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This work investigates chaos synchronization between two different fractional order chaotic
systems of Lorenz family. The fractional order Lii system is controlled to be the fractional order
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to verify the theoretical analysis using different values of the fractional order parameter.
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1. Introduction

Fractional calculus has been known since the early 17th century [1, 2]. It has useful
applications in many fields of science like physics [3], engineering [4], mathematical biology
[5, 6], and finance [7, 8].

The fractional order derivatives have many definitions; one of them is the Riemann-
Liouville definition [9] which is given by

dl

@]"“f(t), a>0, (1.1)

Dof(t) =

where J9 is the f-order Riemann-Liouville integral operator which is given as

1

Jou(t) = T©)

I; (t-1)"u(r)dr, 6>0. (1.2)
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However, the most common definition is the Caputo definition [10], since it is widely
used in real applications:

Dif(t) =T f D), (1.3)

where f() represents the I-order derivative of f(t) and I = [a]; this means that [ is the first
integer which is not less than a. The operator DY is called “the Caputo differential operator
of order a.” Hence, I choose the Caputo type throughout this paper.

On the other hand, chaos has been studied and developed with much interest by
scientists since the birth of Lorenz chaotic attractor in 1963 [11]. Chen attractor is similar
to Lorenz attractor but not topologically equivalent [12]. Recently, Lii et al. found a new
chaotic system which connects the Lorenz and Chen attractors, according to the conditions
formulated by Van&tek and Celikovsky, and it is called Lii system [13]. Afterwards, chaos in
fractional order dynamical systems has become an interesting topic. In [14] chaotic behaviors
of the fractional order Lorenz system are studied. Moreover, chaotic behaviors have also
been found in the fractional order Chen system [15] and the fractional order Lii system
[16]. Furthermore, Chaos synchronization in fractional order chaotic systems starts to attract
increasing attention [16-20]. However, it has been studied very well in the case of integer
order chaotic systems, due to its potential applications in physical, chemical, and biological
systems [21-24] and secure communications [25].

The generalized synchronization between two different fractional order systems
is investigated in [26]. However, in this paper, I investigate the conditions of chaos
synchronization between two different fractional order chaotic systems of Lorenz family by
designing suitable linear controllers. I give examples to achieve chaos synchronization of two
pairs of different fractional order chaotic systems (fractional Chen & fractional Lii, fractional
Lorenz-like, and fractional Chen) in drive-response structure. Conditions for achieving chaos
synchronization using linear control method are further discussed using Laplace transform
theory.

2. Systems Description
The fractional order Chen system isgiven as follows:

d“x d*y d*z
i a(y —x), Jia (c—a)x—xz+cy, TG

=xy —bz. (2.1)

Here and throughout, (a,b,c) = (35, 3, 28) where a is the fractional order. In the following I
choose a = 0.9 at which system (2.1) exhibits chaotic attractor (see Figure 1).
The fractional order Lii system is given as follows

d*x d*y d*z
T r(y - x), e = X% +py, T = XY 9= (2.2)

Here and throughout, (r,p,q) = (35, 28, 3). By choosing a = 0.9, system (2.2) has chaotic
attractor (see Figure 2).
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Figure 1: Chaotic attractor of the fractional order Chen system (2.1) with a = 0.9 and (a, b, ¢) = (35, 3, 28).
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Figure 2: Chaotic attractor of the fractional order Lii system (2.2) with a = 0.9 and (r,p, q) = (35, 28, 3).

The fractional order Lorenz-like system [27] is described by

d*x a* d*z

I oy -x), Jpa = PX T XZEYY, A Pz, (2.3)

which has a chaotic attractor as shown in Figure 3 when f§ = 2.8, y = 10.6, p = 14, 0 = 20,
and a = 0.9.

It should be also noted that, the systems (2.1), (2.2), and (2.3) are still chaotic at the
fractional order values a = 0.95 and a = 0.99.
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Figure 3: Chaotic attractor of the fractional order Lorenz-like system (2.3) with a = 0.9 and (B,y,p,0) =
(2.8,10.6,14,20).

3. Synchronization between Two Different Fractional Order Systems

Consider the master-slave (or drive-response) synchronization scheme of two autonomous
different fractional order chaotic systems:

055 =fX), j“—tf =g(V)+U(®), (3.1)

where a is the fractional order, X € R", Y € R" represent the states of the drive and response
systems, respectively, f : R* — R", g : R" — R" are the vector fields of the drive and
response systems, respectively. The aim is to choose a suitable linear control function U (t) =
(ug, . ..,un)T such that the states of the drive and response systems are synchronized (i.e.,
lim;_, ||X = Y| = 0, where || - || is the Euclidean norm).

3.1. Synchronization between Chen and Lii Fractional Order Systems

In this subsection, the goal is to achieve chaos synchronization between the fractional order
Chen system and the fractional order Lii system by using the fractional order Chen system to
drive the fractional order Lii system. The drive and response systems are given as follows:

d“x,, da]/m d“zm
_— = — = — — _— = — 2
g = a(Um = xm), i = (€7 @)X = XnZm + CYm, S = XmYm = bzm,  (3.2)
d*x d*y, d*z
dt“s =7r(ys — xs) +u, d_t}{" = —XZs + PYs + Un, Was =XsYs —qzs +uz,  (3.3)

where 11, u», and uj are the linear control functions. Define the error variables as follows:

e1 = Xs— X, € =Ys— Ym, e3=2Zs— Zny. (3.4)
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By subtracting (3.2) from (3.3) and using (3.4), we obtain
d%e
Fal =r(ex—e1) + (r—a)(Ym—xm) +u1,
dat’fz
dt=

du€3
dt«

=pey — zZme1 — Xme3 — e1e3 — (C— a)Xpy + (P — C)Ym + U,

= —ge3 + Yme1 + Xmer +e1e2 — (q — b)zy, + us.

Now, by letting

ur = (a—=1)(Ym — Xm),
Uy = (¢ = a)xm + (¢ = P)Ym — k1 (Ys = Ym),
Uz = (q = b)zm — ka(25 — zm),

where ki, k; > 0, then the error system (3.5) is reduced to

d"‘el

- r(ex—e1),

d"‘ez

i = (p—ki)es — zmer — xmes — eres,
d“e

dt“3 =—(g+ka)es + yme1 + xper + eres.

(3.5)

(3.6)

(3.7)

By taking the Laplace transform in both sides of (3.7), letting E;(s) = L{e;(t)} where

(i=1,2,3),and applying L{d%e;/dt*} = sE;(s) — s* 'e;(0), we obtain

s"Eq(s) - s°'e1(0) = r(Ex(s) - E1(s)),

sEx(s) — s 'ex(0) = (p — k1) Ea(s) — L{xmes} — L{zme1} — E1(s)Es(s),
s"E3(s) — s 'e3(0) = —(q + k2) E3(s) + L{yme1} + L{xmex} + E1(s)Ea(s).

(3.8)

Proposition 3.1. If E1(s), Ex(s) are bounded and p — ky #0, then the drive and response systems

(3.2) and (3.3) will be synchronized under a suitable choice of ki and k.

Proof. Rewrite (3.8) as follows:

_ rEx(s) . s e (0)

Eq(s) = - e

Ex(s) = - L{zne1} B L{xnes} _ Ei()Es(s) N s%1e,(0)

T seprk stoprk stoprk sToprk’
L m L m a—-1

Es(s) = {yme1} N {xmea} +E1(S)E2(S) LS e3(0)

s*+q+ky s*+q+ky s*+q+ky s+q+ky

(3.9)
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Using the final value theorem of the Laplace transform, it follows that

lime; (t) = lim sEq1(s) = lim sEy(s) = limey(t),
t— oo s— 0 s—0* t— oo

. . 1. . . .
fimea(t)= g sEa(s) = Jim sl xmes |+ fim sk {zmen )+ fimen ) - fimes 1),

. . 1 . 1 .. .
fimes ()= lim oBa(6) = g iy stlymen )+ g st emen) + g fimen (1) fimg ex(0)

(3.10)

Since Ei(s), Ex(s) are bounded and p — k; #0 then lim;_, e () = lim;_, ,ex(t) = 0.
Now, owing to the attractiveness of the attractors of systems (2.1) and (2.2), there exists 77 > 0
such that |x;(t)] < 1 < 0o, |yi(t)] < 1 < oo, and |z;(t)| < 17 < oo where i refers to the index of
the drive or response variables. Therefore, lim;_, ,,e5(t) = 0. This implies that

lime(t) =0, i=1,2,3. (3.11)

Consequently, the synchronization between the drive and response systems (3.2) and
(3.3) is achieved. O

3.1.1. Numerical Results

An efficient method for solving fractional order differential equations is the predictor-
correctors scheme or more precisely, PECE (Predict, Evaluate, Correct, Evaluate) technique
which has been investigated in [28, 29], and represents a generalization of the Adams-
Bashforth-Moulton algorithm. It is used throughout this paper.

Based on the above mentioned discretization scheme, the drive and response systems
(3.2) and (3.3) are integrated numerically with the fractional orders &« = 0.9, 0.95, 0.99 and
using the initial values x,,(0) = 15, ¥,,(0) = 20, z,,(0) =29 and x,(0) = 10, ys(0) = 15, z;(0) =
25. From Figure 4, it is clear that the synchronization is achieved for all these values of
fractional order when ki = 20 and k; = 10.

3.2. Synchronization between Lorenz-Like and
Chen Fractional Order Systems

In this case it is assumed that, the fractional order Lorenz-like system drives the fractional
order Chen system. The drive and response systems are defined as follows:

d”‘xm _ d“ym _ dazm B
e o (Ym — xm), e PXm — XmZm + YYm, di XmYm — PZm, (3.12)

d*x,
dt

da” d*z
dtyas = (c—a)xs — XsZs + CYs + 2, dt“s

= XsYs — bzs + U3,
(3.13)

=a(ys—xs) +v1,
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Figure 4: Synchronization errors of the drive system (3.2) and response system (3.3) using k; =20, k, =10
and fractional orders: (a) a = 0.9, (b) & = 0.95, and (c) a = 0.99.

where v, v, and v3 are the linear control functions. The error variables are given by
e1 = Xs — Xm, € =Ys—Ym, e3 = Zs— Zm. (3.14)

By subtracting (3.12) from (3.13) and using (3.14), we get

d“e

d_tﬂl =a(ez—e1) + (a=0)(Ym — Xm) + 01,

d“€2

= C€2 Zme1 ~ Xmes - eies + (¢ =a)xs = pxm + (C = Y)Ym + V2, (3-15)
da€3

T —bes + ypme1 + xmer + erex + (B — b)zy + vs.
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Now, by choosing
v =(0c-a) (ym - xm)/ Uy =pxm+(a—c)xs+ (y — O)ym — ki€, v3 = (b—P)zm — ke,
(3.16)
where ki, k, > 0, then the error system (3.15) is rewritten as
d%e
dtal =a(e2-e1),
d“ez
o = (c—ki)ea—zmer — xpes —eres, (3.17)
dd:z?) = _<b + k2)83 + Ymeé1 + Xpmen + e1es.

Take Laplace transform in both sides of (3.17), let E;(s) = L{e;(t)}, where (i =1, 2, 3),
and apply L{d%;/dt*} = s®E;(s) — s*'e;(0). After that, by doing similar analysis like the
previous subsection, we obtain

lime(t) = lim sE1(s) = lim sE,(s) = limey(t),
t— oo s—0" s—0" t— oo

tlirgoez(t) =51LIIO1+SE2(S) ap— slir%+sL{xme3 }+ p— SILI%+SL{Zm€1 }+ s tlirge1 (t) - tlirge3(t),
lim e3(t) = lim sEs(s) = —— lim sL{yme1 ]+ —— lim sL{xmes )+ —— lime: (£) - lim ex(t)
O = S = Ty s me T mm SER S Umea iR et i et

(3.18)

If we assume that ¢ — k1 #0 and E;(s), Ex(s) are bounded, then it follows that
lim; _, €1 (t) = lim;_, ,e2(f) = 0. Now, owing to the attractiveness of the attractors of systems
(2.1) and (2.3), there exists ¢ > 0 such that |x;(t)] < ¢ < oo, |yi(t)| < ¢ < oo, and |z;(t)| < ¢ < oo
where i refers to the index of the drive or response variables. Therefore, lim;_, e3(t) = 0.
Consequently,

lime;() =0, i=1,23. (3.19)

Thus, the states of the drive system (3.12) are synchronized with the states of the
response system (3.13), as the controllers (3.16) are activated.

3.2.1. Numerical Results

Numerical simulations are carried out to integrate the drive and response systems (3.12) and
(3.13) using the predictor-correctors scheme, with the fractional orders a = 0.9, 0.95, 0.99 and
the initial values x,,(0) = 10, ¥:»(0) = 16, z,,(0) = 25 and x,(0) = 15, y5(0) = 20, z,(0) = 29.
Thus, the drive and response systems (3.12) and (3.13) are synchronized in such a successful
way for all at the above-mentioned fractional orders values, using the linear controllers (3.16)
with k; =20 and k;, = 10 (see Figure 5).
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Figure 5: Synchronization errors of the drive system (3.12) and response system (3.13) using k; =20, k; =
10 and fractional orders: (a) @ = 0.9, (b) @ = 0.95, and (c) & = 0.99.

4, Conclusion

Chaos synchronization between two different fractional order chaotic systems has been
studied using linear control technique. Fractional order Chen system has been used to drive
fractional order Lii system, and fractional order Lorenz-like system has been used to drive
fractional order Chen system. Conditions for chaos synchronization have been investigated
theoretically by using Laplace transform. Numerical simulations have been carried out using
different fractional order values to show the effectiveness of the proposed synchronization
techniques.
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