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Abstract

In the case of two positive numbers, the geometric mean is closer to the har-
monic than to the arithmetic mean. We derive some spectral results relating to
corresponding properties with more than two positive numbers.
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Let A, GG, H denote respectively the arithmetic, geometric and harmonic means
of n positive real numbers,, ..., x,, which are not all equal. It is well-known
thatH < G < A. Scott [3] has shown in the case = 2 thatG is closer toH

than toA, so that

A-G 1
1.1 —_— > -
(3.1) A—H 2
He showed by a counterexample that this need not be the casemheén Rente o e alative values
Subsequently Lord!] and Pearce and BaeriC [2] addressed the question of of Means
the behaviour of the quotient C.EM. Pearce
A-G
ey Title Page
in the case of general. Several generalisations and extensionslof)(were Contents
obtained. The following are pertinent to the present article.
Sj <44 44
ince
folaxy, ... axy,) = f(z1,...,2,) < 4
for a > 0, it suffices to consider the values taken faywhenx = (z4,...,x,) Go Back
lies on the intersection
Close
K::{xeR”:xiZOforlgz’gnande?:l} Quit
i=1 Page 3 of 16

of the nonnegative orthant and the surface of the unit hypersphere. The function
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<¢Lﬁ, o ﬁ) where it is undefined sincg, G and H all coincide. In fact

this singularity is removable. It is shown in][that definingf,(x) = 1 for
boundary points oK (where some but not all values vanish) andf,,(e) = %
makesf,, continuous on the whole &. SinceK is compact,, possesses and
realises an infimum,,. Further, the range of, constitutes the intervadv,, 1],
the sequencéu, )5 is strictly decreasing to limit zero and, > % for n > 3.
The seminal paper of Scott gives = ;.

In this article we continue the development 6f &nd [?] and derive some
striking structural results, principally as follows. In Sectigmheoren?.1, we
show that ifx is such thaff,,(x) = «,, then{z, ... ,z,} contains precisely two
distinct values. In Sectiod, TheorenB.3 we show that iff,,(x) = a,,, then the
smaller of the two distinct components ©fmust occur with multiplicity one.
We conclude in Sectiod by giving characterisations af,, and some related
infima arising naturally in our analysis.

We postpone consideration of asymptotics to a subsequent article.
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Theorem 2.1.For n > 2, any set{zy, ..., x,} for which f,,(z) = «a,, contains
precisely two distinct values.

n

Proof. First suppose thaf; := )" | z; andS, := []}_, z; are fixed. Subject

no1
i=1 7z,

to these constraints, the mimimum gfcorrespond to an extremum »f
and satisfies
oL

81‘1‘
whereL denotes the Lagrangian

e (Sas) (e

=1 i=1

=0 fori=1,...,n,

Then or 1
a$:—§—)\—qu’j:0 (Z.:L"')n)a
: ¢ J#i

that is, .
— 4+ A+ pS, =0 (i=1,...,n).
X

Hence each; must be equal to one of the two solutions of the quadratic
\e® + S,z +1=0.

For a minimum, these solutions must be distinct, sifige) = 3 while o, < 3

forn > 3. O]
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Forj =1,2,...,nand fixedn > 2, define
V; ={x: {x1,...,z,} contains precisely distinct value$,

Vi={fu(x): xe€V;}
and

5; = inf V.

An immediate implication of Theore® 1is the following result.

On Some Spectral Results

Corollary 2.2. We have Relating to the Relative Values
of Means

dyg =103 =" =10, = . C.E.M. Pearce

For j > 1, the seV; contains its infimum only fof = 2.

Title Page
Proof. If 1 < j < n — 1, any element ol; can be approximated arbitrarily c
closely by elements op;.;, but not conversely. SincK is compact and, ontents
continuous, we must therefore have that; < ;. Thus <« (33
1 < >
Op <Op1 < o <0 <01 = .
2 Go Back
On the other hand, by Theoreml Close
dy = a,, = inf { f(x)} = min{oy, 02, ..., 0.} Quit
Page 6 of 16

The first part of the corollary follows.
The second part follows by invoking Theoréiri again. O

J. Ineq. Pure and Appl. Math. 4(3) Art. 59, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:cpearce@maths.adelaide.edu.au
http://jipam.vu.edu.au/

In the remaining sections of the paper we examine more closely the central case

when{z,...,z,} contains only two distinct values, thatise V,. We may
assume without loss of generality an ordering

T < Tg <o <y,

We decompose

n—1
VQZUukv
k=1
where
U ={x:11=20=" =2 <Tp1 ==z, (1<k<n).

Forx € U, we have for the: equal points denoted by and the rest by

that

A_H_Ex—i-(l—%)y—n/(f—l—%k) .

If we setg = k/n andu = x/y, this gives

Bu+1—p—ul
Bu+1-8-1/(2+1-p)

fn(x) =

with 8 € 2=lb and0 < u < 1.

TL’TL7...7
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This may be rearranged as

= g(u, B),

(3.1) fa(x)=1-— m

where

w? —1 w08 1

_|_
g 1-p
. . . . . . On Some Spectral Results
We shall find it convenient to have alternative sets of variables and functions. Relating to the Relative Values

(3.2) 9(u, B) =

Setv = «!'/". Then forx € U, we put of Means
I C.E.M. Pearce
hi(n,v) = fo(x) and ¢x(v) =g (u, ﬁ) )
Title Page
Proposition 3.1. For fixedn > 3 andv € (0, 1), the sequencgi;(n, v)){Z] is Contents
strictly increasing.
44 44
Proof. By virtue of the representatior3 (1), (3.2), it suffices to prove that the < >
sequencégy(v));Z; is strictly decreasing. To show that(v) > ¢ (v), we
need to establish the inequality Go Back
ok — 1 U—(n—k) -1 R ,U—(n—k'—l) -1 Close
> : .
k + n—k k+1 + n—k—1 Quit
which on multiplication byy"~* becomes Y SICIRLE
@(U) < 0 J. Ineq. Pure and Appl. Math. 4(3) Art. 59, 2003
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where© is the polynomial

o n 1 1 1 1
3.3 _ Ve | L B B
B3) O =~ Y et T R el aohol
v 1
+

n—k—-1 n—k°

Sincen+1>n>n—k>1>0, (3.3 expresse® in descending powers
of v. The coefficients taken in sequence have exactly three changes in sign,

On Some Spectral Results

regardless of whether the expression in brackets is positive, negative or zero. Relating to the Relative Values

Hence by Descartes’ rule of signs the polynomial equation
(3.4) O(w) =0

has at most three positive solutions.
Now by elementary algebra we have that

O(1) = 0'(1) = ©"(1) = 0,

so thatw = 1 is a triple zero o®(w). HenceO(w) has no zeros ofD, 1) and
therefore must have constant sign @n1). Because(0) < 0, we thus have
©(w) < 0 throughout(0, 1) and we are done. O

Forl <k < n, put
Uy ={/n(x) : x €Uy}

and
Ep = inf Z/[:

of Means
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Lemma 3.2. For eachn > 3 we have

< for 1§k<g
Ek

for

N = DN -

n
—<k<n-1
5 < <n

Proof. Sincev = 1 gives f, = 1 andv = 0 gives f, = 1, a necessary and
sufficient condition that;, < 3 is that there should existe (0, 1) for which

On Some Spectral Results
Relating to the Relative Values

no" {Uk -1 n p—(n=k) _ 1} 1 of Means
> —
(1 — U")2 k n—k 2 C.E.M. Pearce
or
Title Page
3.5 Qv) <0
(3.5) (v) ’ Contents
where 44 44
on 210 etk nlm n 2N < [
Q) =v" — —v" "+ 20" |- + —1| - +1
k kK n—k n—=k Go Back
. 2n N | m k 2n
:U2 —?v+k+2v lEjLn—k;}_vkn—k—Fl’ Close
Quit

The polynomiak? has four changes of sign in its coefficients, and so has at

most four positive zeros. We may verify readily that faducHEOIoiete

(36) Q(l) — Q/(l) — Q”(l) — 0’ J. Ineq. Pure and Appl. Math. 4(3) Art. 59, 2003
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while
(3.7) Q"(1) = 2n*(n — 2k).

If 5 <k < n—1,thenQ(v) has a triple zero at = 1 and so can have at
most one zero o0, 1). SinceQ2(0) > 0, condition B.5) can thus be satisfied
if and only if there is such a zero, in which cag3él — A) < Oforall A > 0
sufficiently small. But by Taylor's theorem

2 3
Q(l - A) = Q<1) - AQ/(U + %QNG) - %Q/”(U + 0(A4) On Some Spectral Results
Ag : : Relating to the Relative Values
(38) ~ ——n2(n _ 2]{)7 of Means
3 C.E.M. Pearce
which is positive.

Hence we must have, > 3. But sincee can be approximated arbitrarily p———
closely by elements dff, by lettingv — 1, we must have, < f.(e) = 1. 2
Thuse;, = % Contents

If £ = %, thenQ(v) has exactly four positive zeros, allat= 1, so(2 has « b
constant sign on0,1). Since(2(0) > 0, we thus haveé2(v) > 0 on (0, 1).

Arguing as in the previous paragraph, we derive againdhat 1. < >

Finally, if £ < %, we have by §.9) thatQ(1 — A) < 0 for A > 0 sufficiently Go Back
small, so that condition3(5) is satisfied. This completes the proof. ] Close
Theorem 3.3. The sequencey)1<x<x is strictly increasing. Quit
Proof. The desired result is equivalent (6 ).<x<» being strictly decreasing, Page 11 of 16
where
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By Proposition3.1,

m@(u) > mqﬁkﬂ(u)

for eachu € (0, 1), so that

£k25k+1 for 1<k<n-1.

Further,&,. is realised for some choice af for u = u;, say, and arguing as in On Some Spectral Results
Lemma3.2we must havey, € (0,1) for1 <k < Z. Relating to geMFé?ggve Values
To show the inequalities are strict, suppose if possible that equality holds for
some value of;, so that SIS RN
Uy, Uk+1
(3.9) m@(uk) = OTJ;JFI)Q%H(MH)- Title Page
Contents
By Proposition3.1,
<44 44
Uk+1 Uk+1
T ——— >
Go Back
so that by 8.9) o =ac
Close
Uk+1 Uk
= g PH0) > T eln) = & qui
Page 12 of 16
contradicting the definition ofy. O J
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In the previous section we saw that fo< & < 3 the supremung,, is realised

for someu = u; € (0,1). We now consider the determination @f. For
convenience we again employ = u,lg/".

Theorem 4.1. (i) For1 < k < %, v = v is the unique solution of0, 1) of
the equation

(4.1)

where

et

k n—k n—k

_ann{__vn—k(l+ ! )+ ! }
k kE n-—k n—k

(i) Ifv € (0,1), thenv < v, or v > v, according asby(v) < 0 or $4(v) > 0.

Proof. Sincef,, achieves a minimum at= v, € (0, 1), we have that

d no™ k=1 (k)
—_ . + =0
dv | (v* —1)2 k n—k

for v = v, this value ofv corresponding to a local maximum of the differenti-
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ated expression. The left-hand side is the quotient of

+k k
n(vn__l)Q vn+k—1n/k __Un—1<ég%_7lﬁik> +_vk—1n__kl

n—+k 1 1 Uk
—9 2/ .n -1 2 n—1 EL_____ n( —
(" = 1) {k U\EThTE) T

by (v™ —1)%. Removing this denominator and the fact¢r™ — 1)v*~! from the

numerator gives that = v, satisfies 4.1). Statement (i) will therefore follow On Some Speciral Results
if it can be shown that4.1) has a unique solution oft), 1). Uniqueness gives Relating to tf}eMRe'aﬁve Values
that the differentiated expression has positive gradient farv, and negative orieans
gradient forv > v,. Statement (ii) will then follow, since the term cancelled is C.EM. Pearce
negative.
It therefore remains only to show thdé (v) has a unique zero df, 1). This Title Page
we do as follows. The polynomidl,(v) may be written in descending powers p—
of v as onten's
44 44
2nn—k:_i_ ok n+ n N 2n—k:+n+k:
-V — 4 - -
k k' n—k n—k k 4 d
4k (E+ n ) K Go Back
koon—k n—k’ Close
the coefficients of which exhibit four changes of sign. Hence by Descartes’ rule Quit

of signs,®,(v) has at most four positive zeros.

Page 14 of 16
By elementary algebra, J
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so that®,(v) has a triple zero at = 1. Hence®,(v) has at most one zero on
(0,1).
Now @, (v) < 0 and forA > 0 small

A3
Pp(l—A) = —?(b’k”(l) +0(AY) >0,

by Taylor’s theorem and4(2). Hence®(v) has a zero oif0, 1) and this must
be unique. O
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