0 in (2.16) into the representation (2.15), taking into account the equality

[
∂Θ(k)(y, ξ

)

∂nΓ
−Θ(k)(y, ξ

) ∂

∂nΓ

]

GΘ
(
y, x

)
= 0, (2.21)

we obtain the searched volume dilatation of the elastic BVP in (2.12) for half-space, written
in the form

Θ(k)(x, ξ) = − 1
4π

(
λ + 2μ

)
∂

∂ξk

(
R−1 − R−1

1

)
. (2.22)

2.2.2. Deriving the Thermoelastic Influence FunctionsUk(x, ξ)

Now we have both functions: G(x, ξ) and Θ(k)(x, ξ) needed for deriving the thermoelastic
influence functions Uk(x, ξ), using (2.1). So, substituting functions G(x, ξ) and Θ(k)(x, ξ)
from (2.11) and (2.22) in (2.1), then, calculating the volume integral in the special way (see
appendix), we will get the following expression for functions Uk(x, ξ):

Uk(x, ξ) = γ

∫∞

0

∫∫∞

−∞
G(x, z)Θ(k)(z, ξ)dz1dz2dz3

= −γ
∫∞

0

∫∫∞

−∞

1
4π

(
R−1 − R−1

1

) 1
4π

(
λ + 2μ

)
∂

∂ξk

(
R−1 − R−1

1

)
dz1dz2dz3,

Uk(x, ξ) =
γ
(
λ + 2μ

)−1

8π
∂

∂ξk
[R(x, ξ) − R1(x, ξ)],

(2.23)

that being presented in the matrix form coincide with the matrix U(x, ξ) in (2.9). From the
expressions Uk(x, ξ) in (2.23) we can see that |Uk(x, ξ)| < ∞ and that these displacements
vanish at infinity: limξ1 →∞Uk(x, ξ) → 0, lim|ξ2|→∞Uk(x, ξ) → 0, and lim|ξ3|→∞Uk(x, ξ) → 0.

At the next step of the proof of the theorem we have to check the correctness of the
functionsUk(x, ξ). To do this we have to use the fact that these functions satisfy both physical
phenomena: elasticity in (1.5) and heat conduction in (1.4). So, theymust satisfy the following
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BVP of thermoelasticity in respect to the coordinates of the point of application ξ ≡ (ξ1, ξ2, ξ3)
of the inner unit heat source F(ξ) = δ(x − ξ):

μ∇2
ξUk(x, ξ) +

(
λ + μ

)
Θ,ξk(x, ξ) − γG,ξk(x, ξ) = 0,

σ11 = U2 = U3 = 0, ξ1 = 0, −∞ < ξ2, ξ3 < ∞,
(2.24)

which follows from the integral formula in (2.31) and boundary conditions in (2.12) (see also
(1.5)). Also, the functionsUk(x, ξ) have to satisfy the following fictive BVP in heat conduction
with respect to the coordinates of the point of observation x ≡ (x1, x2, x3):

∇2
xUk(x, ξ) = −γ Θ(k)(x, ξ), x, ξ ∈ V, Uk

(
y, ξ

)
= 0, y ≡ (

0, y2, y3
) ∈ Γ, (2.25)

which follows from the integral formula in (2.23) and boundary conditions in (2.10) (see
also (1.4)). In addition, the functions Uk(x, ξ) in (2.23) have to vanish at infinity. In (2.25)
the functions Θ(k)(x, ξ) are determined by expression in (2.22), but in (2.24) the functions
Θ(x, ξ) are determined on the base of displacementsUk(x, ξ) in (2.23), using the rule Θ(x, ξ) =
Uk,k(x, ξ), where derivatives are taken with respect to coordinates of the point ξ ≡ (ξ1, ξ2, ξ3).

2.2.3. Checking the Correctitude of the Thermoelastic Influence FunctionsUk(x, ξ)

To check (2.24) and (2.25)we need to compute the following values:

∇2
ξR(x, ξ) = ∇2

xR(x, ξ) = 2R−1(x, ξ), ∇2
ξR1(x, ξ) = ∇2

xR1(x, ξ) = 2R−1
1 (x, ξ),

∇2
ξR

−1(x, ξ) = ∇2
ξR

−1
1 (x, ξ) = ∇2

xR
−1(x, ξ) = ∇2

xR
−1
1 (x, ξ) = 0.

(2.26)

Check first (2.24). So, from (2.23), (2.24), and (2.26) it follows that

μ∇2
ξUk(x, ξ) =

γμ

4π
(
λ + 2μ

)
∂

∂ξk

[
R−1(x, ξ) − R−1

1 (x, ξ)
]
,

(
λ + μ

)
Θ,ξk(x, ξ) =

γ
(
λ + μ

)

4π
(
λ + 2μ

)
∂

∂ξk

[
R−1(x, ξ) − R−1

1 (x, ξ)
]
.

(2.27)

From (2.27) and (2.11) it follows that

μ∇2
ξUk(x, ξ) +

(
λ + μ

)
Θ,k(x, ξ) =

γ

4π
∂

∂ξk

[
R−1(x, ξ) − R−1

1 (x, ξ)
]
= γG,k(x, ξ), (2.28)

where the expression for Poisson’s function G(x, ξ) in (2.11) was used. So, due to (2.28), we
come to the conclusion that the functions in (2.23) verify (2.24) at inner points. To check
boundary conditions in (2.24) we need to calculate the derivatives in the expressions for
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displacements Uk(x, ξ) in (2.23) and calculate the values of the normal stresses for ξ1 = 0. So,
using the Duhamel-Neumann law (2.3) for normal stresses σ11

σ11 = 2μU1,1 +
(
λΘ − γG

)
, (2.29)

where the displacements U1, the volume dilatation Θ are determined on the base of
expressions in (2.23), and the Green’s function G is determined by (2.11), we will obtain

2μU1,1(x, ξ)
∣
∣
ξ1=0

= γ
μ
(
λ + 2μ

)−1

4π

[
1

R(x, ξ)
− 1
R1(x, ξ)

− (x1 − ξ1)
2

R(x, ξ)
+
(x1 + ξ1)

2

R1(x, ξ)

]∣∣
∣
∣
∣
ξ1=0

= 0,

λΘ(k)(x, ξ)
∣
∣∣
ξ1=0

=
λγ

4π
(
λ + 2μ

)
(
R−1 − R−1

1

)
∣∣
∣∣∣
ξ1=0

=0, G(x, ξ)|ξ1=0 =
1
4π

(
R−1 − R−1

1

)∣∣
∣∣
ξ1=0

=0.

(2.30)

Substituting expressions in (2.30) in (2.29) we obtain σ11|ξ1=0 = 0, so the first boundary
condition in (2.24) is satisfied. Using the expressions in (2.23) for U2 and U3, and we obtain

Uk(x, ξ)|ξ1=0 = γ

(
λ + 2μ

)−1

8π
∂

∂ξk
[R(x, ξ) − R1(x, ξ)]

∣∣∣∣∣
ξ1=0

= 0, k = 2, 3. (2.31)

So, as we can see from (2.31) and from σ11|ξ1=0 = 0, the BVP in (2.24) is satisfied. Now we can
confirm that the thermoelastic influence functions Uk(x, ξ) satisfy BVP of thermoelasticity in
(2.24). Next we have to prove that the influence functions in (2.23) satisfy with respect to the
coordinates of the point of observation x ≡ (x1, x2, x3) the fictive BVP in heat conduction,
described by (2.25). Indeed, using (2.22), (2.26) and (2.23), we will obtain

∇2
xUk(x, ξ) =

γ

4π
(
λ + 2μ

)
∂

∂ξk

(
R−1(x, ξ) − R−1

1 (x, ξ)
)
= −γΘ(k)(x, ξ), (2.32)

which means that at inner points (2.25) is satisfied. Also, taking into account expressions in
(2.23) for displacements Uk(x, ξ) we come to the conclusion that the boundary conditions in
(2.25) on the boundary plane are also satisfied, which means Uk(y, ξ) = 0; y ≡ (0, y2, y3) ∈ Γ.

2.2.4. Deriving and Checking the Poisson’s Type Integral Formula

The next step is to calculate the other influence functions in (1.10) ∂Uk(y, ξ)/∂ny1 and to
get Poisson’s type integral formula. So, to get the Poisson’s type integral formula we have
to use formula (2.2) for the half-space. The influence functions Uk(x, ξ) in this formula are
determined by (2.23). The functions ∂Uk(y, ξ)/∂ny1, as functions of influence of unit point
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temperature, given on the boundary plane, according to the formula in (1.10) have to be
determined on the basis of the functions Uk(x, ξ) in (2.23) as following

∂Uk

(
y, ξ

)

∂ny1
= − lim

x→y

∂Uk(x, ξ)
∂x1

= − lim
x→y

γ
(
λ + 2μ

)−1

8π
∂2

∂x1∂ξk
[R(x, ξ) − R1(x, ξ)]

= lim
x→y

γ
(
λ + 2μ

)−1

4π
∂2

∂ξ1∂ξk
R(x, ξ),

∂Uk

(
y, ξ

)

∂ny1
=

γ
(
λ + 2μ

)−1

4π
∂2

∂ξ1∂ξk
R
(
y, ξ

)
.

(2.33)

As we see, the expressions for ∂Uk(y, ξ)/∂ny1 in (2.33) vanish at infinity.
Introducing the influence functions in (2.23) and (2.33) into the formula in (2.2) we

obtain the following Poisson’s type integral formula:

Uk(ξ) = a−1
∫∞

0

∫∫∞

−∞
F(x)Uk(x, ξ)dx1dx2dx3 −

∫∫∞

−∞
T
(
y
)∂Uk

(
y, ξ

)

∂ny1
dy2dy3

=
γ

8π
(
λ + 2μ

)
[
a−1

∫∞

0

∫∫∞

−∞
F(x)

∂

∂ξk
[R(x, ξ) − R1(x, ξ)]dx1dx2dx3 ,

−2
∫∫∞

−∞
T
(
y
) ∂2

∂ξ1∂ξk
R
(
y, ξ

)
dy2dy3

]

, |uk(ξ)| < ∞.

(2.34)

Finally, to notice that integrals with unbounded intervals will exist, which means that the
displacements |uk(ξ)| < ∞, when the following conditions are satisfied:

∫∞

0

∫∫∞

−∞
|F(x)|dx1dx2dx3 < ∞,

∫∫∞

−∞

∣∣T
(
y
)∣∣dy2dy3 < ∞, (2.35)

because, as was mentioned above, the kernels in (2.34) vanish at infinity. The conditions in
(2.35)will be satisfied in case the functions F(x) and T(y) are given on the bounded domains.

If in (2.23) and (2.33) we calculate the derivatives, and, if we present the obtained
results in matrix form, thenwe can be sure that the influencematricesU(x, ξ), ∂U(y, ξ)/∂ny1 =
Q(y, ξ), and Poisson’s type integral formula in (2.34) coincide with the results in (2.8) and
(2.9).

The obtained displacements, described by Poisson’s type integral formula (2.34), must
satisfy the stated in the theoremBVP of thermoelasticity, described by (2.4) and (2.5). To check
this we substitute the integral formula from (2.34) into (2.4):

μ∇2uk(ξ) +
(
λ + μ

)
θ,k(ξ) = a−1

∫∞

0

∫∫∞

−∞
F(x)

[
μ∇2

ξUk(x, ξ) +
(
λ + μ

)
Θ,k(x, ξ)

]
dx1dx2dx3

−
∫∫∞

−∞
T
(
y
) ∂

∂ny1

[
μ∇2

ξUk

(
y, ξ

)
+
(
λ + μ

)
Θ,k

(
y, ξ

)]
dy2dy3.

(2.36)
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Taking into account the already proved equality in (2.28) and the Poisson’s type integral
formula for BVP in heat conduction, described by (2.6),

T(ξ) =
∫∞

0

∫∫∞

−∞
F(x)G(x, ξ)dx1dx2dx3 −

∫∫∞

−∞
T
(
y
) ∂

∂ny1

G
(
y, ξ

)
dy2dy3, (2.37)

the following is obtained:

μ∇2uk(ξ) +
(
λ + μ

)
θ,k(ξ) = a−1

∫∞

0

∫∫∞

−∞
F(x)G,k(x, ξ)dx1dx2dx3

−
∫∫∞

−∞
T
(
y
) ∂

∂ny1

G,k

(
y, ξ

)
dy2dy3 = T,k(ξ).

(2.38)

So, the displacements, described by Poisson’s type integral formula (2.34), satisfy (2.4).
Finally, we have to show that the displacements in (2.34) satisfy the mechanical boundary
conditions in (2.5). Of course, these conditions are satisfied, because, as we have shown
above, the kernels of Poisson’s type integral formula (2.34) satisfied the same mechanical
boundary conditions in (2.24) that are analogical to (2.5). So, now we are sure that all items
of the theorem are proved. It means that the theorem is proved.

3. An Example of Application of the Obtained Poisson’s Type
Integral Formula

Let us solve (2.4)–(2.6) and to determine thermoelastic displacements uk(ξ) in half-space if on
the segment [y1 = 0, −b ≤ y2 ≤ b; y3 = 0] of its boundary plane Γ(y1 = 0; −∞ < y2, y3 < ∞),
the constant temperature

T(y) =

⎧
⎨

⎩

T0 = const, y ∈ [
y1 = 0, −b ≤ y2 ≤ b;y3 = 0

]
;

0, y /∈ [
y1 = 0, −b ≤ y2 ≤ b;y3 = 0

] (3.1)

is given. To solve this BVP we use the integral formula in (2.8) and (2.9) for F(x) = 0 and
T(y) = T0 = const:

u(ξ) = −T0
∫b

−b
Q
(
y; ξ

)
dy2, y ≡ (

0, y2, 0
)
, −b ≤ y2 ≤ b, (3.2)

where Q(y; ξ) is determined by the matrix (2.9). The formulas in (3.1) and (2.9) can be
presented in terms of components of thermoelastic displacements uk; k = 1, 2, 3 as follows
(see (2.9) and (2.34)):

uk(ξ)=−
γT0

4π
(
λ+2μ

)
∫b

−b

∂2

∂ξ1∂ξk
R
(
y2; ξ

)
dy2, R

(
y2; ξ

)
=
√
ξ21+

(
y2−ξ2

)2+ξ3
2, ξ ≡ (ξ1, ξ2, ξ3).

(3.3)
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So, taking the respective integrals over the boundary segment [y1 = 0,−b ≤ y2 ≤ b;y3 = 0],
we obtain the following thermoelastic displacements at an arbitrary inner point ξ ≡ (ξ1, ξ2, ξ3):

uk(ξ) = − γT0

4π
(
λ + 2μ

)
∫b

−b

∂2

∂ξk∂ξ1
R
(
y2; ξ

)
dy2 = − γT0

4π
(
λ + 2μ

)
∂

∂ξk

∫b

−b

ξ1

R
(
y2; ξ

)dy2

= − γT0

4π
(
λ + 2μ

)
∂

∂ξk

[
ξ1ln

∣
∣y2 − ξ2 + R

(
y2; ξ

)∣∣b
−b
]
,

uk(ξ) = − γT0

4π
(
λ + 2μ

)
∂

∂ξk
[ξ1L(ξ)],

(3.4)

where

L(ξ)= ln
∣
∣∣∣

b2 − ξ2+R(b; ξ)
−(b+ξ2)+R(−b; ξ)

∣
∣∣∣, R(b; ξ)=

√
ξ21+(b−ξ2)2+ξ32, R(−b; ξ)=

√
ξ21+(b+ξ2)

2+ξ3
2.

(3.5)

Check whether thermoelastic displacements uk(ξ) in (3.4) and (3.5) satisfy the stated in this
section BVP, described by (2.4)–(2.6) and (3.1). For this, first calculate

μ∇2uk(ξ) = −μ γT0

4π
(
λ + 2μ

)∇2 ∂

∂ξk
[ξ1L(ξ)] = − γμT0

2π
(
λ + 2μ

)
∂2

∂ξk∂ξ1
L(ξ), (3.6)

(
λ + μ

) ∂

∂ξk
Θ(k)(ξ) =

(
λ + μ

) ∂2

∂ξk∂ξj
uj(ξ) = −

(
λ + μ

)
γT0

4π
(
λ + 2μ

)
∂3

∂ξk∂ξ
2
j

[ξ1L(ξ)]

= −
(
λ + μ

)
γT0

4π
(
λ + 2μ

)
∂

∂ξk
∇2[ξ1L(ξ)] = −

(
λ + μ

)
γT0

2π
(
λ + 2μ

)
∂2

∂ξk∂ξ1
L(ξ).

(3.7)

In (3.6) and (3.7) the Euler’s formula was used:

∇2(f · ϕ) = ϕ∇2 + f∇2ϕ + 2f,jϕ,j . (3.8)

Also it was taken into account that the function L(ξ), described by (3.5), is a harmonic
function, so that ∇2L(ξ) = 0. Next calculate the temperature T(ξ) using the well-known
Poisson’s integral formula in (2.37) rewritten in the case when on the segment [y1 = 0,−b ≤
y2 ≤ b; y3 = 0] of its boundary plane Γ(y1 = 0; −∞ < y2, y3 < ∞) the constant temperature
T = T0 is given:

T(ξ) = −T0
∫b

−b

∂

∂ny1

G
(
y2, ξ

)
dy2 = −T0 ∂

∂ξ1

∫b

−b

dy2

2πR
(
y2; ξ

) , T(ξ) = − T0
2π

∂

∂ξ1
L(ξ). (3.9)

It is easy to see that temperature in (3.9) satisfies the BVP in heat conduction, described by
Poisson equation (2.6) [for F(x) = 0] and boundary condition in (3.1). So, substituting the
expressions in (3.6), (3.7), and (3.9) into (2.4) we can see that this equation is satisfied. It
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remains to show that the thermoelastic displacements uk(ξ) in (3.4) and (3.5) satisfy the
boundary conditions in (2.5), and also that they vanish at infinity. From (3.4) it is easy to
see that for k = 2, 3 the thermoelastic displacements u2(ξ) and u3(ξ) for ξ1 = 0 satisfy the
second and third boundary conditions in (2.5). To check the first boundary condition in (2.5)
calculate the normal stresses σ11(ξ) using the Duhamel-Neumann law, the displacements in
(3.4) and the temperature in (3.9):

σ11 = 2μU1,1 + λUj,j − γT, i, j = 1, 2, 3, σ11 =
(
λ + 2μ

)
U1,1 − λ(U2,2 +U3,3) − γT,

σ11 = −(λ + 2μ
) γT0

4π
(
λ + 2μ

)
∂2

∂ξ21
[ξ1L(ξ)] − λ(U2,2 +U3,3) − γT,

σ11 = −γT0
4π

(
2 + ξ1

∂

∂ξ1

)
∂

∂ξ1
L(ξ) − λ(U2,2 +U3,3) +

T0
2π

∂

∂ξ1
L(ξ).

(3.10)

As on the boundary plane (for ξ1 = 0) u2 = u3 = 0 (which means also u2,2 = u3,3 = 0), then
from the last equation it follows σ11 = 0 [the first boundary condition in (2.5) is satisfied].

Finally, calculating the derivatives of expressions in (3.4) and (3.5), we obtain the
thermoelastic displacements of the stated in this section BVP in the explicit form

u1(ξ) = − γT0

4π
(
λ + 2μ

)
{
ln
∣∣∣∣

b2 − ξ2 + R(b; ξ)
−(b + ξ2) + R(−b; ξ)

∣∣∣∣

+ξ21
[
R−1(b; ξ)(b2 − ξ2 + R(b; ξ))−1 − R−1(−b; ξ)(−(b2 + ξ2) + R(−b; ξ))−1

]}
;

u2(ξ) =
γT0

4π
(
λ + 2μ

)ξ1
[
R−1(b; ξ) − R−1(−b; ξ)

]
;

u3(ξ) = − γT0

4π
(
λ + 2μ

)ξ1ξ3
[
R−1(b; ξ)(b2 − ξ2 + R(b; ξ))−1 − R−1(−b; ξ)(−(b2 + ξ2) + R(−b; ξ))−1

]
,

(3.11)

which vanish at infinity.

4. Conclusions

(1) The Poisson’s type integral formula, obtained in this paper, is new, useful, and
completely ready to be efficiently applied for computing of the thermoelastic
displacements uk(ξ) in half-space (see example of its application given in Section 3).
The main advantage of the obtained integral formula is that the searched half-space
thermoelastic displacements are expressed directly via given inside heat source,
boundary temperature, and known kernels. So it is not necessary to determine
intermediately the inner temperature field or to solve, as in traditional methods,
additional BVP.

(2) The most difficult problems in the proposed here method are the problems of
deriving the Green’s functions G(x, ξ) in heat conduction and the functions of
influence for volume dilatation Θ(k)(x, ξ) in the elasticity theory. Note that for
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canonical Cartesian domains, these problems were solved successfully in the
handbook [11], where about 190 Green’s functions for Laplace’s equation and
250 influence functions for volume dilatation Θ(k)(x, ξ) are presented. At last,
computing the integral over volume in (1.4) of the product of functions G(x, ξ) and
Θ(k)(x, ξ) is also solved successfully [see the recommendations of the appendix].
So, for canonical Cartesian domains, the proposed in thermoelasticity method will
work successfully. This means that the presented paper opened great possibilities
for researchers to derive many new Poisson’s type integral formulas, not only
for half-space, but also for many other canonical Cartesian domains. These new
Poisson’s type integral formulas are very useful to solve effectively not only
deterministic BVPs of thermoelasticity, but also the stochastic ones [20].

(3) The approach presented in this paper in thermoelasticity for Cartesian canonical
domains can be extended onto spherical [21, 22], polar [23], cylindrical, and other
canonical domains of any orthogonal systems of coordinates. This extension will be
done when the lists of the respective functions G(x, ξ) andΘ(k)(x, ξ) are completed.

(4) The approach presented in this paper is valid also for other physical phenomena as
electroelasticity, magnetoelasticity, and poroelasticity, described by the same BVP
as in thermoelasticity.

Appendix

The improper integral in (2.23) was taken using:

(a) the following equalities on the boundary plane of the half-space:

[R(x, z) − R1(x, z)]|z=y≡(0,y2,y3) = 0,
[
R−1(z, ξ) − R−1

1 (z, ξ)
]∣∣∣

z=y≡(0,y2,y3)
= 0, (A.1)

(b) the relations

∇2
zR(x, z) = 2R−1(x, z), ∇2

zR1(x, z) = 2R−1
1 (x, z), (A.2)

(c) the following property of Dirac’s function:

∫

V

f(x)δ(x, ξ)dV (x) = f(ξ), (A.3)

(d) the Green’s formula inside the half-space

∫

V

(
ϕ∇2f − f∇2ϕ

)
dV =

∫

Γ

[
ϕ

(
∂f

∂n

)
− f

(
∂ϕ

∂n

)]
dΓ, (A.4)

where

f = [R(x, z) − R1(x, z)], ϕ = (4π)−1
[
R−1(z, ξ) − R−1

1 (z, ξ)
]
. (A.5)
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So, using the recommended equations (A.1)–(A.5), we obtain

Uk(x, ξ)= γ

∫∞

0

∫∫∞

−∞
G(x, z)Θ(k)(z, ξ)dz1dz2dz3

= −γ
∫∞

0

∫∫∞

−∞

1
4π

(
R−1 − R−1

1

) 1
4π

(
λ + 2μ

)
∂

∂ξk

(
R−1 − R−1

1

)
dz1dz2dz3

=− γ

8π
(
λ+2μ

)
∂

∂ξk

∫∞

0

∫∫∞

−∞
∇2

z[R(x, z)−R1(x, z)]
1
4π

[
R−1(z, ξ)−R−1

1 (z, ξ)
]
dz1dz2dz3

=− γ

8π
(
λ + 2μ

)
∂

∂ξk

∫∞

0

∫∫∞

−∞
[R(x, z)−R1(x, z)]

1
4π

∇2
z

[
R−1(z, ξ)−R−1

1 (z, ξ)
]
dz1dz2dz3

=
γ

8π
(
λ + 2μ

)
∂

∂ξk

∫∞

0

∫∫∞

−∞
[R(x, z) − R1(x, z)]δ(z − ξ)dz1dz2dz3

=
γ

8π
(
λ + 2μ

)
∂

∂ξk
[R(x, ξ) − R1(x, ξ)],

(A.6)

which coincides with the final expression in (2.23).
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