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Abstract

In this paper, a new system of nonlinear set-valued variational inclusions in-
volving (H, n)-monotone mappings in Hilbert spaces is introduced and studied.
By using the resolvent operator method associated with ( H,7)-monotone map-
pings, an existence theorem of solutions for this kind of system of nonlinear
set-valued variational inclusion is established and a new iterative algorithm is
suggested and discussed. The results presented in this paper improve and
generalize some recent results in this field.
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Variational inclusions are an important generalization of classical variational
inequalities and thus, have wide applications to many fields including, for ex-
ample, mechanics, physics, optimization and control, nonlinear programming,
economics, and the engineering sciences. For these reasons, various variational
inclusions have been intensively studied in recent years. For details, we refer
the reader tol] — [21], [25] — [31] and the references therein.

Verma 4, 25] introduced and studied some systems of variational inequal- . Algorithm for A New
ities and developed some iterative algorithms for approximating the solutions  system of Nonlinear Set-Valued
of a system of variational inequalities in Hilbert spaces. Recently, Kim and Va(rflf'g;f"n'qgnnc(');‘;']‘;“m‘g;'r‘]’g;@’
Kim [21] introduced a new system of generalized nonlinear mixed variational
inequalities and obtained some existence and uniqueness results for solutions
of the system of generalized nonlinear mixed variational inequalities in Hilbert
spaces. Very recently, Fang, Huang and ThompSpmfroduced a system of Title Page
variational inclusions and developed a Mann iterative algorithm to approximate

Mao-Ming Jin

the unique solution of the system. Contents
On the other hand, monotonicity techniques were extended and applied in <44 44

recent years because of their importance in the theory of variational inequal- < >

ities, complementarity problems, and variational inclusions. In 2003, Huang

and Fang [6] introduced a class of generalized monotone mappings, maximal Go Back

n-monotone mappings, and defined an associated resolvent operator. Using re- Close

solvent operator methods, they developed some iterative algorithms to approxi- "

mate the solution of a class of general variational inclusions involving maximal
n-monotone operators. Huang and Fang’s method extended the resolvent oper- Page 3 of 23
ator method associated with arsubdifferential operator due to Ding and Luo
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[6]. In [7], Fang and Huang introduced another class of generalized monotone
operators,H-monotone operators, and defined an associated resolvent opera-
tor. They also established the Lipschitz continuity of the resolvent operator and
studied a class of variational inclusions in Hilbert spaces using the resolvent
operator associated witH-monotone operators. In a recent papdr Fang,
Huang and Thompson further introduced a new class of generalized monotone
operators( H, n)-monotone operators, which provide a unifying framework for
classes of maximal monotone operators, maximailonotone operators, and
H-monotone operators. They also studied a system of variational inclusions iterative Algorithm for A New
using the resolvent operator associated Wiihn,)-monotone operators. i O Mo IS S9L e et
ariational Inclusions Involving
Inspired and motivated by recent research works in this field, in this paper,  (#,7)-monotone Mappings
we shall introduce and study a new system of nonlinear set-valued variational

. . . . . . . ) Mao-Ming Jin
inclusions involving( H, n)-monotone mappings in Hilbert spaces. By using
the resolvent operator method associated \Wihn,)-monotone mappings, an _
existence theorem for solutions for this type of system of nonlinear set-valued Title Page
variational inclusion is established and a new iterative algorithm is suggested Contents
and discussed. The results presented in this paper improve and generalize some
recent results in this field. 14 dd
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Let X be a real Hilbert space endowed with a ngfm|| and an inner product
(-,-), respectively2* andC(X) denote the family of all the nonempty subsets
of X and the family of all closed subsets &f, respectively. Let us recall the
following definitions and some known results.

Definition 2.1. LetT, H : X — X be two single-valued mapping%. is said
to be:

Iterative Algorithm for A New
System of Nonlinear Set-Valued
Variational Inclusions Involving

(H,n)-monotone Mappings

() monotone, if

(Te —Ty,z —y) >0 forall x,y € X;

Mao-Ming Jin
(i) strictly monotone, if” is monotone and
Title Page
(T =Ty, —y)=0 Contents
if and only ifz = y; <« >
(i) r-strongly monotone, if there exists a constant 0 such that < >
(T(z) = T(y).x —y) > rlle —y|*  forall z,y € X; Go Back
Close
(iv) s-strongly monotone with respect 1@, if there exists a constant > 0 Quit
such that
Page 5 of 23

(T(z) — T(y), H(z) — H(y)) > S|z —y||*  forall z,y € X;
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(v) t-Lipschitz continuous, if there exists a constant 0 such that
1T(x) = T(y)|| < tlle—yl

Definition 2.2. A single-valued mapping: X x X — X is said to be:

forall =,y € X.

(i) monotone, if
(x —y,n(z,y)) >0  foral zyec X;
(i) strictly monotone, if

(x —y,n(z,y)) >0

and equality holds if and only if = y;

forall z,y € X

(i) J-srongly monotone, if there exists a constant 0 such that

(x—y,n(z,y)) >z —yl|> forall z,y € X;

(iv) T-Lipschitz continuous, if there exists a constant 0 such that

In(z,y)ll < 7lle—yl,  forall z,y e X

Definition 2.3. Letn : X x X — X andH : X — X be two single-valued
mappings. A set-valued mapping : X — 2% is said to be:
(i) monotone, if
(u—v,x—y) >0,

Ve,ye X, ue Mx,ve My;
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(i) n-monotone, if

(u—wv,n(z,y) >0  Vr,yeX,ue Mz,ve My;

(ii) strictly n-monotone, ifM is n-monotone and equality holds if and only if
xr =1,

(iv) r-stronglyn-monotone, if there exists a constant 0 such that

<u—v,n(x,y)>27“||x—y||2 vx7y€X7U€M$>U€M?J§

(v) maximal monotone, i/ is monotone and/ + \M)(X) = X, for all
A > 0, wherel denotes the identity mapping ofy

(vi) maximalp-monotone, if\/ is n-monotone and/ + AM )(X) = X, for all
A>0;

(vii) H-monotone, if\/ is monotone andH + A\M)(X) = X, for all A > 0;

(viii) (H,n)-monotone, if\ is n-monotone andH + AM)(X) = X, for all
A > 0.

Remark 1. Maximaln-monotone mapping$/-monotone mappings, and, n)-
monotone mappings were first introduced in Huang and Fari, [Fang and
Huang [/, 9], respectively. Obviously, the class @f,7)- monotone map-

pings provides a unifying framework for classes of maximal monotone map-

pings, maximakh-monotone mappings, arfd-monotone mappings. For details
about these mappings, we refer the readerGp, 9, 16] and the references
therein.
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Lemma 2.1 ([]). Letn: X x X — X be a single-valued mapping] : X —
X be a strictlyn-monotone mapping antl/ : X — 2% an (H,n)-monotone
mapping. Then the mappind + A\M)~! is single-valued.

By Lemma2.1, we can define the resolvent operaftﬁfﬁA as follows.

Definition 2.4 ([9]). Letn : X x X — X be a single-valued mappingd/ :
X — X a strictlyn-monotone mapping ant/ : X — 2% an(H,n)-monotone
mapping. The resolvent operat@,;’ : X — X is defined by

Iterative Algorithm for A New

Hn _ -1 System of Nonlinear Set-Valued
RM,)\(Z) - (H + )‘M) (z) forall > € Xa Variational Inclusions Involving

(H,n)-monotone Mappings
where)\ > 0 is a constant.

Mao-Ming Jin
Remark 2.
() WhenH = I, Definition 2.4 reduces to the definition of the resolvent Title Page
operator of a maximah-monotone mapping, seef). Contents
(i) Whenn(xz,y) = = — y for all z,y € X, Definition 2.4 reduces to the <« >
definition of the resolvent operator offd--monotone mapping, se€][ p >
(i) WhenH = [ andn(z,y) = = — yforall z,y € X, Definition2.4reduces Go Back
to the definition of the resolvent operator of a maximal monotone mapping,
see B1]. Close
Lemma 2.2 ([]). Letn : X x X — X be ar-Lipschtiz continuous mapping, Quit
H : X — X be an(r,n)-strongly monotone mapping and : X — 2% be Page 8 of 23
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an (H,n)-monotone mapping. Then the resolvent operaR@ﬁ X — Xis
T /r-Lipschitz continuous, that is,

HRH’" forall z,y € X.

)

H, T
- RiAW)|| < Zllz — ol

We define a Hausdorff pseudo-metfic: 2% x 2% —
by

(—o0, +00) U {+0o0}

D(-,-) = max {wp inf ||u—vl, sup 1nf ||u — v||}

uEA veB
for any givenA, B € 2¥. Note that if the domain oD is restricted to closed
bounded subsets, thénis the Hausdorff metric.

Definition 2.5. A set-valued mapping : X — 2% is said to beD-Lipschitz
continuous if there exists a constant- 0 such that

D(A(u), A(v)) < n||lu —v]|, forall u,v e X.
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In this section, we shall introduce a new system of set-valued variational inclu-

sions involving( H, n)-monotone mappings in Hilbert spaces. In what follows,
unless other specified, we shall suppose tkatand X, are two real Hilbert
spacesK; C X; andK, C X, are two nonempty, closed and convex sets. Let
F:XixXo—X,G: X1 xXg— Xo,H: X; — X5, - Xy x X; — X

(i = 1,2) be nonlinear mappings. Let: X; — 2%t andB : X, — 22 be set-
valued mappings)/; : X; — 2% be (H;, n;)-monotone mapping§ = 1,2).

The system of nonlinear set-valued variational inclusions is formulated as fol-
lows. Find(a,b) € X; x X, u € A(a) andv € B(b) such that

0 € F(a,v)+ M (a)
(3.1)
0 € G(u,b) + M(b)

Special Cases

Case 1.If My(z) = Op(z) and My = 0¢(y) for all x € X; andy € X,
wherep : X1 — RU{+oo} and¢ : Xo — RU {400} are two proper, convex
and lower semi-continuous functionatsy and 0¢ denote the subdifferential
operators ofp and ¢, respectively, then problen3.() reduces to the following
problem: find(a, b) € X; x Xs, u € A(a), andv € B(v) such that

(3.2) (F(a,v),z —a) +¢(z) —p(a) >0, Vre X,
. (G(u,b),y —a) + ¢p(y) — ¢(b) >0, Yy € Xs,

which is called a system of set-valued mixed variational inequalities. Some

special cases of probler3.¢) can be found in74].
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Case 2.1f A and B are both identity mappings, then problef3) reduces to
the following problem: finda, b) € X; x X, such that

(F(a,b),z —a)+ ¢(x) —p(a) >0, Ve X,
(3.3)

(G(a,b),y —a) +d(y) — () >0, Vye Xy,

which is called system of nonlinear variational inequalities considered by Cho,

Fang, Huang and Hwangs]. Some special cases of problet3) were studied
by Kim and Kim P1], and Verma P4].

Case 3.1f Mi(z) = 0ok, (z) and My(y) = 0ok, (y), for all z € K; and

y € Ko, whereK; C X; and K, C X, are two nonempty, closed, and con-
vex subsets, andly, and éx, denote the indicator functions df; and K,
respectively. Then probler.@) reduces to the following system of variational
inequalities: find(a, b) € K; x K, such that

(F(a,b),x —a) >0, Vxe Kj,
(3.4)

(G(a,b),y —a) >0, Vye K,
which is the problem inZ(] with both /" and G being single-valued.
Cased.lf X1 = Xo = X, K, = Ky = K, F(X,y) = pT(y) + z — y, and
G(z,y) =T (x) +y — z, forall z,y € X, whereT : K — X is a nonlinear
mapping,p > 0 and~ > 0 are two constants, then probler®.4{) reduces to the
following system of variational inequalities: firid, b)) € K x K such that

(pT'(b)+a—b,x —a) >0, VzeK,
(3.5)
(vT'(a) +b—a,x —b) >0, VzeK,
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which is the system of nonlinear variational inequalities considered by Verma

[25].

Case 5.1f A and B are both identity mappings, the problef 1) reduces to the
following problem:(a, b) € X; x X, such that

0 € F(a,b) + M(a)
(3.6)

0 € G(a,b) + My (b)

Iterative Algorithm for A New
: . far . : . System of Nonlinear Set-Valued
which is the system of variational inclusions considered by Fang, Huang and  \;:zional inclusions involving

Thompson E] (H, n)-monotone Mappings
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In this section, by using the resolvent operator method associated AMijtf)-
monotone mappings, a new iterative algorithm for solving probler) (s sug-
gested. The convergence of the iterative sequence generated by the algorithm is
proved.

Theorem 4.1. For given(a,b) € X; x Xy, u € A(a), v € B(b), (a,b,u,v) is
a solution of problem3.1) if and only if (a, b, u, v) satisfies the relation

_ pHim _ Iterative Algorithm for A New
a= RM1,P1 [Hl(a) plF(a’ v)]’ System of Nonlinear Set-Valued

(4.2) Variational Inclusions Involving
h— Rﬁg,ng [Hg(b) . ng(u b)] (H,n)-monotone Mappings
2,02 ’ )

i Mao-Ming Jin
wherep; > 0 are two constants for = 1, 2.
Proof. This directly follows from Definitior2.4. O S Ry—
The relation ¢.1) and Nadler”] allows us to suggest the following iterative e
algorithm.
Algorithm 1. 4 dd
< >
Step 1.Choos€ay, by) € X; x X, and choosey, € A(ag) andvy € B(by).
Go Back
Step 2.Let
I Close
i1 = (1= Na, + )\RMll’le [Hy(an) — p1F(an,v,)], _
(4.2) Quit
basr = (1= Nbn + ARLE™ [Hy(by) — p2G(un, by)], Page 13 of 23

where0) < A < 1 is a constant.
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Step 3.Chooseu,, 1 € A(a,+1) andv, 1 € B(b,1) such that

[tn1 = unll < (14 (1 + 1)) Di(A(ani), Alan)),
(4.3)
[vnt1 = vall < (L4 (14 n)"")Da(B(bp+1), B(ba)),

whereD;(-, -) is the Hausdorff pseudo-metric @rt: for i = 1, 2.

Step 4.1f a1, b,41, u,y 1 @andu, ; satisfy @.2) to sufficient accuracy, stop; oth-
erwise, set, := n + 1 and return to Step 2.

Theorem 4.2. Letn; : X; x X; — X, be 7;-Lipschitz continuous mappings,

H; : X; — X; (r;,n)-strongly monotone and;-Lipschitz continuous map-
pings, M; : X; — 2X be (H;,n;)-monotone mappings far= 1,2. Let A :
X, — C(X;) be Dy-v;-Lipschitz continuous an® : X, — C(X,) be D,-
~o-Lipschitz continuous. Let : X; x Xy — X; be a nonlinear mapping
such that for any givefu, b) € X; x X, F(-,b) is u;-strongly monotone with
respect tof; and a;-Lipschitz continuous and'(a, -) is (;-Lipschitz continu-

ous. LetG : X; x Xy, — X, be a nonlinear mapping such that for any given

(x,y) € X1 x Xy, G(z,-) is uz-strongly monotone with respect #d, and

as-Lipschitz continuous and(-, y) is (»-Lipschitz continuous. If there exist

constants; > 0 for i = 1, 2 such that

TiroN/ 0% — 2p1p + piod + Tor1Gomr < Tira,
(4.4)

ToT'1 \/522 — 2papio + p305 + TiToCiY2 < 11T,

then problem §.1) admits a solutiorn(a, b, v, v) and iterative sequencdgs., },
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{b.}, {u,} and {v,} converge strongly ta,b,u and v, respectively, where
{a,},{bn}, {u,} and{v,} are the sequences generated by Algorithm

Proof. It follows from (4.2) and Lemma&2.2 that
[ant1 — anl|

- H(1 — N + AR (Hy (a,) = pyF(an, v0))

- [(1 — N1 + AR (H (a,1) — prFan_1, vn,l))] H
Iterative Algorithm for A New

H Syst f Nonli Set-Valued
< (L= Nllan = ansl| + A || RIS (Hy (@) = 1 F(an, 00) b G

(H,n)-monotone Mappings

— BT (Hy (1) = p1F (@1, 0-0)) |

Mao-Ming Jin
< (1 =Nllan — an|
T
+ /\r_1||Hl(an) — Hi(an—1) — p1[F(an, vn) — F(an-1,v-1)l| Title Page
1
< (1 _ )\)Han _ an—lH Contents
-
)‘T_l(HHl(an) — Hi(an-1) = p1[F(an, V) — Fan_1,v,)]|| « dd
1
4 4
(4.5) + [[F(an-1,v) = F(an—1,vn-1)|)-
Similarly, we can prove that Go Back
Close
(4-6) ”bn—i—l - bn” < (1 - /\)“bn - bn—IH .
Quit

T2
/\T—2(||H2(bn) — Hy(bn—1) = pa[G(un, bn) — G (un, bna )| Page 15 of 23

+ |G (tn, bp—1) — G(tUn—1,bn-1)]])-
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Since H; are 3;-Lipschitz continuous foi = 1,2, F'(-,b) is p;-strongly mono-
tone with respect td4; and a;-Lipschitz continuousG(z, -) is uo-strongly
monotone with respect tl, andas-Lipschitz continuous, we obtain

| Hi(an) — Hi(an-1) — p1[F(an, vn) —
= ||Hy(an) — Hi(an)|
—2p1(F(an,vy) — F(an—1,vn), Hi(an) — Hi(an-1))
+ p?HF(anvvn) - F(a’n—lavn)”2
(4.7) < (5% —2p111 + pf@f)llan - CLn—1||2

F(an—lvvn)m?

and

[ H2(bn) — Ho(bp—1) — p2[G(tn, bp) — G (up, bn—l)]Hz
= | Ha(bn) — Ha(bp-1)|”
— 202(G(Up, bp) — G(Up, by_1), Ha(by) — Ha(br—1))
+ p3l|G (tn, by) = G, b)) ||
(4.8) < (B3 — 2popa + p303)]|bn — bl

Further, from the assumptions, we have

(4.9) | F(@n-1,vn) = Flan-1,vp-1)| < Cllvn — vnil|
< Ge(L+n7Y|by — bual),
(4.10) (|G (un,bp1) = G(tn-1,bp-1)|| < Clun — up—1|

S C271(1 + n_l)“an - an—l“-
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It follows from (4.5) — (4.10 that
( ans1 — al
< (1 — A+ AZBE = 2010 + p%@%) lan — an1]]

AL+ 1)l = b

(4.11)
1641 = ba|
< (1 — A+ /\;—; \/ﬁ% — 2p2p0 + P%CY%) ||bn - bn—1” Iterative Algorithm for A New
System of Nonlinear Set-Valued
{ +A2 07 (1 + n_l) |an — an—1]]. Variational Inclusions Involving
T2 (H,n)-monotone Mappings
Now (4.11) implies that Mao-Ming Jin
|@ns1 = anll + |bps1 — bal| .
7_1 Title Page
< (1 - A+ )\T_1 \/512 — 2p1 + piod Contents
T _
PAZGn(1407) lay = g « | »
2 < 4
-
+ (1 — A+ AT—Z\/@? — 2papis + p303 Go Back
2
. . Close
AT G (14 7)) ]

(8] Quit

(4.12) < (1= A+ M) (lan — an1ll + [|bn — ba1l]),
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where

T T
0, = max {r—l\/ﬁ% —2p1n + piad + 726271(1 +n7h),
1 2

T T _
f\/ﬂ% — 2papis + p303 + T—1C172(1 +n 1)} .
2 1

Letting

T T
f = max {—1\/5% —2p1p + plad + —2C271 ;
T T

T T
—2\/53 — 2papiz + pho3 + —16172} ,
T2 !

we have tha#,, — 6 asn — oo. It follows from condition ¢.4) that0 < 6 < 1.

Therefore, by4.12 and0 < A < 1, {a, } and{b, } are both Cauchy sequences

and so there exist € X; andb € X, such thati,, — a andb,, — b asn — oo.
Now we prove that,, — u € A(u) andv,, — v € B(b) asn — oo. In fact,

it follows from (4.9) and @.10 that{u, } and{v, } are also Cauchy sequences.

Therefore, there exist € X; andv € X, such that,, — v andv, — v as

n — oo. Further,

d(u, A(u)) = inf{|ju —t|| : t € A(a)}
< Ju = unl| + d(un, Aa))
< lu = unl| + D1(A(an), Aa))
< |lu = un|l + Gllan — al| — 0.
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Hence, sinced(a) is closed, we have € A(a). Similarly, we can prove that
v € B(b).
By continuity,a, b, v andv satisfy the following relation

a = Ry [Hi(a) — pF(a,v)],

b= RM™ [, (b) — poG(u, b)].

Ma,p2

By Theorem4.1, we know that(a, b, u, v) is a solution of problem3.1). This
completes the proof. O
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