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ABSTRACT. In the present paper, we study the polynomial approximation of entire functions
of two complex variables in Banach spaces. The characterizations of order and type of entire
functions of two complex variables have been obtained in terms of the approximation errors.
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1. INTRODUCTION

Let f(z1,22) = D amm,21 " 252 be a function of the complex variableg and z,, regular
for |z, | <r,t=1,2. If r; andry can be taken arbitrarily large, theiiz, z;) represents an
entire function of the complex variables andz,. Following Bose and Sharmal[1], we define
the maximum modulus of (21, z2) as

M(ry,r9) = max |f(z1,20)], t=1,2.

z¢|<re

The orderp of the entire functiory (2, z2) is defined as [1, p. 219]:

) loglog M(rq,72)
lim sup =p
rra—oo  l0g(r1T2)

For0 < p < oo, the typer of an entire functiorf(z,, z») is defined as [1, p. 223]:

. log M (r1,72)

limsup——F——F— =7

T1,72—00 Tl + TQ
Bose and Sharmal[1], obtained the following characterizations for order and type of entire
functions of two complex variables.
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2 RAMESH GANTI AND G.S. SRIVASTAVA

Theorem 1.1. The entire functiorf (21, z0) = > o Gmym, 21" 25" is Of finite order if and
only if

log(my*'my™)

i = limsup
m1,ma—oo 10€ (|@mymy| 1)

is finite and then the order of f(2, z2) is equal tou.

Define

a = limsup m”““‘\)/m’lmm;n2 [
mi1,Mma2—00

We have

Theorem 1.2.1f 0 < a < oo, the functionf(z1, 22) = Y7 | o Gmm, 21" 257 IS @n entire
function of orderp and typer if and only ifa = epr.

Let H,,¢ > 0 denote the space of functiongz, z;) analytic in the unit bi-disd/ =
{z1,29 € C 1 |z1| < 1,|22| < 1} such that

\flla, = rl,r12i§170 My(f;r1,m2) < 00,

where

1 [ " 4 . ‘
Mq(f;hﬂ‘z):{m/ / |f(7“1€”1,r26“2)\thldtQ},

anddl_e_tH;, q > 0 denote the space of functionzi, zo) analytic inU and satisfying the
condition

1 g
£l = {_2/ / \f(zl,zz)\qd:cldyldxzd%} < o0.
! T Jlzf<t J]zl<1

[f . = [[fllre = sup{|f (21, 22)| : 21,22 € U}
H, andH; are Banach spaces fgr> 1. In analogy with spaces of functions of one variable,
we call H, andH; the Hardy and Bergman spaces respectively.

The functionf(z;, z2) analytic inU belongs to the spad8(p, ¢, <), where0 < p < g < oo,
and0 < k < oo, if

Set

1 1 K
= { [ ] €0 =)@ = ) 0013 s | < o
0 JO

0 <k < oo,

| fllp.g.00 = sup{[(1 —ry)(1 — rz)}(l/p_l/Q)_qu(ﬁ r1,79) 0 < 1,19 < 1} < 00.
The spaca(p, ¢, x) is a Banach space fgr> 0 andq, < > 1, otherwise it is a Fréchet space.
Further, we have
(1.1) Hqu;:B(g,q,q), 1< q< oo
Let X be a Banach space andgf, ,,(f, X) be the best approximation of a functigite;, z2) €
X by elements of the spadethat consists of algebraic polynomials of degree: + n in two
complex variables:

(1.2) Epn(f, X) =inf{||f —plls;p € P}.

To the best of our knowledge, characterizations for the order and type of entire functions of
two complex variables in Banach spaces have not been obtained so far. In this paper, we have
made an attempt to bridge this gap.
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Notation: For reducing the length of expressions we use the following notations in the main
results.

1 1\]
B/~ {(n—i—l)m%—l;/{ (——5) = Bln,p, 2, K|
D _

1 1\]
5 (-t Dt 13 (2-3) | = Blmap.2
b i

2
1k 1 1Y\]
B (n—i_l)/ﬁ;_'_l?"i - :B[n>p7Q7’%]
p q/]

1 1\]
Bl/}’i l(m—i—l)/i—l-l,li(———) :B[mupvqﬂi]'
P q/]

2. MAIN RESULTS
Theorem 2.1.Let f(z;, 25) = >.°°

m,n=0

is of finite orderp, if and only if

amnz7" 2y, then the entire functiolfi(zy, 22) € B(p, q, k)

In (m™n™)
(2.2) p = lim sup .
m,n—oo hl Em,n(f: B<p7 q, K‘))
Proof. We prove the above result in two steps. First we consider the $pgee, <), ¢ = 2,

0 <p<2andk > 1. Let f(z1,2) € B(p,q, x) be of orderp. From Theorem 1]1, for any
e > 0, there exists a natural numbey = ny(¢) such that

(2.2) || < MTPRERTRPYE > g,

We denote the partial sum of the Taylor series of a funcfipn, z;) by

m

n
Tm,n(f7 21, 22) = Z Z aj1j2zilz%2'

J1=0j2=0
We write
(2.3) Bl B(p,2,5))
= Hf - Tm,n(f)Hpﬁﬁ

1 1
= /0 /0 {(1 - 7“1)(1 - 7’2)}&(1/?—1/2)—1 (Z Z T%J1T312|ajlj2|2> drydry 7

J1 J2

[SIE
|-

where

oo o0
E E 271,.272 2 _ E E 271,.272 2
Ty To ’aj1j2‘ - Sl + SQ + T To ’aj1j2| )

J1 J2 Jji=m+1 jo=n+1
m o0 o0 n
_ 271,252 2 _ 271,252 2
Si=>_ > rrPal’ and Sy= > > riria,
71=0 jo=n+1 Jji=m+1 j2=0

SincesS, S, are bounded and, , < 1, therefore the above expressi becomes

Fual1, B2 < o | 1{(1—r>ﬂ<1/p-1/2>—1}r<s+l>ﬂdr}{ SOy ramﬁ} |

J1=m+1 jo=n+1
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where

{/ { x(1/p—1/2) 1}7,,(84-1 ﬁdr}
! 1
- {/ {(1- rl)n(l/p—1/2)—1}7,§m+ )“drl}
0
{/ (“ K(1/p=1/2)-1, (n+ 1) drz}

(24) Em,n(f>B(p727/€)) S CB[m7p72’/€] n p?2 R { Z Z |a31]2’2}

J1=m+1 jo=n+1

Therefore

whereC' is a constant an@(a, b) (a,b > 0) denotes the beta function.
By using(2.2)), we have

© o © > 21 _ 242
2 S p+e L p+e
E E |aj1j2 | < E E J1 J2

J1=m+1 jo=n+1 jl—m—i-l Jo2=n+1
2]1
DN W
Jji=m+1 Jje=n+1

< O(l)(m + 1)72(m+1)/p+e<n + 1>72(n+1)/p+e.
Using the above inequality if2.4]), we have

Enn(f,B(p,2,k)) < CBlm,p,2,k|B[n,p,2, k](m + 1)_(m+1)/”+6(n + 1)_("+1)/”+6.
In [(m + 1)m+D(n 4 1)(+D)]

= pte> —In{Eu.(f,B(p,2,x)} +In{B[m,p,2,x]} + In{Bn,p,2,x]}
Now
(11 T'((n+ 1)k +1)T (,i (11?_%»
B{(n+1)ﬁ+1,n(§_§)}: F<<n+%+%)ﬂ+l> |
Hence

I(

e n+1/2+1/p)/€+1][<n+%+;1)),£ + 1](n+1/2+1/p)r€+3/2.

Thus

(oo (G-5)}

Now proceeding to limits, we obtain

I

1.

, In (m™n")
2.6 > lim sup .
( ) p m,n— o0 _1n{Em,n(f7B(p727ﬁ))}

For the reverse inequality, since from the right hand side of the inequlify, we have
(27) |am+1n+1‘B[m>p7 2a K]B[napa 27 '%] S Em7n<f7 B(p7 27 /i))v
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we have
In (m™n") S In (m™n")
—InE,,(f,B(p,2,k) = —In|amiins1| + n{B[m,p,2, x|} + In{B[n,p,2, x|}
Now proceeding to limits, we obtain

. In (m™n™)
2.8 1
(2.8) S T B (/. B(p, 2, )

From (2.6 and(2.8]), we get the required result.
In the second step, for the general cBge, ¢, x), ¢ # 2, we have

(2.9)  Ennlf,B(p, ¢, k)
< Hf - Tmm(f)”pﬂﬁ

_ / / {(1=r)(1=r)} H(l/p 1/aq)— 1(22741]1 qa2|a]1]2|q> drydry :

Jr J2

> p.

E
==

where

[ee) o0
E E 271,252 2 _ § E 271,252 2
L |aj1j2| - Sl + SZ + L |aj1j2| )

J1 J2 Jji=m-+1 jo=n+1
o0 n
2J1 j2 2 _ 251,272 2
E E T ‘aj1j2’ and 52_ E E T Ty |a’j1j2"
J1=0 jo=n+1 Jji=m+1 j2=0

SinceS;, S, are bounded and, r, < 1, therefore the above expressi becomes

mn(f B(paq7 <O {/ { N(l/p 19 1}T s+ Kdr}{ Z Z ’ah]é‘q} )

j1:m+1 j2:n+1
where

1
{/ {(1 _ 7,)f”v(l/pl/q)1},,,(s+1)nd7,}
0
{/ { k(1/p—1/q) 1} (m+1)k dTl}
1
% {/ {(1 . r2)}H(l/p—l/q)—lrén—s—l)ndTé} '
0

(210)  Enu(f,B(p,g,x)) < C'Blm,p,q, 5 Bn,p,q, {Z Z ra]m!‘f}

J1=m+1 jo=n+1

Therefore

whereC" is constant and3[m, p, ¢, x] is Euler’s integral of the first kind. By usin.2), we
get

0 0 —aja
g (p+e) (pFe)
E E |aJ1]2 | < § J1 E J2
Jj1=m+1 jo=n+1 Ji=m+1 Jo=n+1
—q(n+1)

SO(1)<m+1) (P+6) (n—|—1) (rFe) .
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Using above inequality if2.10]), we get
Emn(f,B(p,q,5)) < C' Blm,p,q,8]Bn, p,q, k](m + 1) /0t (n 4 1)~ (/e
In [(m + 1)m+1 (n + 1)n+1]

—In By, (f,B(p, ¢ k) + In{Blm,p,q, k]} + In{B[n,p,q, k]}
Now proceeding to limits, we obtain

=>pt+e>

_ In (m™n"™)
(2.11) > lim sup .
p m,n—oo hl Em,n(f7 B(p7 q, K’))

Let0 < p < g < 2,andx,q > 1. Since

p q

wherep; = p,q1 = 2 andk; = k, and the conditior(2.1]) is already proved for the space
B(p, 2, k), we get

11
1 1\ |* =
Em,n(f; B(pl, a1, Iil)) S 21/q71/q1 |:I<L <— - _>:| Em,n(f7 B(p7 q, H))a

, In (m™n™) _ In (m™n™)
2.12 lim sup > lim sup =p.
G2 S B (P Bag.r) o B (£ B 2.0)

Now let0 < p < 2 < ¢. Since
MQ(f, 7”1,7’2) < Mq(f, 7’1,7”2), 0< r1, 79 < 1,

therefore

1
K

(2.13) Enn(f,B(p,q,K)) > {/1 /1 {(T=r)(1 - rz)}n(l/p—l/q)—lerldrg}
0 0
> |amyint1| Blm, p, ¢, K| Bln, p, ¢, K],
whereQ = inf [MJ(f — p;r1,72) : p € P]. Hence we have
In (m™n™) - In (m™n™)
— W Epn(f.B(p,g, k) — —Infamiinir| + m{B[m, p,q. k]} + n{B[n,p,q, K]}
Now proceeding to limits, we obtain

_ In (m™n")
2.14 lim sup > p.
( ) m,n—oo IIl Em,n(f7 B(pa q, ’i)) p
From (2.11]) and([2.14)), we get the required result. O

Now we prove

Theorem 2.2.Let f(z1,22) = > amnzi" 25, then the entire functioffi(z, z0) € H, is of
finite orderp, if and only if

. In (m™n™)
2.1 =1 .
(215) P ey T (£, Hy)

Proof. Let f(z1,22) = > o amn21"25 € H, be an entire transcendental function. Sirfde
entire, we have

(2.16) Hm "/ [amn] = 0,

m,n— 00

andf € H,, therefore
Mq(f;’l“l,’f’g) < 0,
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andf(z1, ) € B(p,q,),0 < p < g < 003 ¢, % > 1. By (LT) we obtain

(2.17) Enn(f,B(/2,4,0) < <qBman(f, Hy), 1< q <00,
whereg, is a constant independentf, » and f. In the case of spack..,
(2.18) Emn(f,B(p,00,00)) < Epn(fy Hy), 0<p < o0.
From (2.17), we have
_ In (m™n"™
(2-19) <) =lmeup ] ]émm( 7. )Hq)
> lim sup n (m™n")
min—oo — I Enyn(f, B(q/2,4,9))
> P, 1 <g <o,

and using estimatg2.18) we prove inequality2.19) for the case; = cc.
For the reverse inequality

(2.20) §(f) < p,

since

Em,TL(f? HQ) < O(l) Z Z ’ajIJQ(f>’7

Jji=m+1 ja=n+1

using(2.2)), we have
© © _d1 _ _J2
Enn(fiHy) <O() > > 317"

Ji=m+1 ja=n+1

0 i ©© _J2
<OM) Y h Y 0
j1:m+1 j2:n+1
< 0(1)(m + 1)—(m+1)/p+e(n + 1)—(n+1)/p+e‘

In [(m + 1)m+D (n 4 1)(+1)]
—In[Enn(f, Hy)l
Now proceeding to limits and sinceis arbitrary, then we will gef2.20). From (2.19) and

(2.20) we will obtain the required result.
Now we prove sufficiency. Assume that the condit{@nL5)) is satisfied. Then it follows that

10 [1/ By (£, Hy)Y O — 00 @sm, n — oc.

This yields
lim Y/ E,.(f, Hy) = 0.

This relation and the estimate,,1,+1(f)| < En.(f, H,) yield the relation(2.16). This
means thaf (2, 22) € H, is an entire transcendental function. O

= ptez

Now we prove

Theorem 2.3.Let f(z1,22) = > 0 _ amn2"2%, then the entire functiofi(z1, z2) € B(p, ¢, k)

m,n=0

of finite orderp, is of typer if and only if

1
(2.21) T = e—limsup {m™n"Ef, , (f,B(p,q, /{‘,))}%—&-ﬂ

m,n— 00
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Proof. We prove the above result in two steps.

First we consider the spad®(p, ¢, k), ¢ = 2,0 < p < 2andk > 1. Let f(z) € B(p,q, k)
be of orderp. From Theorerh 1|2, for any> 0, there exists a natural numbey = ny(e) such
that

m+n

(2.22) || < 0™/ P” "/p[ep(7+e)] b
We denote the partial sum of the Taylor series of a funcfipn, z3) by

J1 . J2
mn f 2177«'2 E E Aj152R1 22 s

Jj1=0 j2=0
we write

(2.23) Enn(f,B(p,2,x))
= ”f - Tm,n(f)HPQ,H

%
= / / { 1—7“1 1—7“) n(l/p 1/2)— (ZZ 271 j2|aj1j2|2) drydrs 7

J1 J2

==

where

o0 o0
271,.272 2 _ 271,272 2
E E ity ag, 4,17 = S+ Sy + E E ity ag g, |7

Ji o J2 Jji=m+1 jo=n+1
m [ee) (o) n
_ E § 2j1,.252 2 _ 271,252 2
Sl - LS |aj1j2| and SQ - T T |aj1j2| .
j1=0 jo=n+1 Ji=m+1 j2=0

SinceS;, S, are bounded, and, r, < 1 therefore the above expressi(h23) becomes

(224) Em,n(faB(p727 K’)) S DB[TI%p,Q,/i] n p’2 K { Z Z |a]1]2|2}

J1=m+1 jo=n+1
whereD is a constant andB(a, b) (a,b > 0) denotes the beta function. By usilfg22), we

have
Z Z a5 ]" < Z Z 31 o '2 - eﬂ(TJre)]w

J1=m+1 jo=n-+1 J1= m+132 n+1
_ 201
P : P+6 2J2
E i lep(r+ o] E Ja epT+€)]P
Jji=m+1 jo=n-+1

2(m+4n+2)

< O(1)(m + 1)/ (4 1) =20V P [ep(r 4 )]
Using the above inequality if2.24), we get
Ef, (., B(p.2, %)) < D*B’[m, p, 2, 5] B[, p, 2, 6]Y [ep(r + )] 42,
whereY = (m + 1)~ (n 4 1)-(+D),
Now proceeding to limits and sineds arbitrary, we have

1
(2.25) — limsup {m™n"Ef, .(f,B(p,2, H))}ﬁﬁ-n <T.

€0 mmn—oo

For the reverse inequality, since from the right hand sid@ fl),
|am+1n+1|B[map7 27 /{]B[n>pa 2a /i] S Em,n(fa B(p7 27 K))
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we have

mm/(m+n) n/(m+n) ‘a +1n+1’p/ +n)B(m+n) [m D, 2, K]B(m+n [n D, 2, :‘i]

< { mnmmnn}l/(m—l—n)‘
Now proceeding to limits, we obtain

1
(2.26) 7 < —limsup {m™n"E5, ,(f, B(p,2, )} 7.
6 b

m,n—00

From ([2.25)) and(2.26)), we get the required result.
In the second step, for the general cBge, ¢, x), ¢ # 2, we have

(2.27) Enn(f,B(p,q x))
< ”f - Tm,ﬂ(f)HP,q,H

= (1—r)(1—ry w(1/p=1/a)- ryd2 a0 drdry y
J1J2

Jj1 J2

Q[x
|-

where

SN rrag )t =S+ Sa+ Z Z Vsl

J1 o Je Jji=m+1 ja=n+1

m o0 o0 n
_ 271,272 2 _ 271,.272 2
Sy = E E ity ag, |7 and Sy = E E Tty ag, g, |7

71=0 jo=n+1 J1i=m+1 jo=0
SinceS;, S, are bounded, therefore the above expres§idlv]) becomes

1

Enn(f,B(p,q,r)) <G {/0 {(1 - T)“(l/”_l/q)_l}T(S“)“dr} { > > Iajmlq}

J1=m+1 jo=n+1

where

{/ { k(1/p—1/q)— 1}7, (s+1) Hd’f’}
1
0
1
« {/ {(1 _ r2)}H(l/p—l/q)—lrén+l)ndr2} '
0

Sincery, ry < 1, therefore we have

(228) Em,n(f7B(p7Q7 ’i)) SGB[m7p7Q7 ] n p7q7 { Z Z |a]1]2| }

J1=m+1 jo=n-+1
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whereG is constant and3[m, p, ¢, k] is Euler’s integral of the first kind. Usinp.22)), we get

00 00 00
q qi)l _—qp a(i1+i2)
E E , ’ajlj2‘ < E E .71 J2 ep(T—l—E)] ’
ji=m+1 jo=n+1 j1—m+1 Je=n+1
_ a1 71 qj2 aj2
E g " lep(m+ )] E Js " lep(T + €)) v
Jji=m+1 jo=n+1

g(m+n+2)

< O(1)(m + 1)~ 90/ P (p 4 1)~ 1D/ [ep(r 4 €))7
Using the above inequality if2.28), we get
ErﬁL,n(f? B(p> q, fi)) S Gpo[m,p, q, H]Bp[n,p7 q, H]Y[@p(’?’ + 6)](m+n+2)’

whereY = (m+1)~(m*)(n +1)~("*) Now proceeding to limits, sinceis arbitrary, we have

1 1
(2.29) — limsup {m™n"E? (f,B(p,q,K))}mn <.

€0 mmn—oco

Let0 < p < g < 2,andx,q > 1. Since

Em,n(f7 B(p1> qi1, ’%1)) S 21/q71/q1 [/’i<1/p - 1/Q)]1/K71/H1Em,n(f7 B(p7 q, "i))u
wherep; = p, ¢ = 2 andk; = «, and the conditior{2.21)) has already been proved for the
spaceB(p, 2, k), we get

lim sup {mmnnEﬁ%n(f’ B(pv q, ’{))}#Jrn

m,n— o0

> limsup {m™n"E, . (f,B(p,2, /g))}ﬁ =T

m,n—00

Now let0 < p < 2 < ¢. Since, in this case we have

M2<f7r177n2) SMq(LﬁrlarZ)a 0<7’1,7“2<1,

therefore
(2.30) limsup {m™n"E¥, .(f,B(p,q, R))}#ﬂ > lim sup {mmn”]amn|p}m1+n
o —oor
From (2.29)) and(2.30)), we get the required result. O

Lastly we prove
Theorem 2.4.Let f(z1,22) = Y. —o @amn?i" 23, then the entire functioffi(z,, z,) € H, having
finite orderp is of typer if and only if
1 1
(2.31) 7= —limsup {m™n"Ef,  (f, Hy)} ™.

€Pp mmn—oco

Proof. Sincef(z1,22) =Y . _o amnzi"25 is an entire transcendental function, we have

(2.32) lim  "%/|amn| = 0.

m,n— o0
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Thereforef(z1, 20) € B(p,¢, k), 0 < p < ¢ < o0; ¢, k > 1. We have

(2.33) £(f) = — limsup {m™n" B2, (f, H,)} 7

€0 m,n—oo

1
> — lim sup {mmn"Eﬁw (f,B (%qjq))}ﬁ =7

€0 mn—oo

for 1 < ¢ < co. Using the estimaté2.18)) we prove inequality(2.33)) in the case; = oo. For
the reverse inequality

(2.34) §(f) <,

we have

Em,n(fqu)g Z Z ‘ajle(f)"

jl =m-+1 j2:n+1

Using (2:22)), we get
B, o (f Hy) < O(L)(m 4 1)~ (0 + 1)~ ep(r + )]+

1
= 7te> —{(m+ 1) (04 ) E L (fH,) YT
ep ,
Now proceeding to limits, sinceis arbitrary, we get

1
(2.35) 7> —limsup {m™n"E?,  (f, H,)} 7.
€0 m,n—oo ’
From ([2.33)) and([2.35)), we obtain the required result.
Now we prove sufficiency. Assume that the condit{@rs1]) is satisfied. Then it follows that
{2, (f, H)}/ " — 0 asm,n — oco. This yields

lim "/ E,.(f, Hy) =0.

This relation and the estimate,,;1,+1(f)| < E..(f, H,) yield the inequality(2.32). This
implies thatf(z1, z2) € H, is an entire transcendental function. O
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