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ABSTRACT. Inclusion relations fok—uniformly starlike functions under the Dziok-Srivastava
operator are established. These results are also extendedutaiformly convex functions,
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1. INTRODUCTION

Let A denote the class of functions of the forfte) = z + >, a,2™ which are analytic in
the open unit dis¢/ = {z : |z| < 1}. Afunction f € A is said to be in/.ST'(k, ), the class of
k—uniformly starlike functions of ordey, 0 <~ < 1, if f satisfies the condition

2f'(2) 2f'(2)
(1.2) §R<f(z)>>k ) —1’+7, k> 0.
Replacingf in (1.1) byz " we obtain the condition
2f"(2) 2f"(2)
(1.2) 8%{1+ 72 }>k: 0 + 7, k>0

required for the functiorf to be in the subclagsCV (k, ) of k—uniformaly convex functions
of order~.

Uniformly starlike and convex functions were first introduced by Goodman [5] and then
studied by various authors. For a wealth of references, see Ronning [13].

Setting
Q. = {u—i—z’v;u> ky/ (u — 1)2+”02—|—7},
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2 R. AGHALARY AND GH. AZADI

with p(z) = %S) orp(z) =1+ Zf( ) and considering the functions which mépon to the

conic domairt2 ,, such that < €, ,, we may rewrite the conditiong (1.1) ér (IL.2) in the form

(1.3) P(2) < Qe (2).

We note that the explicit forms of functiap - for k = 0 andk = 1 are

1+ (1—27)z o 21-9) 1+ 2\
o Adan) =l (e 2 )

qov( ) =

For0 < k < 1 we obtain

L —7

W) = T3

l—i-\/E}_kQ—’y

2
08 {;(arccos k)ilog 1_—\/2 T 7

and ifk > 1, theng; , has the form

u(z)
(2) = 1_78111 T /JE dt +k2—7
P TN K ) Jy isevioee) RoL

whereu(z) = =& f andK is such thak = cosh ”K( L.

By virtue of (1.3) and the properties of the domaiis, we have

k+7
E+1

DefineUCC(k,~, B) to be the family of functiong € A such that
" (zf’(Z)) O
9(z) ) —

9(2)
for someg € UST'(k, ).
Similarly, we defind/QC'(k, v, ) to be the family of functiong € A such that

()5
g'(z -

9'(2)

for someg € UCV (k, 3).

We note that/C'C(0,+, ) is the class of close-to-convex functions of orgeand types
andUQC(0,~, B) is the class of quasi-convex functions of ordeand types.

The aim of this paper is to study the inclusion properties of the above mentioned classes
under the following linear operator which is defined by Dziok and Srivastava [3].

Fora; e C (j=1,2,3,...,l)andp; € C —{0,—1,-2,...} (j = 1,2,...m), the general-
ized hypergeometric function is defined by

' N (@) () 2"
lFm(@17'~~7alaﬁ17"'7ﬁm) nzzo(ﬁl)n(ﬁm)n n!’

({<m+1;l,me Ny=1{0,1,2,...}),

(1.4) R(p(2)) > Rlae(2)) >

—1‘ +, k>0, 0<y <1

—1‘4—% k>0 0<~y<1

where(a), is the Pochhammer symbol defined(ay,, = %= = a(a+1) -+ (a+n—1) for
neN={1,2,...}andl whenn = 0.
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Corresponding to the functiol(«, ..., o 01, Bm; 2) = 2 (Fm(aq, ... a1y - o Bm)
the Dziok-Srivastava operator [3}! (a1, ..., a; 51, ..., 3m) is defined by

Hy (o, s By, Ba) [(2) = Baa, o Bus o B 2) % f(2)

:Z—|—

n

(Ofl)n—l T (O-/l)n—l . anzn

= (B1)n-1 (Bm)n-1 (n—1)L

where %” stands for convolution.
It is well known [3] that
(1.5) arH (ar+1,...,00;B1, ..., Bm) f(2)
= Z[H£n<a1> can B B 2) f(2)]
+ (o — V) H] (an, .y Bry e, B) f(2).
To make the notation simple, we write,
H}Jon]f(2) = H) (v, .. 003 81, B 2) f(2).

We note that many subclasses of analytic functions, associated with the Dziok-Srivastava
operatorH! [«;] and many special cases, were investigated recently by Dziok-Srivastava [3],
Liu [7], Liu and Srivastava [9],[[10] and others. Also we note that special cases of the Dziok-
Srivastava linear operator include the Hohlov linear operator [6], the Carlson-Shaffer operator
[2], the Ruscheweyh derivative operator|[14], the generalized Bernardi-Libera-Livingston linear
operator (cf.[[1]) and the Srivastava-Owa fractional derivative operators (¢f. [11], [12]).

2. MAIN RESULTS

In this section we prove some results on the linear opetfgcy;|. First is the inclusion
theorem.

Theorem 2.1.Let Roy > 13, and f € A. If H] [0y + 1]f € UST(k,7) thenH] [o1]f €
UST(k,~).

In order to prove the above theorem we shall need the following lemma which is due to
Eenigenburg, Miller, Mocanu, and Read [4].

Lemma A. Let 3,y be complex constants arkdbe univalently convex in the unit digkwith
h(0) = candR(Bh(z) + ) > 0. Letg(z) = c+ >~ | p,2" be analytic inU. Then

A NS B B
90 + oy < hE) = 9() < ().

Proof of Theorerf 2]1Settingp(z) = 2(H',[cu] f(2))'/(H!,[a1] f(2)) in (1.5) we can write

(2.1) ouH%[za [1@;}](];52) N Z(f[;m[gf]]féjf Lot (o= 1) = () + (o — 1)
Differentiating [2.1) yields
2(Hy, o +1]f(2)) zp'(2)
(22) Himt1 P9 o =1y
From this and the argument given in Secf{ipn 1 we may write
zp'(2)
p(z) + 2@+ (o = 1) =< Qe (2).
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Therefore the theorem follows by Lemina A and the condition| (1.4) sjpcés univalent and

H k
convex inU andR(qx,,) > 71 O

Theorem 2.2.LetRoy > =3, and f € A. If H] [0y + 1]f € UCV(k,7) thenH] [4]f €
Ucv(k, ).

Proof. By virtue of (1.1), [1.2) and Theoregm 2.1 we have

H a1 +1]f € UCV (k) & 2 (HL [on +1]f)" € UST(k, )
& H. oy +1zf € UST(k,v)
= H' [a]zf € UST(k,~)

& H! lay]f e UCV (K, 7).

and the proof is complete. O

We next prove

Theorem 2.3.LetRoy > 1%, and f € A. If H. [ay + 1]f € UCC(k,~, 8) thenH] [o1]f €
UCC(k,v, ).

To prove the above theorem, we shall need the following lemma which is due to Miller and
Mocanu [10].

Lemma B. Leth be convex in the unit disk and letE > 0. Suppose3(z) is analytic inU
with RB(z) > E. If g is analytic inU andg(0) = h(0). Then

E22g"(2) + B(2)2g' (2) + g(2) < h(2) = g(z) < h(2).
Proof of Theorerfi 2]3SinceH! [, + 1]f € UCC(k,~, 3), by definition, we can write

2(Hy, o +1]f)'(2)
k(2)

= Qk,v(z)

for somek(z) € UST (k, 3). For g such thatt! o, + 1]g(2) = k(z), we have

2(Hyylon +1]f)'(2)
H}[on +1]g(z)

(23) =< q;m(z).

Letting h(z) = % andH (z) = we observe that and H are analytic in

U andh(0) = H(0) = 1. Now, by Theorem 2[1H [a1]g € UST (k, 3) and soRH (z) > 1.
Also, note that

(2.4) 2(Hylen] f) (2) = (Hy,[oa]g(2)h(z).

Differentiating both sides of (2.4) yields

2(Hyloa)f)' () _ 2(Hulonlg)'(2)
H} Jon]g(2) H},lon]g(2)

(2) + zh'(2) = H(2)h(2) + 21 (2).
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Now using the identity{ (1]5) we obtain

2(Hplon +1]f)'(2) _ Hyloa +1](2£")(2)
@9 TH ot e)  HLo+ 1eGe)
_ 2(Hylaa](2f")'(2) + (a1 — 1) Hy, [on] (2f') (2)
2(H[ou]g)'(2) + (o0 — 1) H] [ou]g(2)
A lENE) oy (g, — 1) Bpfeallar )2
Hl,loalg(= l : H},lon]g(2)
BB )
_ H(z)h(z )+Zh’(2) + (o — 1)h(2)
H(z) + (o — 1)
1 /
= h(z) + )+ (on = 1)zh (2).
From (2.3),[(2.%), and (2/5) we conclude that
h(z) + ) +1(a1 — 1)zh’(z) =< Qe (2).
Onletting 2 = 0 andB(2) = 55555,y We obtain
R(B(2)) = ! R((an — 1)+ H(2)) > 0.

[(an —1) + H(z)[?
The above inequality satisfies the conditions required by Lemma B. Henge< ¢, (z) and
so the proof is complete. O
Using a similar argument to that in Theorem|2.2 we can prove

Theorem 2.4.LetRa; > andf € A. If H! [ay + 1]f € UQC(k,~, ), thenH! [a1]f €
UQC(k,, B).

Finally, we examine the closure properties of the above classes of functions under the gener-
alized Bernardi-Libera-Livingston integral operafar( /) which is defined by

c+1

L) = [ pwd > -1

z¢

k+1’

Theorem 2.5. Letc > =0 i 1] 1] f € UST(k,v) S0 iSL.(H] o] f).

Proof. From definition ofL.(f) and the linearity of operatdi’ [o;] we have
(2.6) 2(Hyloa]Le(f))'(2) = (e + 1) Hyy[on] f(2) — e(Hy, o] Le(£)) (2).
Substitutingz 2LV G) ) jn ) we may write

H! [oa]Le(f)(2)
N (e H! [aq] f(2) e
2.7) ) = e D LGy~ ©

Differentiating [2.7) gives
A(Hplanlf() o ()
(H},lea] f)(2) p(z) +c¢
Now, the theorem follows by Lemnig A, sin®qy. - (z) + ¢) > 0. O
A similar argument leads to

Theorem 2.6.Letc > =0 if [ [ay)f € UCV (k,) SO iSL.(HL, [on] f).
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Theorem 2.7.Letc > =0 if H! [ay)f € UCC/(k,, B) SO iSL.(HL, [ou] f).

Proof. By definition, there exists a function(z) = (H! [a1]g)(2) € UST(k, 3) such that

S(H! o) f)'(2)
(2.8) (L [on]9) ()

= qr~(2) (z€U).

Now from (2.6) we have

2(Hyloalf)'(z) _ 2(Hjlon]Le(2f))'(2) + el o] Le(2) (2)
(Hylaalg)(z)  2(Hj[an]Le(9(2)))'(2) + e(H,[en] Le(9)) (2)

2(HY o] Le(zfN)(2) | e(Hl [on]Le(z/)(2)

(2.9) _ W o]Le@)E) " HhlL@)()

= =(HL [o1]Le(9))' ()
(HilonlLe(@)(z) T C

SinceH! [a1]g € UST(k, 3), by Theoren 2]5, we havk.(H!, [a1]g) € UST(k, 3).

Letting % = H(z), we note thatR(H (z)) > 2. Now, leth be defined by

(2.10) 2(H,, ] Le(f)) = h(z)Hy,[on] Le(g)-
Differentiating both sides of (2.10) yields

S o] LY G) e 2 H L) () _ s e
U 2 A V7 ) [ M
Therefore from[(2]9) andl (2.11) we obtain

2(Hylon]f)'(z) _ 2W(2) + h(z)H(2) + ch(2)
(H},[oa]g)(2) H(z) +c '
This in conjunction with[(2]8) leads to

zh (z)
(2.12) h(Z) + m < q;m(z).
Letting B(2) = 537 in (2.12) we note thal(B(z)) > 0if ¢ > — 7. Now for E = 0 andB

as described we conclude the proof since the required conditions of Leinma B are satisfied.

A similar argument yields

Theorem 2.8. Letc > =2 i 1! [a4]f € UQC/(k,, B) SO isLe(HY [ou] f).
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