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Abstract

We derive a simple g-analogue of Konrad Knopp’s inequality for Euler-Knopp
means, using the finite and infinite g-binomial theorems.
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Given a sequencgr,) and a numbet such thatd < ¢ < 1, its Euler-Knopp
meane, (t) is defined by

en(t) = zn: (:1) )

m=0

Knopp's inequality P, Section 3] states that,if > 1 and0 < ¢ < 1 then

1.1) S lenl < 5 fonl”

if the series on the right hand side is convergent.
The aim of this short note is to prove the followipgextension of Knopp’s
inequality (L.1), validifp > 1,0 <t < 1and0 < ¢ < 1:

(12) Solealti ) < 530"
n=0 m=0

provided the series on the right hand side b converges. The sequence
(en(t;q)) is

- n m(m—1) n—mym
en(tiq) = <m> ¢ = (1=t)"""t"ay,
m=0 q

with the g-analogue of the numbe(%)q defined by

(;:L)q (¢ q)(j;(g;) Z)nfm’

A g-Analogue of an Inequality
due to Konrad Knopp

L. D. Abreu

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 3 of 8

J. Ineq. Pure and Appl. Math. 7(3) Art. 110, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:daniel@mat.uc.pt
http://jipam.vu.edu.au/

where

(@:q)o =1, (a;q)n=[J(1—ag"™),

k=1
(@;q)0o = lim (a;q),
Wheng — 1 then clearly(;z)q — () and both members iri.(2) tend to (..1).
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1.2

We will follow the notations in f].

The proof of our result uses thyehinomial theorem and the finitebinomial

theorem. The finitg-binomial theorem states that

(2.1) o — a]? = Z(—l)m(”) g,

where
[ —a], = (v —a)(z — ag)...(x — aq" ).
The g-binomial theorem states that

(a;q)nz”, |z| < 1.
(¢ @)n

(az;q)oo
2.2 At A
(22) (25 )o0

n=0

Using Hdlder’s inequality in the form

San < [Sn]T pea

we have, ifp > 1,

len(t; @)

n n
n m(m—1) n m(m—1)
< (m)qq (1-t) i, [ (m)qq (1—=1)

3
I
=)
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The finiteg-binomial theoremZ.1) gives

i (Z)qum 21— gy = zn:(_l)m(:l)qqmm 8y _ gy gy

" :?El—t)+t]g
=(1—t+t) A —t+qt)..(1—t+¢"'t) <1

Therefore, _
A g-Analogue of an Inequality
n due to Konrad Knopp
n 7m(m 1> n—miagm
(2.3) len(t; q)]F < ( ) q (1—¢)" " ™t"ab . L. D. Abreu
m=0 m q
Now, if 0 < ¢ < 1, then for every positivé: we have(l — ¢*)t < 1 — ¢*. This Title Page
impliest < (1 — (1 — t)¢*) and consequently’™ < ((1 — t)q; q)m. Using this Contents
last estimate on(3) and summing im from 0 to oo, the result is
44 44
>_len(ti )] ! >
n=0 Go Back
n m(m—1)
< 2 (1—=-t"""((1-1¢)aq: p Close
93 (m) (- ) g a),
nO_OO m=0 q . Quit
m(m—1) n
2.4 = 1—1)q; 2 p 11—, P 6 of 8
2.4) S (00w, Y (1) 1 age 60
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To evaluate the sum in, observe that

£ (1)

n>m

(¢ Dn n—m
(% Dn-m @ Dm (=)

I
[M]8

V

n-m

(q; Q)erk
(¢ Dr(a O)m

(1-t)"

@™k, b
2 g Y
(g™t -

1M 10

£):q)oo
(¢(1=1);9)c

B 1

B ((1 - t); Q)m+17

where thez-binomial formula .2) was used in the fourth identity. Substituting
in (2.4) we finally have

N - (I —=1t)q;q),, mm-y "1 mmen)
> lenltiq)] T =) o4 ap,
n=0 0 ((1 - t): Q)erl 7;) t

m=

for everyn. Taking the limit as» — oo gives (L.2).
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