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Abstract

In the present paper, we study the polynomial approximation of entire functions
of two complex variables in Banach spaces. The characterizations of order and
type of entire functions of two complex variables have been obtained in terms
of the approximation errors.
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Let f(21,22) = > am,m,21 25 be a function of the complex variablesand
z9, regular for| z, | <ry, t = 1,2. If r; andr, can be taken arbitrarily large,
then f(z1, z9) represents an entire function of the complex variablesnd z,.
Following Bose and Sharma][ we define the maximum modulus ¢tz;, z3)
as

M(ry,7m) = max |f(z1,292)], t=1,2.

|z¢| <ri

The orderp of the entire functiory (2, z2) is defined as’, p. 219]:

loglog M (ry,7m2)

lim su
r1,r2—>£ 10g(7“17“2)

For0 < p < oo, the typer of an entire functionf(z;, z2) is defined as,
p. 223]:
. 10g M(T’l, '1"2)
limsup——F———5—= =7
r1,72—00 7”1 + 7“2
Bose and Sharmal], obtained the following characterizations for order and
type of entire functions of two complex variables.

Theorem 1.1. The entire functionf(z1,22) = Y% | o Gmym, 21" 25" iS Of
finite order if and only if

log(m/"'m5™)

@ = limsup —
mi1,ma—so0 108 (|@mym,| ~')

is finite and then the order of f(z1, 25) is equal tou.
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Define

a = limsup (m”mﬂ)/m;”lQOQ |Gmyms |-

mi,ma—00

We have

Theorem 1.2.1f 0 < a < oo, the functionf (z;, z,) = >.°° 12y

m17m2:0 am1m2 Zl 22

is an entire function of ordep and typer if and only ifa = epr.

Let H,,q > 0 denote the space of functiorf§z;, z2) analytic in the unit
bi-discU = {z1,22 € C : |z1] < 1,|22| < 1} such that

[ fllez, =

lim M, (f;71,72) < 00,
r1,r2—1—0

where

1
1 [ . . q
My(f;r1,m2) = {R/ / ‘f(rlem,rze”?)’ th1dt2} )

and IetH;, g > 0 denote the space of functiorf§z,, z2) analytic inU and
satisfying the condition

1 ‘
||f||H/ = {_2/ / | f (21, 22)|qu1dy1dx2dy2} < 0.
¢ ™ |z1|<1 J|22|<1

1A llm, = [ f 1l = sup {1 (21, 22)] = 21, 22 € U}

H, andH(; are Banach spaces for> 1. In analogy with spaces of functions of
one variable, we callZ, andH; the Hardy and Bergman spaces respectively.

Set
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The functionf(z;, z2) analytic inU belongs to the spad8(p, ¢, ), where
0<p<qg<oo,andl <k < oo, if

1

K

1 1
||f|rp,q,5={ / / {(1—n)(l—m)}“”p—”@—lM;(ﬁmm)drldm} <,
0 0

0 < Kk < o0,

I fllp.gioo = sup {[(1 —r1)(1 — rg)}(l/pfl/Q)*qu(f, r1,79) 0 < 1,19 < 1} < 00.
Approximation of Entire

The spacd(p, q, <) is a Banach space for> 0 andq, < > 1, otherwise it is a Functions of Two Complex
Fréchet space. Further, we have variables in Banach Spaces
Ramesh Ganti and G.S.

(1.1) H,CH -B (g,q,q) L 1< g < oo S
Let X be a Banach space and g}, ,,(f, X) be the best approximation of Title Page
a functionf(z1, z2) € X by elements of the spade that consists of algebraic Contents
polynomials of degree& m + n in two complex variables: « N
(1.2) Ern(f, X) =t {||f — pllo;p € P} < >
To the best of our knowledge, characterizations for the order and type of en- Go Back
tire functions of two complex variables in Banach spaces have not been obtained Close
so far. In this paper, we have made an attempt to bridge this gap. -~
ul
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Notation: For reducing the length of expressions we use the following notations

in the main results.

1 1

B/~ D+ 16 =—=
{(n—i— )k + 7H<p 5

1 1
BYx D+ 16 =——=
{(m%— )k + ,n(p 5

1 1

BY*x {(n%—l)li—l—l;/@(———
p q

1
Bl/”“{(m+1)/€—|—1;m<———
p q

j

)
)
)

= Bln,p, 2, K]
= Blm, p, 2, K]

= Bn,p, q, K|

= Blm,p,q, K.
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Theorem 2.1.Let f(21,22) = .7 _o amn?i" 25, then the entire functioffi(z1, zo)
€ B(p, ¢, k) is of finite orderp, if and only if

In (m™n™)
(2.2) p = limsup :
m,n—oo ln Em,n(f: B(p7 q, /i))
Proof. We prove the above result in two steps. First we consider the space
B(p,q,k),q=2,0<p< 2andx > 1. Let f(z1, 20) € B(p, ¢, k) be of order Approximation of Entire

p. From Theoreni.1, for anye > 0, there exists a natural numbey = no(¢) Functions of Two Complex
such that Variables in Banach Spaces

—_ _ Ramesh Ganti and G.S.
(2.2) |amn| <m m/ptep—n/pte m,n > nyg. Srivastava

We denote the partial sum of the Taylor series of a funcfipn, z;) by

Title Page
Tonn(f, 21, 22) Z Z a]mz{lzf. Contents
Jj1=0j2=0
44 42
We write p >
(2.3) Em,n(f7 B(p, 2, ’f)) = Hf Tm n Hp,?ﬁ Go Back
{/ / {(1 = r1)(1 = rp) /=12 Close
. 1 Quit
5 K
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J1 J2
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where

o oo
271,252 2 _ 271,252 2
§ E T ‘aj1jz| =51+ 5+ § § LS ‘aj1j2| )

Jj1 o J2 Jji=m+1 jo=n+1

m [e.e] o0 n
_ 271,.272 2 _ 271,.272 2
= E E rtry?lag,,|” and Sy = E E 7y ag, g, |

j1=0 jo=n+1 Jji=m+1 j2=0

SinceS;, S, are bounded ang,, 7, < 1, therefore the above expressi@n3)
becomes

Em,n(f; B(p7 27 KV))

cof 10
where
{ / {(1 = p)sU/p=1/D=13 (s4D) ndr}
e —
x { / 1 {(1- r2)}"(1/”_1/2)_1r§”+1)”dr2} .
0

[NIES

oo [o.¢]
Z Z |aj1j2|2 )

Jji=m+1 ja=n+1

k(1/p—1/2) 1}7’(5+1 ndr}
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Therefore

(24) Em,n(f>B(p727’Li))
< CB[m,p,2,k|B[n,p, 2,k { Z Z |a1u2’ }
Jji=m+1 ja=n+1

where('is a constant ané(a, b) (a,b > 0) denotes the beta function.
By using(2.2), we have

[e.9]

© © © 2j1 2jy
2 2 pte ;o pte
E : E , |aj1j2| < § E Ji e

ji=m—+1 jo=n+1 Jji=m+1 jo=n+1

2j1 *© _2j9
- pte -~ pte
E J1 E J2
J1=m+1 Jo=n+1

< O(1)(m + 1)~ 2mtD/ere( 4 1) 200D pe
Using the above inequality if2.4), we have

Enn(f,B(p,2,K))
< CB[m,p,2,k]B[n,p,2, k](m + 1) mD/ete(n 4 1)~ (D oke,
In [(m + 1)+ (n 4 1)(n+1)
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Now
1 1)} _T((n+ 15+ 1T (/{ (% . %))

B{(n—i-l)fi-i—l;/i(;_Q F((ﬂ—i—%—l—%)ﬁ—i—l)
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Hence

B w1 (5 - 3]

p 2
e—[(n—i—l)ﬁ—l—l][(n + 1)/@ + 1](n+1)n+3/2F <I% _ %>
o @[(n+1/2+1/p)f<+1][(TH_%_F%),Q + 1] (17241 /p)+3/2
Thus
1 1\])@m
(2.5) Bl(n+1Dr+1;k S =0
p

Now proceeding to limits, we obtain

. In (m™n"™)
2.6 > lim sup .
(26) P S T (B (7. B, 2, 7))}

For the reverse inequality, since from the right hand side of the inequality,

we have
2.7)  lamsin+1|Blm, p,2,6]B[n, p, 2, k] < Eny(f, B(p, 2, K)),
we have
In (m™n™)
—InE,,.(f,B(p,2,K))

In (m™n")

> .
~ —In |am+1n+1| + ln{B[m,p7 2, ’i]} +In {B[n7p7 2, ’i]}
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Now proceeding to limits, we obtain

(2.8) lim sup In (m"n")

> p.
m,n—0o0 _lnEm,n(faB(p727’£)) N p

From(2.6) and(2.8), we get the required result.
In the second step, for the general cBse, ¢, ), ¢ # 2, we have

(29) Em,n(faB(p7 q7 K’)) < ||f Tmn ||pQ»

Approximation of Entire

Functions of Two Complex
1 1
{/ / { 1-— 7"1 1 — 7’2)} w(1/p=1/0)= Variables in Banach Spaces
. 1 Ramesh Ganti and G.S.
q r Srivastava
qj1,.972
x Z Z LS ‘a/jle ’q drydrs )
a2 Title Page
where Contents
271,.25 2 - - 2j1,.27 2 « dd
1 2 _ 1 2
E , E Ty ‘aj1j2| *Sl—i_‘s?—i_ E E T ‘ajljZ‘ ) < >
Jji o Je Jji=m+1 ja=n+1
m 00 o n Go Back
_ 271,252 2 _ 21,2521, |2
=Y ) rRlag? and Sy= )Y rPrRag, Close
71=0 jo=n+1 Jj1=m+1 j2=0 Qu|t

Since Sy, S, are bounded angd, v, < 1, therefore the above expressith9) Page 11 of 26
age 11 o
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becomes

Epn(f,B(p,q,K))

where

{[ o

Therefore

<o {[0-

n(l/p 1/q) 1}7" (s+1) ndr}{

k(1/p—1/q)— l}?,, (s+1) Hd’l"}

1
0

[e.e] (o)
Z Z ’ajljz‘q

Ji=m+1 ja=n+1

1

}q

1
" {/ (- Tz)}n(l/pl/q)1r§n+1)ndr2} .
0

(2.10) Enn(f,B(p,q,k))

where(C’ is constant and3[m, p, ¢, x] is Euler’s integral of the first kind. By

< C'B[m,p,q,%|B[n,p, q, k {

>

J1=m+1 jo=n+1

:

Y
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using(2.2), we get

(o] o0
S laplt<

_QJQ

Z j(p+6) Z j(p+€)

Ji=m+1 je=n+1 Ji=m+1 J2=n+1
—q(m+1) —q(n+1)
<O()(m+1)" Gt (n+1) G .

Using above inequality i2.10), we get

Enn(f, B, g, K))
< C’/B[m,p, q, K| B[n, p, q, ] (m + 1)~ mFD/pre(p 4 )=+ D/ /pbe,
In[(m + 1) (n + 1)1
—InEpnu(f, B(p, g, k) + n{B[m, p,q, £} + In{B[n,p, ¢, x|}

Now proceeding to limits, we obtain

= pte >

In (m™n™)
—In E,n(f,B(p,q, K))

Let0 < p < ¢ < 2,andk,q > 1. Since

(2.11)

p > limsup

m,n—00

11
1 1\]* =
Em,n(faB(pla(ha /11)) S 21/q71/q1 |::‘€ (— - _):| Em,n<f7B(p7q7 H))a

p g

wherep; = p, ¢ = 2 andk; = «, and the conditiori2.1) is already proved for
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the spac@(p, 2, ), we get

_ In (m™n™)
(2.12) limsup
mn—oo lIl Em,n(f: B(pv q, KJ))

> lims In (m™n") =
= o T Bpn(£ B, 2,8)

Now let0 < p < 2 < ¢. Since

M2(fa 1, 7"2) < Mq(f; 1, T2)a 0<r,rm <1, Approximation of Entire
Functions of Two Complex
therefore Variables in Banach Spaces
(2_13) Em,n(f7 B(p, q, fi)) RamesgrS:;t;\?;d G.S.
1
1 1 s
> 1— 1— ~(/p=1D=10dr. d
B {/0 /0 H ) ra)} Qdrdr, Title Page
> |amy1ns1|Blm, p, q, k] B[n, p, q, K], Contents
whereQ = inf [M5(f — p;r1,72) : p € P]. Hence we have PP SY
In (m™n™) < 4
—In Em,n(fa B(p, q, K)) Go Back
S In (m™n™) o
. ose
~ —In ’am+1n+1‘ + In {B[m,p, q, H]} + In {B[napa q, 'Li]}
Quit

Now proceeding to limits, we obtain

_ In (m™n'™)
(2.14) lim sup > p.
m,n—oo 111 Em,n(f7 B(p7 q, K’)) g
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From(2.11) and(2.14), we get the required result. O
Now we prove

Theorem 2.2. Let

[e.9]

f(Zla 22) = Z angng»

m,n=0

then the entire functiorfi(zy, z2) € H, is of finite orderp, if and only if

. In (m™n™)
2.1 =1 '
(2.15) P ,ﬂi&f —InE,,.(f,H,)

Proof. Let f(z1,22) = > .0 _oamn?"2y € H, be an entire transcendental

m,n=

function. Sincef is entire, we have

(2.16) lim ™Y/ |amn| = 0,

m,n—00

andf € H,, therefore
M,y(f;r1,7m2) < 00,

andf(z1, %) € B(p,q,k),0 <p < q < o0;q,k> 1. By (1.1) we obtain
(217) Em,n(fa B(Q/Q’ Q7 q)) S ngm,n(fv Hq)a 1 S q < OO7
whereg, is a constant independent«f, » and f. In the case of spacH..,,

(2.18) Epn(f.B(p,00,00)) < Epn(f, Hx), 0<p<oo.
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From(2.17), we have

In (m™n™)
2.19 =1li
. In (m™n")
> lim sup
m,n—oo ln Em,n(fa B(Q/Zv q, Q))
> P, 1 < g < oo,
and using estimate.18) we prove inequality2.19) for the case = oc. Fu’*ﬁg:gﬁgﬂ(;tmoogimﬁe y
For the reverse inequality Variables in Banach Spaces
R h Ganti and G.S.
(2.20) §(f) < p, T Sasta
since
Title Page
Enmn(f, Hy) Z Z |aju, (f
Rt R — Contents
using(2.2), we have <4< >
< >

m”(f H Z Z jl p+€ He Go Back

J1=m+1 jo=n+1
Close

o _ 1 o _J2
I Qi
Jji=m+1 Jo=n+1
< O(1)(m + 1)—(m+1)/p+6(n + 1)—(n+1)/p+e_
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In [(m + 1)+ (n + 1)(*+1)]
—In[Eyn(f, Hy)]
Now proceeding to limits and sineds arbitrary, then we will get2.20). From
(2.19) and(2.20) we will obtain the required result.
Now we prove sufficiency. Assume that the conditianl5) is satisfied.
Then it follows thatin [1/E,, ,,(f, H,)]" ™™ — oo asm,n — oc.

This yields
lim "/ E,.(f, H,) = 0.

This relation and the estimate,,,+1,.1(f)| < E...(f, H,) yield the relation
(2.16). This means thaf(z,, z2) € H, is an entire transcendental functiori.]

=>p+e>

Now we prove

Theorem 2.3.Let f(z1, 20) = sz,n:o amn 2] 2y, then the entire functiofi( zy, 2o)

€ B(p, q, k) of finite orderp, is of typer if and only if

1 1
7 = — limsup {mmnnEﬁL,n(f’ B(p, q, ’f))}m

€P mmn—oo

(2.21)

Proof. We prove the above result in two steps.

First we consider the spad®(p,q,x), ¢ = 2,0 < p < 2andx > 1. Let
f(z) € B(p, ¢, k) be of orderp. From Theoreni..2, for anye > 0, there exists
a natural numben, = ny(¢) such that

m+tn

|G| < M7 PR Plep(T €))L

(2.22)

Approximation of Entire
Functions of Two Complex
Variables in Banach Spaces

Ramesh Ganti and G.S.
Srivastava

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 17 of 26

J. Ineq. Pure and Appl. Math. 7(2) Art. 51, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:girssfma@iitr.ernet.in
mailto:girssfma@iitr.ernet.in
http://jipam.vu.edu.au/

We denote the partial sum of the Taylor series of a funcfipn, z;) by
Tm,n(fa 21, 22) = Z Z ajl]2Z{1Z§27
Jj1=0j2=0

we write

(2.23) Enn(f,B(0,2,8) = |f = Ton(f)llp2.s

Approximation of Entire
{/ / { 1 — 7“1 1 —Tr )} w(1/p=1/2)= Functions of Two Complex

Variables in Banach Spaces

1
3 ~ Ramesh Ganti and G.S.
271,27 2 Srivastava
Z Z Tl]lr2j2 ’aj1j2| dridrs )
J1 J2
Title Page
where
Contents
[e.9] oo
241,272 2 _ 241,272 2
erl ry"laj )" = S+ S + Z Z " ag « dd
J1 J2 ji=m+1 ja=n+1 < >
m oo oo n
. o Go Back
_ 2j1,.27 2 _ 2j1,.2] 2
St=> Y e’ and Sy= > > rriag, )
j1=0 jo=n+1 j1=m+1 jo=0 Close
SinceS;, S; are bounded, and , r, < 1 therefore the above expressi@h23) Quit
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becomes

(2.24) Enn(f,B(p.2,rK))

S DB[m7p727/€] n p727"<"‘ { Z Z |a]1]2’2}

J1=m+1 jo=n+1

where D is a constant and(a,b) (a,b > 0) denotes the beta function. By
using(2.22), we have

Approximation of Entire
Functions of Two Complex

o oo
§ E |aj1j2 |2 Variables in Banach Spaces

ji=m+1 jo=n+1 Ramesh Ganti and G.S.

- .~ 2(j1+d2) Srivastava
<Y i Fentr+ )™
ji=m—+1 jo=n+1 -
2j; .y Title Page
e 71 . . 252
Z g " lep(r + €))7 Z J2 it 60(7+€)] g Contents
- - <44 44
(m+n+2)
< O(1)(m + 1)"2 /e (4 1) =200 e[ (7 + 6)]2 T : :
Using the above inequality if2.24), we get
Go Back
B8, (£, B(p,2,%)) < D BYm, p,2, 5B, p, 2, K]Y [ep(r + )"+, cl
’ ose
whereY = (m + 1)~(m+D(p 4 1)~ (41, out

Now proceeding to limits and sineds arbitrary, we have
Page 19 of 26
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For the reverse inequality, since from the right hand side aft),
‘am+1n+1’B[map7 27 H]B[napa 27 H] S Em,n(f7 B(pa 27 'Li))

we have

mm/(m+”)n”/(m+n) |am+1n+1 |P/(m+n)Bﬁ [mv b, 27 ’%]B(miin) [TL, b, 27 I{]

< {Egunmmnn}l/(m—i—n)‘

Now proceeding to limits, we obtain

1
(2.26) 7 < — limsup {mmn”E%’n(f,B(p,2,m))}ﬁ.

€0 mmn—oco

From(2.25) and(2.26), we get the required result.
In the second step, for the general cBge, ¢, <), ¢ # 2, we have

(227) Em,n(faB(p7Q7 "i)) < Hf Tmn ”PQ:

{//{1_T1 Y1 — )}/

L
q

==

q
< E E (1]1 (1]2’CLJ132|(1> dTldTQ ,

Jji J2

where

o0 oo
271,252 2 _ 271,252 2
§ § T |aj1j2| =51+ 5+ E § Ty To ‘aj1j2| )

Jj1 J2 Jji=m+1 ja=n+1

Approximation of Entire
Functions of Two Complex
Variables in Banach Spaces

Ramesh Ganti and G.S.
Srivastava

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 20 of 26

J. Ineq. Pure and Appl. Math. 7(2) Art. 51, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:girssfma@iitr.ernet.in
mailto:girssfma@iitr.ernet.in
http://jipam.vu.edu.au/

o0

m oo n
_ E E 231 J2 2 E E 271,.272 2
Sl — T |a]132‘ and SQ Tl T2 |a.71.72| :

J1=0 j2=n+1 J1=m+1 j2=0

SincesS;, S, are bounded, therefore the above expresgiaty) becomes

Ernn(f,B(p,q,k))
<G{/ { n(l/p 1/q)— 1}7~ (s+1) F"d?“}{ Z Z |aj1j2|q}
ji=m+1 jo=n+1
where

{/ { K(l/p 1/q)— 1}7“ S+1)ndT}
1
_ {/ (1 Tl)5(1/p_1/q)_1}rgm+1)ndrl}
0

1
" {/ (- TQ)}n(l/p—l/q)—lrén+1)ndr2} .
0

Sincer;, ry < 1, therefore we have

(2.28) Enn(f,B(p,q,k))

S GB[m7p7 q, K]Bn b,q, Kk { Z Z |ajlj2| }

Jji=m+1 jo=n+1
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whereG is constant and3[m, p, ¢, k] is Euler’s integral of the first kind. Using
(2.22), we get

oo o
S lagl

Ji=m+1 jz*n-&-l

— q(j1+32)
Z Z T P lep(r + )"

J1= m+1]2 n+1

a4 ajo. aia App_roximation of Entire
< 3 i Pl d® 3 5 et o) S
Ji=m+1 Joa=n+1
g(m+n Ramesh Ganti and G.S.
S O(l)(m + 1)_‘](m+1)/l7(n + 1)“1(n+1)/ﬂ[6p(7- + 6)] ( t? 2 . Srivastava
Using the above inequality if2.28), we get Title Page
Eﬁz,n(fa B<p7 q, "i)) S G”B”[m, b,q, K]Bp[nvpa q, H]Y[QP(T + 6)](m+n+2)7 Contents
whereY = (m + 1)~ (n + 1)~("+) Now proceeding to limits, sinceis K A
arbitrary, we have < >
1., 1 Go Back
(2.29) — limsup {m™n"E?, (f,B(p,q,k))} =t < 7.
€P mmn—o0 Close
Let0 < p < g < 2,andk,q > 1. Since Quit
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wherep; = p, ¢1 = 2 andk; = «, and the conditior{2.21) has already been
proved for the spacB(p, 2, <), we get

lim sup {mmnnEfn,n(f7 B(p7 q, ’i))}ﬁ

m,n— oo

> limsup {m™n"E, . (f,B(p,2, ,{))}ﬁ =T

m,n—00

Now let0 < p < 2 < ¢. Since, in this case we have

My(f,r1,1m2) < My(f,r1,7m2), 0<ry,ry <1,

therefore
(2.30) limsup{m"n"E}, , (f, B(p,q, K))}ﬁ
> lim sup {mmn"|amn|”}ﬁ
= 6,077'.
From(2.29) and(2.30), we get the required result. N

Lastly we prove

Theorem 2.4.Let f(21,22) = .7 —o amn?i" 25, then the entire functioffi(1, z2)
€ H, having finite orderp is of typer if and only if

1
(2.31) T = — limsup {m"n"E?, , (f, Hq)}m}%n.
e ?

m,n—00
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Proof. Sincef(z1,2) = >, _, amn27"24 is an entire transcendental function,
we have

(2.32) lim  "%/|amn| = 0.

m,n—00

Thereforef(z1, z2) € B(p, ¢, k),0 < p < ¢ < 00; ¢, k > 1. We have

(233)  &(f) =~ limsup {m™n"EL,  (f. Hy)} 7

€P mmn—oo Approximation of Entire
1 1 Functions of Two Complex
> — lim sup {mmnnEp <f7 < ,q, q)) } mtn = T Variables in Banach Spaces
€p m,n— 00
Ramesh Qanti and G.S.
for 1 < ¢ < co. Using the estimat€2.18) we prove inequality(2.33) in the Srivastava
caseg = oo. For the reverse inequality
Title Page
. <
(2.34) §hH=r Contents
we have P >

Emn(f, Hy) Z Z gy (f < | 2

Jji=m-+1 jo=n+1

. Go Back
Using(2.22), we get
Close
Ef, o (f,Hy) < O()(m+1)" " (n 4+ 1)7 0D ep(r 4 ¢)) 042 Quit
=T 4e> i{(m + 1) (4 1) ER (f) H, )} T Page 24 of 26
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Now proceeding to limits, sinceis arbitrary, we get

1
7> —limsup {m™n" B}, ,(f, Hy)} 7.

€0 mmn—oo

(2.35)

From(2.33) and(2.35), we obtain the required result.
Now we prove sufficiency. Assume that the conditian31) is satisfied.
Then it follows that{ E?, ,,(f, H,)}"/(™ ™™ — 0 asm,n — oo. This yields

lim "/ E,.(f, H,) = 0.

This relation and the estimale,, 1,,+1(f)| < En..(f, H,) yield the inequality

(2.32). This implies thatf (2, 20) € H, is an entire transcendental function.

]
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