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Abstract

In this paper the spatial behaviour of the steady-state solutions for an equation
of Kirchhoff type describing the motion of thin plates is investigated. Growth and
decay estimates are established associating some appropriate cross-sectional
line and area integral measures with the amplitude of the harmonic vibrations,
provided the excited frequency is lower than a certain critical value. The method
of proof is based on a second-order differential inequality leading to an alterna-

Spatial Behaviour for the

tive of Phragmen-Lindeldf type in terms of an area measure of the amplitude Harmonic Vibrations in Plates
in question. The critical frequency is individuated by using some Wirtinger and of Kirchhoff Type
Knowles mequa“t'es' Ciro D’'Apice and Stan Chirita
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The biharmonic equation has essential applications in the static Kirchhoff the-
ory of thin elastic plates. Many studies and various methods have been proposed
for researching the spatial behaviour for the solutions of the biharmonic equa-
tion in a semi—infinite strip iR%2. We mention here the studies by Knowles
[11, 17], Flavin [4], Flavin and Knops 4], Horgan [5] and Payne and Schaefer
[16]. Additional references may be found in the review papers by Horgan and
Knowles [ ] and Horgan ¢, ] Spatial Behaviour for the
There is no information in the literature about the spatial behaviour of dy-  Harmonic Vibrations in Plates
namical solutions in the Kirchhoff theory of thin elastic plates. We try to cover of Kirchhoff Type
this gap by starting in this paper with the study of the spatial behaviour for the  ciro D'Apice and Stan Chirita
harmonic vibrations of thin elastic plates, while the transient solutions will be
treated in a future study. It has to be outlined that the interest in the construction

. . . . . Title Page
of theories of plates grew from the desire to treat vibrations of plates aimed at
deducing the tones of vibrating bells. Thus, in the present paper we consider Contents
a semi—infinite strip for which the lateral boundary is fixed, while its end is «“ b
subjected to a given harmonic vibration of a prescribed frequenc®ur ap-
proach is based on a differential equation proposed by Lagnese and iLi§ns [ < >
for modelling thin plates and generalising the Kirchhoff equation of classical T BEEk
thin plates (see, for example, Naghdi]). We associate with the amplitude of Close

the harmonic oscillation an appropriate cross—sectional line—integral measure.
We individuate a critical frequency in the sense that for all vibration frequen- Quit
cies lower than this one, we can establish a second—order differential inequality
giving information upon the spatial behaviour of the amplitude. In this aim we

use some Wirtinger and Knowles inequalities. Then we establish an alternative
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of Phragmen-—Lindelof type: The measure associated with the amplitude of the
oscillation either grows at infinity faster than an increasing exponential or de-
cays toward zero faster than a decreasing exponential when the distance to the
end goes to infinity.

We have to note that some time—dependent problems concerning the bihar-
monic operator are considered in the literature, but these are different from those
furnished by the theories of plates. Thus, we mention the papers by {Jn [
Knops and Lupoli { (] and Chiriga and CiarlettaT] in connection with the spa-
tial behaviour of solutions for a fourth—order transformed problem associated  spatial Behaviour for the
with the slow flow of an incompressible viscous fluid along a semi-infinite strip, ~ "&MeRe Ve b Flates
and a paper by Chiatand D’Apice ] concerning the solutions of a fourth—
order initial boundary value problem describing the flow of heat in a non—simple
heat conductor.

Ciro D’Apice and Stan Chirita
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Throughout this paper Greek and Latin subscripts take the val@esumma-
tion is carried out over repeated indices= (x1, z2) iS a generic point referred
to orthogonal Cartesian coordinatesRA. The suffix”, p” denotes— that
is, the derivative with respect to,. We consider a semi—infinite strni)ln the
planex; Oz, defined by

2.1 S=drx=(r1,2)€eR?>: 0<as<,0<z {>0.
( ) { ( b 2) 2 1} ’ Spatial Behaviour for the
Harmonic Vibrations in Plates

In what follows we will consider the following differential equation of Kirchhoff Type
(22) OzQil . ﬁ2Au + ’)/QAAU _ 07 Ciro D’Apice and Stan Chirita
whereAu = u ,, is the ordinary two—dimensional Laplaciam, 5 and~y are Title Page
positive constants and a superposed dot denotes the time derivative. If we set
a2 = oh, 3> = # andy? = D, wherey is the mass density, is the uniform Contents
thickness of the plate and is the flexural rigidity, then we obtain the approach <44 >
of plate proposed by Lagnese and Lions][ We recall that the flexural rigidity P >
is given by the relatioD = (— whereFE > (0 is the Young’s modulus and
v is the Poisson’s ratio ranging ovér-1, 3). If we seta? = oh, 2 = 0 and Go Back
v? = D in (2.2), then we obtain the equation occurring in the Kirchhoff theory Close
of thin plates (seel[J]). The reader is referred ta £, Chapter I] for a heuristic _
derivation of the present plate model. Quit

We further assume that the lateral sides of the plate are fixed, while its end Page 5 of 27

is subjected to an excited vibration. Then we study the spatial behaviour of the
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(2.2) of the typeu(z,t) = v(x)e™!, wherew > 0 is the constant prescribed
frequency of the excited vibration on the end of the strip.

More precisely, we consider in the strip the following boundary value
problemP defined by the equation:

(2.3) —w?a?v + FwPAv +*AAv =0, inS,
the lateral boundary conditions:

(2.4) v(x1,0) =0, va(z1,0) =0,
' v(x1,l) =0, veo(x,l)=0, z €[0,00),

and the end conditions:
(2.5) v(0,29) = g1(z2), v1(0,22) = ga(x2), 22 € 0,1],

whereg; andg, are prescribed continuous differentiable functions.
For future convenience we introduce the following notations:

(2.6)  Dypey = {1/ = (Y, y2) ER*:0< i <y <11, 0<pp< l}a

(27) D:m:{y:(ylvy2)6R2:O§xl<yla O<y2<l}'

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type

Ciro D’Apice and Stan Chirita
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Throughout the following we shall assume that the constant coefficignts
and~ are strictly positive. A discussion will be made at the end for the limit
case wherp tends to zero, that is for the Kirchhoff model of thin elastic plates.
We start our analysis by establishing a fundamental identity concerning the
solutionv(x) of the considered boundary value problém This identity will
give us an idea on the measure to be introduced.
Thus, in view of the equatior2(3), we have

(38.1) —w?a*® 4 f2w? [(vv’l)’1 —vi+ (vv2), — U?Q]
+ 7 [(UUJH)J —vavan + 2 (vo12)
—2v20 112 + (UU,222),2 - U,zv,zm} =0
from which we obtain
(3.2) —uw? [a2v2 + BQ(U?I - U?Q)} + F2w? [(vv,l)’1 + (U’U72)72:|
+77 [(Uv,m),l +2(vo12) 5, + (00,222),2}
— [(U,lv,n),l — 03 +2(v2v0)

2 2 _
_2U,12 + (U72U,22)72 - U,zz] =0,

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type
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and hence, we get

(3.3) —w’ [a®0* + B2 (v + vh)] + 77 (03 + 2075 4 v%y)
+ {520027)@,1 + 7 ov i1 — Vv v — 2721),21),12}71

+ {B2w2vv72 + 2’)/21)1},112 -+ ’721}1)’222 — ’721)’21)’22}72 = 0.

By integrating the relation3(3) over [0,(] and by using the lateral boundary
conditions described ir2(4), we get the following identity

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type

Ciro D’Apice and Stan Chirita

! !
(3.4) — w2/ [0?v® + B2 (v + v%)] dag + 72/ (V31 + 2073, + V) das
0 0

l
1 2 2 2 2 2 2 =
=B w v + v (vv 1 — v — v dx 0.
+/0 {2ﬁ v (v — v —vh) . 2 Title Page

Before deriving our growth and decay estimates, we proceed to establish a Contents

second—order differential inequality in terms of a cross—sectional line integral <44 33
measure which is fundamental in our analysis on the spatial behaviour. In this

aim we associate with the solutioix) of the considered boundary value prob- ¢ >
lem P the following cross—sectional line integral measure Go Back
l 1 Close
(3.9) I(x1) = /0 {’72@,21 + vl — ) - 5520)2”2 dra, x1 >0, Quit
Page 8 of 27
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so that the identity3.4) furnishes
1! l
3.6) I'(x1) =+ / (03, + 20%, + v3y,) das
0
l
- w2/ [0?0? + B2 (v + v%)] dxa, x> 0.
0

Further, we use the lateral boundary conditions describe@ 8y i( order
to write the following Wirtinger type inequalities

l 12 l
(3.7) / U?ldl’g < —2/ v?lexQ,
0 ™ Jo
l l2 l
(3.8) / U,zzdfh < ﬁ/ U,222d5172,
0 ™ Jo

! ) 2 4 l4 l )
3.9 dre < =] — dxs.
o fons ()5 e

On the other hand, by using the same lateral boundary conditions in the
inequality established by Knowles1] (see the Appendix), we deduce that

2

l l
1 2,2 2,2 < g / 2
(3.10) /0 (B0 + &v*) day < Ao d) ), vhods,

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type
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whereA(a, 3) is defined by

o?
(3.11) A, B) = A (@) ,

and\(t) is as defined in the Appendix. Therefore, we have

4 4 2l2
(3.12) Aev, ) = 5—2% T ZF’

andr(7) is the smallest positive root of the equation

(3.13) tanr = — T tanh (r T , 17>0.
T+ 12 T+ 12

Thus, on the basis of the relatiors ) and 3.10, we can conclude that

l 2l
(3.14) /0 [@*0? + ﬁz(vi + v?z)] dzy < Z_Z/O (21}?12 + v%y)ds,
wherew,, = w,,(«a, §,7) is defined by
1 1 1262 62

By taking into account the relation8.¢) and 3.14), we obtain the following
estimate
w2

l
(3.16) I"(z1) >~ <1 — —) / (Vi1 + 2035 4+ vy) dag, @1 > 0.
0

2
Wn

Spatial Behaviour for the
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Throughout in this paper we shall assume that the prescribed frequesfcy
the excited vibration is lower than the critical valug defined by the relation
(3.19, that is we assume that

(3.17) 0<w<wp.

This assumption then implies that

(3.18) I"(x1) >0 forall z; >0.

. i . Spatial Behaviour for the
We proceed now to estimate the tefifx; ) as defined by the relatio3.©). Harmonic Vibrations in Plates

. of Kirchhoff Type
We first note that yP
Ciro D’Apice and Stan Chirita

1 l
(3.19) 1Z(x1)] <72 + 56%)2/ v dzs.
0
Further, we use an idea of Payne and Schaefey for estimating the first
integral in 3.19. Thus, by means of the Cauchy—Schwarz and arithmetic—

geometric mean inequalities and by using the Wirtinger type inequaliiég ( <4« (44
(3.8) and (3.9), we deduce < >

l
/ (U?l + U?Q — U’Uvu)dl’g
0

Title Page

Contents

(3.20) Go Back

l
2 | 2
/ (v + vy —vvg)day
0 Close

1
! I z 3
S/ (V3 + vh)dzs + (/ v2d:c2/ v?nd:@) Quit
0 0 0
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2 [t(4 1 4e
< o2 ; {%U?n + 2“,212 + (5 + 5) U,sz} dxs,

for some positive constant We now choose = % and note tha% + % =

}—ég < 1. With this choice the relation$(19 and @3.20 give

! I
1
(3.21) |Z(x)| < mg/ 7 (V31 4 203, 4 vy) dos + §ﬁ2w2/ v?das,
0 0

where
l2
~ o2

On the basis of the inequalit ©), we further deduce that

(3.22) m2

l

(3.23) |Z(x1)] < M2 / v (Vi) 4 207, 4+ v,) dog, 21 >0,
0
where
2, 2 4 4
9 o Brwt 2\ 1
(3.24) mg = mg + 27 <§> vl
Finally, the relations3.16 and @.23 lead to the following estimate
(3.25) m? | L(z))| <T'(x1), 21 >0,
wherem is defined by
1 2
(3.26) m? = — <1 . ”—2) .
mgy Win

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type
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Consequently, we have established the following two second-order differential
inequalities

(3.27) T (x1) + ML (zy) >0,

(3.28) T (21) — ML (xy) > 0,

which will be used in the derivation of the alternatives that we will consider, Spatial Behaviour for the
L. Harmonic Vibrations in Plates

always under the condition th&t.(L7) holds true. of Kirchhoff Type

Ciro D’Apice and Stan Chirita
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In this section we will analyse the consequences of the second-order differential

inequalities on the spatial behaviour of the meadi(rg). In fact, in view of
the relation 8.198), it follows that we have only the two cases:

i) there exist a value; € [0, c0) such thatZ (z,) > 0,
i) Z'(z,) <0, VYV €[0,00).

Since we havg€ ' (x,) > 0 for all z; > 0, we deduce that
(4.1) T(z)) > I(2) +T'(21) (21 — 2) forall z; > 2,

and hence it follows that, at least for sufficiently large values,ofZ (x;) must
become strictly positive. That means there exists a value [z, o) so that
Z(z) > 0. Because we hav&'(z,) > Z'(z) > 0 for all z; € [z3,00), it
results thatZ(z,) is a non—decreasing function of,, co) and therefore, we
haveZ(x,) > Z(z) > 0 for all z; € [z9,00). Further, the relation3(25
implies

4.2) dixl {e’mxl [I,(xl) + mI(xl)]} >0, x1 € [29,00),
(4.3) di:cl {eﬁm [Il(xl) — Thz($1)}} >0, x1 € [29,00).

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type
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By an integration ovefz,, 1], x1 > 23, the relations4.2) and @.3) give

@.4)  T'(x)) +mI(x)) > [I’(ZQ) n mz(zg)} er@i-z) s

4.5)  I(x1) —mI(z) > {z’(@) - mz(ZQ)] emm@-z) g > gy
and therefore, we get
(4.6) T (1) > T (2) cosh[m(xy — 2o)] +MZ(2o) sinh[m(z1 — 2)], =1 > 2.

On the other hand, by taking into account the notatibf)(@nd by integrat-
ing the relation .6) over|[zy, 21|, 1 > 25, we obtain

(4.7) ZJ(xl) = ZJ(Z2) + ’72/ (U,zn + 2“,212 + U,Q22) da

DZQII

—w? / [onvQ + ﬂ2(v?1 + vé)} da.
DZ211

Consequently, the relationd.@) and @.7) give

(4.8) ~* /D (v?n + 221?12 + U?ZQ) da

z9xq

> wz/ [0?v® + 3* (v +v%)] da
DZ‘Z’I)l
+ T (2) {cosh [m(z; — 2)] — 1}
+ mZ(z9) sinh [m(z1 — 22)], @1 > 29,

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type
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and hence

(4.9) lim e‘mxl/
T1—00 D

Thus, we can conclude that, within the class of amplitugles for which
there exists; > 0 so thatZ’(z;) > 0, the following measure

72 (v’zn + 22}?12 + v’222) da}

2271

1 /
Z 567"”2 |:I (Zg) + mI(ZQ)] > 0.

Spatial Behaviour for the
Harmonic Vibrations in Plates

(4.10) 5(:61) = / (U,Qll + 21}7212 + U,222) da, D;l = [0, :Cﬂ X [0, l], of Kirchhoff Type

D*
o Ciro D’Apice and Stan Chirita
grows to infinity faster than the exponentidl** whenz; goes to infinity.

Title Page
Contents
In this case we have <« R
(4.11) I'(z1) <0 forall z; €[0,00), < >
and thereforeZ (x;) is a non—increasing function ¢f, co). We prove then that Go Back
Close
(4.12) Z(xy) >0 forall z; €[0,00). auit

To verify this relation we consider somg arbitrary fixed in[0, co) and note

. Page 16 of 27
that, by means of the relatiod.(L 1), we have J
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On the other hand, the relatiof.27), when integrated ovee,, 1], 21 > zo,
gives

(4.14) <m? | I(z)d€ = m*I(z0) (21 — 20),

and hence it results thdtz,) > 0. This proves that the relatiod (L2 holds
true.

Now, on the basis of the relatiod.(L2) and by using the relation8 () and
(3.20 (with the appropriate choice fal), we deduce that

(4.15) 0<Z(x1)
! 1 !
= 72/ (v3 +v% — vy )dTy — —ﬁ2w2/ v2dxy
0o ’ 2 0
h
< 72/ (V3 + v% — vvg1)des
0
!
< m%/ 72(0?11 + 21}?12 + U?QQ)de,
0

and hence, by using the inequaliB.{6), we obtain

(4.16) 7"(z1) — m*Z(21) >0, x>0,

Spatial Behaviour for the
Harmonic Vibrations in Plates
of Kirchhoff Type
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where

1 w? 272 w?
— 2 _ _
To determinate the consequences of the second-order differential inequality
(4.16), we write it in the following form

d
dl’l

4.18 T (21) — mI(x >0
( ) { [ ( 1> ( 1)]} - Spatial Behaviour for the

Harmonic \_/ibrations in Plates
and then integrate it ovéd, z,] to obtain of Kirehhoff Type

Ciro D’Apice and Stan Chirita

(4.19) ~T'(xq) +mZI(xy) < e ™ [=T(0) + mZ(0)], a1 >0.
On the basis of this relation, we further can note that a successive integration Title Page
over |z, oo) of the relation 8.16) gives Contents
2 44 44
(4.20) —I'(z) > (1 — w_z) / v (V3 + 207, + V) da, @1 >0,
wi /) Jp,, ’ ’ ’ < >
and Go Back
Close
(4.21) I(zy) > (1 - —) / /Dg V3 + 203, + v dagdé, x> 0. auit

: . . Page 18 of 27
Further, by using the estimaté.(9, from the relations4.20 and @.21), we 298 220
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deduce the following spatial estimates
(4.22) (V31 + 203, +v%,) da

Dy

and

(4.23) / / (V31 + 2035 + vYyy) dagd
x1 DE

Njw

l w2\~ -
< 1—— ~Z'(0) + mZ(0)] e ™, x> 0.
<= (1-%) Fro+mo >

Thus, we can conclude that in the class of amplitude$ for whichZ'(z;) <
0 for all z; > 0 the measure

(4.24) F(r1) = /D (U?n + 2“,212 + 0?22)da

decays toward zero faster than the exponeatial** whenz, goes to infinity.

Spatial Behaviour for the
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On the basis of the above analysis we can conclude that, for an amplituge

solution of the boundary value problef we have the following alternative of
Phragmén-Lindelof type: either the measéi(e,) grows toward infinity faster

than the exponential™** whenz; goes to infinity and then the energy

(5.1) U) = /(v?n + 22}?12 + U?ZQ)da
s

is unbounded, or the energ¥(v) is bounded and then the measufér,) de-
cays toward zero faster than the exponentiat*, provided the excited fre-
guencyw is lower than the critical value,,, defined by the relatior3(15).
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We consider here as a limit case the Kirchhoff theory of thin elastic plates, that
is the case when tends to zero. It can be seen from the relatiar)(thatr(7)
decreases monotonically with increasingand that

(6.1)

r(07) = lim r(7) =7, r(c0) = lim r(7) = ry,

T—01 T—00

wherer, = 2.365 is the smallest positive root of the equation
(6.2)

tanr = — tanhr.

It follows then from the relationsA(7) and 6.1) that \(¢) is a decreasing func-
tion with respect td, and that
47’(’2 . 27"0 :
In view of the relation 8.11) and by using the relatior6(3) it follows that

A, ) 1 (@)4

(6.3) A0F) = lim A(t) =

t—0t+

(6.4)

lim =
p—0 [ a?

and hence the relatio® (15 furnishes that

(6.5) (2N B 4.73\"
' a2\ 1) 12—\ 1 )
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To this end we recall the critical value established by Ciarleijddr the
model of thin plates with transverse shear deformation

h2m4 o
6.6 =
(6.6) “n = AR a1 )
that is
Eh? m\4 1
*2_ _ —=" (7 -
(6-7) Wi = 8(1 n I/)Q (l) 1+ h_2ﬂ_2' Spatial Behaviour for the

2 Harmonic Vibrations in Plates
of Kirchhoff Type

Therefore, we have
Ciro D’Apice and Stan Chirita

*2 1 _
(6.8) o =1 = 029191 — .
wz, 1+ 77 Title Page
and because we hawe< | and; < 1 — v < 2, itresults that Contents
6.9) B < 0.53382. 4 dd
< >
This leads to the idea that for the Kirchhoff theory of thin plates we have an p——
interval of frequencies larger than that of the Reissner—Mindlin model for which o =ac
we can establish the spatial behaviour of the amplitudes. Close
Quit
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In [17] Knowles has established the following result: for any functiore
CZ(]0,1]) and for any real number> 0, we have

l t
(A1) / uhydry > A(t)/ (u% + tu®)ds,
0 0
where
4 r(r 12 Spatial Behaviour for the
(AZ) )\(t) = —2#, = —, Harmonic Vibrations in Plates
1274 1r2(7) 4 of Kirchhoff Type
andr(7) is the smallest positive root of the equation Ciro D’Apice and Stan Chirita
A3 . h T >
(A3) tanr = — T2 tanh | r 2] 72 0. Title Page
Contents

Moreover,\(t) is the largest possible constant il in the sense that if, for
a givent, \(t) is replaced by a smaller constant, there is & C2([0,1]) for <« 33
which (A1) fails to hold.

The proof of the result stated above is based on the fact that the variational ¢ >
problem of finding the extremals 62 ([0, {]) of the ratio Go Back
I o Close
d
(ad) Juy = ot .t
Jo (W + tu?)dx, Qui

. . Page 23 of 27
for fixedt > 0 leads formally to the eigenvalue problem age 23 0
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(A6) w(0) = up2(0) = u(l) = up2(l) = 0.

It can be proved that the eigenvalueare given by

4 (1) t1?
A7 M) = ————2 -
( ) () lQT—i-TQ(T)’ T 47
wherer is a positive root of either of the equations Spatial Behaviour for the

Harmonic Vibrations in Plates
of Kirchhoff Type

T+7r? [T
(A8) tanr = tanh <r 2) , Ciro D*Apice and Stan Chirita
T T+

Title Page
T T
(A9) tanr = — tanh ( r ) Contents
T+ 72 ( V 7+ r2>
44 44
It is shown that the smallest eigenvallg) corresponds to the smallest positive
rootr(7) of the equation49) and the corresponding eigenfunction has no zero < >
in (0,1) and realize the absolute minimum &f«} on C2([0, 1]). Go Back
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