Journal of Inequalities in Pure and
Applied Mathematics

AN INEQUALITY FOR CHEBYSHEV CONNECTION
COEFFICIENTS

JAMES GUYKER

Department of Mathematics
SUNY College at Buffalo
1300 Elmwood Avenue
Buffalo, New York 14222-1095
USA.

EMail: guykerj@buffalostate.edu

(©2000Victoria University
ISSN (electronic): 1443-5756
021-06)

volume 7, issue 2, article 67,
2006.

Received 19 January, 2006;
accepted 11 March, 2006.

Communicated by: D. Stefanescu

Abstract
Contents
44
| 2
Home Page
Go Back
Close

Quit


Please quote this number (021-06) in correspondence regarding this paper with the Editorial Office.

mailto:stef@rms.unibuc.ro
http://jipam.vu.edu.au/
mailto:guykerj@buffalostate.edu
http://www.vu.edu.au/

Abstract

Equivalent conditions are given for the nonnegativity of the coefficients of both
the Chebyshev expansions and inversions of the first n polynomials defined by
a certain recursion relation. Consequences include sufficient conditions for the
coefficients to be positive, bounds on the derivatives of the polynomials, and
rates of uniform convergence for the polynomial expansions of power series.
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In the classical theory of orthogonal polynomials a standard problem is to ex-
pand one set of orthogonal polynomials as a linear combination of another with
nonnegative coefficients (se€][[6], [€], [17]). R. Askey [’] and R. Szwarc
[12] give general conditions ensuring nonnegativity in terms of underlying re-
currence relations, while Askey]land W. F. Trench]4] determine when con-
nection coefficients are positive. It is often desirable, especially in numerical
analysis (e.g., see]], [10], [15]), to express orthogonal polynomials in terms
of Chebyshev polynomial$,, or cosine polynomials with nonnegative coeffi-
cients. In this note, we derive inequaliti€s?) on the connection coefficients
of certain Chebyshev expansions that imply positivity. Consequently, we obtain
bounds on polynomial derivatives, estimate uniform convergence of polynomial
expansions of power series, and illustrate the optimality of Chebyshev polyno-
mials in these contexts.

For given real sequences, 3, and nonzeroy,, we consider the sequence of
polynomialsP, defined byP_; = 0, P, = 1, and forn > 0,
(1.1) 2P, = v Poi1 + BuPn + an Py 1.
For example the Jacobi ponnomiaﬂ%“’B) (o, B > —1) are defined by1(.1)
with

0 - 2+ n)(B+n)
" (a+ B2+ 1) (a+ B +2n)
ﬁ B 62_042

(a+ B +2n+2)(a+ 5+ 2n)
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2+ 1) (a+F+n+1)

and %:(a+ﬁ+2n+1)(a+ﬁ+2n+2)'

In [5] (see also{]), Askey and G. Gasper characterize those Jacobi polyno-
mials that are combinations of Chebyshev polynomials with nonnegative coeffi-
cients. Szwarc ([3, Corollary 1]) gives conditions on sequences of polynomials
satisfying (L.1) which imply that their Chebyshev connection coefficients are
nonnegative. Our results are based on this work and the following classical ex-

pansions of the normalized ultraspherical or Gegenbauer polynomﬁ%\]ls::
P(O‘ﬁa)

ECEme We recall the factorial functiofw),, := a(a+1)--- (a+n—1) when
" _1
n > 1,and(«a)y := 1 for a # 0. Thenp! ?! = T, and
- 1
1.2 plet — T, _Z
12) =S cnmTn (ak ).

wherec(n, m) = 0 if n — m is odd, and otherwise

ol ) = (2 = Omo) (@(;Q%J)rnf; (@ +3) nm (nnm>

2

It follows that if « > —3 andn —m is even, ther(n, m) > 0 and the sequence
(c(n,n)) is monotonically decreasing. Moreover, we have the inversions
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([-] is the greatest integer function) and

n __ . o 1
(1.3) " = mzzod(n,m)P,iL } (a + —§> ,

whered(n, m) = 0 if n —m is odd, and otherwise

d(n,m) = 2

2n+1 (Oé + %) n+'r2n+2

20+ 142m)2a+ 1)m (552 + 1) uom (n)

is positive andd(n, n)) is decreasing. The polynomial{®’ satisfy (L.1) for
sequences such that > 0 andg, = 0. Furthermoreq > —% if and only if
o, < 3.
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The following characterizes those polynomials that satisf§) @nd enjoy sim-
ilar expansionsX(.2) and (L.3).

Theorem 2.1. Let P, be defined byl(1) for given sequences,, (3, and~,,
and be normalized by, (1) = 1. Withn fixed, we have that

k k
@1) Po=) alk,m)T, and 2*=> bk,m)P, (0<k<n)

for nonnegative coefficientgk, m) andb(k, m) such that the coefficientsk, k)
andb(k, k) are monotonically decreasing if and only0if< «; < % andg; =0
fori: =0,...,n — 1. In this case, the following properties hold.

(i) a(k,m) =0b(k,m) =0if k —m is odd.
(i) If g > 0, thenb(k, m) > 0 whenevek — m is even.
(iiy If n >3 and K is any subset of0, ..., [%5]}, then

(2.2) Z aln—2,m-—2) <

n—m
nomeK!

a(n—3,m—1)

n—m
S EK

whereK' :={k € K : k+1e€ K} U{®2}if 22 isin K, and K’ :=
{k € K:k+1¢€ K} otherwise; andk™ := K'U{ke K:k—1¢€ K}.

(iv) If n > 2ando; < i fori=1,...,n—1, thena(k,m) > 0 whenevek —m
is even.
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W) If a; < % fori = 1,...,n — 3, then equality holds inZ.2) if and only if
either K is the whole sef0, ..., [2%5*]} itself (i.e., €.2) is just P,_»(1) =
P, 3(1) = 1) or K" and K* are the empty sets.

Proof. Suppose thab,, ..., P, satisfy (L.1) and @.1) with nonnegative coeffi-
cients such thaP, (1) = 1, anda(k, k) andb(k, k) are decreasing)(< k£ < n).
It follows thata(0,0) = a(1,1) = 1 and

(2.3) Tea(k +1,5) = —aga(k — 1, 7) — Bra(k, j) An Inequality for Chebyshev

1 . . Connection Coefficients
+ —(a(k,j+ 1)+ (14 615)a(k,j — 1))
2 James Guyker

for k =0,...,n — 1 (We use the convention that entries of vectors or matrices

with any negative indices are zero; amd, j) = 0 if i < j. We also assume Title Page
ap = 0.). Similarly, by substitutingZ.1) into both sides of**!' = z2* we have Contents
b(0,0) =1 and
<44 44

(24)  blk+1.5) = y5-1b(k, = 1) + Bb(k. ) + bk, + 1) 1
With j = k+1 we concludey, a(k, k) andb(k, k) are positive; and with = k, Go Back
By =alk+1,k) =bk+1,k) =0fork =0,...,n — 1. Similarly property (i)
follows by induction. Slace

By the normalization we have, + o, = 1. Thus by €.3) and @.4) with Quit
j =Fk+1,itfollows that; <, <1,500 < a; <1 (0<k<n-—1),since Page 7 of 25
a(k, k) andb(k, k) are decreasing.

Conversely suppose th&t, ..., P, are normalized and given by..() for T P A [ ) Gt
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degree ofP, is k and thusP, satisfies 2.1) for coefficientsu(k, m) andb(k, m)
generated by4.3) and @.4) respectively. Since, = 1 — a; > 0, the above
argument shows that property (i) holds &aré, m) > 0; and sinc% < <1,
a(k, k) andb(k, k) are decreasing fdt = 0, ..., n.

We will show thata(k,m) > 0 simultaneously with inequality2(2) by in-
duction onn. Now a(0,0) = a(1,1) = 1, a(2,0) = 52, a(2,2) = 5,
7a(3,1) = (-2 + 1) + 3a(2,0) anda(3,3) = m. Hencea(k,m) >
whenn is either 2 or 3. AlsoZ.2) is easily checked whem = 3.

Henceforth let. > 3 and suppose thai(i,i — 2k) > 0 (0 <i < n — 1; An Inequality for Chebyshev
0 < k < [%]) and that 2.2) is true for all integers)’ such that < n’ < n. Let Connection Coefficients
j be given0 < j < [%], and letK be a subset of0, ..., [“5*]}. We show that James Guyker
a(n,n — 2j) > 0 and that
(2.5) Z aln—2,n—2k—2) < Z a(n—3,n—2k —1) Title Page

ek keK™ Contents

beginning with the latter.

We may assume thdt is not the whole sef0, ..., [%5*]} since in the con- « dd
trary case 2.5 reduces taP, »(1) = 1 < P, _3(1) = 1. Observe thafX may < 3

be written as a disjoint union of sets of the fofi ..., k + m} such that there
is at least one integer between any two such sets. Sificend K* are then
corresponding disjoint unions of subsets of these sets, and both side$)of ( Close
may be separated into sums over these subsets accordingly, we may assume

Go Back

Quit
K ={k,...k+m}.
Thus we wish to show Page 8 of 25
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By (2.3) we have

Ynsa(n —2,n—2(k+1i)—2)
= —a, sa(n—4,n—2(k+1i)—2)

+%(a(n—3,n—2(l§+i)—1)

(14 Sgmager)aln — 3,n— 2(k + ) — 3)),

whereds,, o) = Lifand only ifnisodd andk +i+1 = %t =k +m
(€ K). Moreovera(n—3,n—2(k+1)—3) = 0if nis even and2 = k+m.
Hence the left side off6) may be combined as follows:

D Opeinzza(n —2,n —2(k +1) — 2)
=0
= N pinza(n — 4,0 —2(k +4) — 2)
Tn—3 i—0 T2
m—1
+ Za(n—3,n—2(k+i)—1)
Tn—3 i—1
4 ( (n—3,n—2k—1)
a(n —3,n — 2k —
2'7n—3

+ (1 + 5k+m?[an1]> a(n—3,n—2(k+m)— 1))
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Therefore £.6) becomes

2.7 - An=s (Z Opyimz2a(n —4,n —2(k +14) — 2)

Tn—3 i=0
-1
_Za(n—3,n—2(k+z‘) — 1))
=1
+ s <1 + 5k+m’[anl}> an—3,n—2(k+m)—1)
1—2a,_
< ﬂa(n—S,n—Qk—1)—i—a(n—3,n—2(/’<:—i—m)—1).
27n—3
Let us suppose first thdt + m # ["T‘l]. Then @.7) may be rearranged as
follows:
m—1
(2.8) —a,3 (Z aln—4,n—2(k+1i) —2)
=0

-1

- a(n—3,n—2(k+i)—1)>

i=1

< (%—an_;;) (a(n—3,n—2k—1)+a(n—3,n—2(k+m)—1)),

which is clearly true ifo,,_3 = 0 so we assume,,_3 # 0. Withn' = n — 1,
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replacing: by i + 1 in the second sum, we seek to show

m—2

m—1
(2.9) Z (n"—2,n" —2(k+1) —2) gzan_g,n'_g(wri)_l),
=0

Sincek +m < [%5], we haveK’ = {k,...,k+m—1} C {0,...,[52]}.

Moreover,(K') = {k, ...,k +m — 2} where the second prime is with respect
ton’. Hence 2.9) follows from the induction hypothesis

(2.10) d am =20 =2k-2)< Y a(n' —3,n—2k-1).

k(K'Y ke (K"

Finally suppose that + m = ["T‘l] so that £2.7) becomes

(2.11) —a,3 (Z 5k+i7nT—za(n —4,n—=2k+1i)—2)

1=0

—zm:a(n—?),n—Q(kvLi)—l))

i=1
1
< (5 - Oén3> a(n—3,n—2k—1).

As above we may assume,_ 3 # 0 and wish to show

m—1

(2.12) Y a(n' 2,0 =2(k+i)—=2) < Y by nza(n’ =30/ =2(k+i)—1).
=0

1=0
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If n is even them' is odd and K’)’ (with respect tav') is {k, ...,k +m — 1}.

Thus @.12) is a consequence of the induction hypothesis as above. On the other

hand, ifn is odd, then K")" = {k, ...,k +m — 1} and .12 again reduces to
the hypothesis.

Next we verifya(n,n—2j) > 0. Sincea(n,n) = []
further thatj > 1. Let

n 1
j:2 2'Yn7j+1

> () suppose

: —1
Kozz{k;:klnteger,ogk;g {%},k;&j—l,j}.

If nis even ang = %52, defineK; := K; otherwise let

. -2
Klzz{kz:klnteger,ogkg {%},k%j—l}.

Note thata(n — 2,n — 2k — 2) = 0if k = [2}] > [%2]. Furthermore, the
sumy . xex, a(n —2,n — 2k — 2) is zero unlesg + 1 is in K (in which

k+1€Kq

case the sumig(n — 2,n — 2j — 2)). Solving the equations, (1) = 1 and
P, 4(1) =1fora(n—2,n—2j)anda(n—1,n—2j+1)+a(n—1,n—2j—1)
respectively, and substituting them intp_,a(n,n — 2j) as given by 2.3), we
have the following identities.

Tn-ra(n, n — 2j)

1 1 1 —2a,_9
:5—()6”,14- Z <Oén1—§ (1—W))a(n—2,n—2k—2)
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2Yn—2 keK,
1
+ 5(51 n,Qja(n 1, n — 2] — 1)
1
= (5 —anl) Z a(n —2,n — 2k — 2)
k¢ K
1 1
9 5 — Op_2 Z a(n - 27 n—2k — 2) An Inequality for Chebyshev
Yn—2 kEK] Connection Coefficients
k¢ K

James Guyker

1
-+ an,15n72j+2a(n — 2, O) -+ 5(517”,2]'(1(?7/ — 1, n — 2] — 1)

s Title Page
+ s Z aln—3,n—2k—1)— Z aln—2,n—-2k—-2)|. PES——
keKo keK]
. o . , <4 >»
Each of the terms in the last expression is nonnegative, the final one a result of
< >

the induction assumption of.Q). Thereforeu(n,n — 2j5) > 0.
Property (i) has already been shown so for (ii), assume> 0. Since Go Back
b(0,0) = 1 andb(k + 1,0) = a17b(k — 1,0) + cyasb(k — 1,2), we have that

b(k+1,0) > 0for k + 1 even. Butalsé(k + 1,0) = ayb(k, 1) sob(k,1) >0 Close
for odd k. Hence (ii) is now straightforward fron2 (4). Quit
For property (iv), suppose; < 3 (i = 1,...,n — 1). By the induction ar- Page 13 of 25
gument above, the first term of the last identity 4Qr ;a(n, n — 2j) is positive
sincek = j — 1 ¢ K. Since the other terms are nonnegatiue,, n — 25) > 0. S —————

Next leta; < % (1 = 1,...,n — 3) and suppose that equality holds h2) http://jipam.vu.edu.au
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for some subsek of {0, ..., [25*]}. As above, it follows that equality holds in
(2.2) over each subset df of the form{k, ...,k + m}. Hence assum& =
{k,...k+m}. lf m = 0andk # 25 thenK’ andK* are empty. IfK = {32},
then by equality inZ.11) we have—a,,_sa(n —4,0) = (3 — a,3) a(n —3,1)

which is impossible since the left side is nonpositive and the right side is positive

by property (iv).
Therefore, letn > 1. If k + m # [%1] then equality holds in28), and by
(2.9 and .10 we have

— Q3 Z a(n' —3,n =2k —1) — Z a(n' —2,n" — 2k —2)
ke(K')* ke(K")
1
= <§ — ozn_3> (a(n—=3,n—2k—1)+a(n—3,n—2(k+m)—1)).

This is impossible since both sides must be zero which implies— 3,n —
2(k+m)—1)=0.

Finally, if k+m = [”T‘l} then equality holds inA.11) and a similar argument
showsa(n — 3,n — 2k — 1) = 0 which by property (iv) implies: = 0 and thus

K must be the whole s€, ..., [*1]}. O
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It is well known [2] that T}, is bounded by one and far< k < n

n?(n? —1)(n* —4)---(n* — (k — 1)?)
1-3.5---(2k—1)

T ()| < T(1) =
when—1 <z < 1;andifl <k <n and‘T,Sk)(g;)’ = TM(1), thenz = +1.

More generally, it follows from a result of R.J. Duffin and A.C. Schaeffe}, ([
[9, Thm. 2.24]) that ifP, is any polynomial of degree that is bounded by one

in[—1,1] andl < k < n, then‘Pﬁk) (3:)‘ < Ték)(l) with equality holding only
whenP, = +T, andxz = +£1. For the polynomials in Theoreth1, we may be
more precise.

Corollary 3.1. Let Py, ..., P, be defined byl(1) with0 < o; < %, 5; = 0, and
v=1—aq;fori=0,....,n—1. Then

@) [Pu(z)] <1=P,(1) =T,(1);and ifn > 1, |P,(x)| = 1, anda; < 3 for
1=1,...,n—1,thenxr = +1.

(b) If 1 <k < n,then
|PP(x)] < RP(1) < TV (1)
for all z in [—1, 1]. Moreover in this case:

@) If £k <nand

p» (x)‘ — PP (1), thena = +1.
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(i) If Pﬁk)(l) = Tﬁk)(l), thenP, = T,,. In particular, ifn > 2ando; < %
(i=1,..,n—1),thenP"(1) < T (1).

Proof. By Theorem2.1, P, = > " _ a(n,m)T,, wherea(n,m) > 0. There-
fore

n

Pa(@)] <> a(n,m) [T ()] < Pa(1) = 1.

m=0

Suppose that > 1 and|P,(z)| = 1. If n = 1, thenz = +1, so assume
n > 2anda; < 3 (i = 1,..,n —1). ThenP,(z) = +P,(1) and hence
a(n,m)(1 £+ T,,(z)) = 0 for all m. SinceTy = 1, T} = x andT, = 22* — 1,
property (iv) of Theoren2.limplies thatr = +1.

Next assumé > 1. Since<T7§f)(1)> IS increasing,

[P ()] =

S a(n,m) T (a)
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Assumel < k < n and

p® (a:)‘ — PM(1). Then

0= 3" atn.m) (19(1) — [10(2)]),

where each term is nonnegative. Singe,n) > 0 we have tha*TT(f”)(a:)’ =
TP (1) sox = +1.
Finally suppose that > 1 and 2" (1) = 7" (1). Then)"" _ a(n,m) = A [MEE L7187 EE sy

(k) (k) Connection Coefficients
1soa(n,m) = 0form < k. Also a(n,m)Tn’(1) = a(n,m)T,"’(1) so
a(n,m) =0form =k, ...,n—1. ThereforeP, = a(n,n)T, and thusi(n,n) =

James Guyker

1.
However the previous case is impossible i 2 anda; < % t=1,...,n— Title Page
1) since by property (iv) of Theoreh 1we would have:(n,0) > 0 ora(n, 1) > P S——
0. 0
, ) . _ « »
Remark 1. For fixed k the sequencé;,™ (1) of bounds is increasing. In fact
by (1.1), P,gk’)(l) may be generated recursively as follows: Initially we have < >
PY(1) =1, PP(1) = 2P V(1) (k > 2) and setey, == 22 (1), Go Back
Then forn > 1, Close
FEL(L) = PP) + e 2 PP (1) 2 0, Gl

where the differences,, are defined by Page 17 of 25
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Ultraspherical polynomialgy = Pl with o > —% satisfy the differential
eguation
(1—a?)y" —2(a+ 1)y +n(n+2a+1)y =0

and thus a closed form fdP,&’“)(l) Is possible in this case since

nn+2a+1)—(k—1)2a+1) — (k— 1)
2(a+ k)

PP (1) = P I(1).

This extends known Chebyshev and Legendre identitieg([ 33], [11, p.
251)).
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A standard application of the theory of orthogonal polynomials is the least

squares or uniform approximation of functions by partial sums of generalized
Fourier expansions in terms of orthogonal polynomials, especially Chebyshev
polynomials. The coefficients of the expansion are given by an inner product
used in generating the polynomials. In our case, we may define Fourier coef-
ficients for expansions of power series in terms of the polynomials that satisfy

(1.1): Let >" a;2" be a convergent power series @Al, 1), and for everyn let
P, be a polynomial of degree. Thenz" = " _ b(n, m)P,, for some num-
bersb(n, m); and we define the Fourier coefficientof > a,2* with respect to

the sequencépr,) by
¢j = Zaib(i,j)

whenever this sum converges. Note that:= >""  a;b(i, j) is then thejth
coefficient in the expansion of the partial so"_, a;2": sinceb(i, j) = 0 for

J>
D ait =Y aiy b(i, )P = cniPy.
i=0 i=0  j=0 J=0

We have the following estimate whertief|| denotes the uniform norm
max{|f(z)| : —1 < 2 < 1}. The optimal property of Chebyshev expansions
extends a result of T.J. Rivlin and M.W. Wilson (], [9, Thm. 3.17]).

Corollary 4.1. Let(P,) be given by1.1) with («,), (5,) and(~,) nonnegative,
and suppose thak, (1) = 1 for all n. If >_ a; converges absolutely, then the
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coefficient; of Y a,z* with respect ta P,) exists for every and

=Y ab(i, )| < D ail.
1=0

i—j even

Moreover, if)  ia; converges absolutely, then

> ait — Z%‘Pj(l‘) <> (a| + liai])

>n

forall = in [—1,1]. In this case, ify; < % andg; =0fori=0,....,n—1,and if
a; > 0 for all i andd,, is thekth Chebyshev coefficient bf a2, then

Z a;xt — i c; P; Z a;xt — i di T},
j=0 k=0

In addition, ifa; < 1 (i = 1,...,n — 1), then equality holds in4(1) if and only
if > a;2" is a polynomial of degree at most

(4.1) >

Proof. Asume that(«,,), (4,) and(~,) are nonnegative, an#},(1) = 1 for all
n. By (1.1) the degree of, is n for all n. Thusz” = >"" _ b(n, m)P,, where
b(n,m) > 0 by (2.4), andb(n,m) < 1 by the normalization since we have
1" =35" _,b(n,m).

Suppose tha} | |a;| converges. Thei , a;b(i, j) converges absolutely by
the comparison test s9 exists and

i>n

< Dl

i>n
1—7j even
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Next assumé _ |ia;| < co. Then)_ |a;| < oo soc; exists for everyj. Thus by
Corollary3.1we have

‘Zaiwi—icﬁ’j(x) <Y w4300~ o)
=0 i>n =0
< Z |ai] +Z ¢ —
>n j=0
where
Sl = enil = 30D aiblin)| £ 30 D0 < < S 3 i
=0 =0 | i>n j=0 i>n+1 i>n

Suppose further that; < % G; =0(@( =0,...,n— 1) anda; is nonnegative for
all 7. Thenc; > 0 for all 7 and by Theoren?.1, P; = i:o a(j, k)T where

a(j, k) > 0. Since we also hav® a;z* = Y ¢; P; uniformly on[—1, 1] in this

case, it follows that

HZaixi —chPj chPj
§=0

i>n

-y,

i>n

and similarly

=> dy.

k>n

'|Z aixi — i dka
k=0
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But
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since
‘Z c;a(j, k)| < ch < chPj(l) = Zai < 0. Title Page
=k izk Contents
Since the coefficients in a uniformly convergent Chebyshev expansion are unique,
dy = ;51 ¢jald, k). Therefore « dd
< >
de = chza<j7 k) Go Back
k>n i>n k>n
n Close
- (Y- atin o
i>n k=0 k=0
n Page 22 of 25
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Finally, assume that; < % (:=1,...,n—1). By property (iv) of Theoren2.1,
a(7,0) + a(j,1) > 0 for j > n so if equality holds in the last inequality then
¢; =0forall j > n. Thus) a;2" = 3" ¢; P; is a polynomial of degree at most
n. [

Remark 2. If (P,) is defined as in Corollaryt.1and, more generally}_ (ia;)?
converges, then by the Schwarz inequality it follows that

S ol < <Z<mi>2)é (Z 1)

>n >n >n

S0) |a;| < oo andc; exists for every. Moreover in this case we have

DTS SIE
j=0

D aa'| +) 1) ab(ig)

i>n 7=0 [i>n

< (Z(mf); (; (‘%)2>+ Y (;(miy)é (; (b@;j))Z)é

i>n 7=0

< (n+2) (Z Z%) (Z(mg?) < "\/*; (Z(m»?)

>n i>n i>n

<

where the last inequality follows from the proof of the integral test.
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